SCATTERING FROM A CHIRAL CYLINDER
OF ARBITRARY CROSS-SECTION ABOVE
A GROUND PLANE

A DISSERTATION SUBMITTED TO
THE GRADUATE SCHOOL OF
ENGINEERING AND NATURAL SCIENCES
OF ISTANBUL MEDIPOL UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR
THE DEGREE OF
DOCTOR OF PHILOSOPHY
IN

ELECTRICAL, ELECTRONICS ENGINEERING AND CYBER SYSTEMS

By
Ahsan Altaf
January, 2021



Scattering from a Chiral Cylinder of Arbitrary Cross-Section Above a
Ground Plane

By Ahsan Altaf
January, 2021

We certify that we have read this dissertation and that in our opinion it is fully
adequate, in scope and in quality, as a dissertation for the degree of Doctor of

Philosophy.

Prof. Dr. Erciimend Arvas(Advisor)

Prof. Dr. Cengiz Ozzaim (Co-Advisor)

Prof. Dr. Sehabeddin Taha Imeci

Prof. Dr. Fatih Erdogan Sevilgen

Assoc. Prof. Dr. Hamid Torpi

Assoc. Prof. Dr. Mehmet Kemal Ozdemir

Approved by the Graduate School of Engineering and Natural Sciences:

Assoc. Prof. Dr. Yasemin Yiiksel Durmaz
Director of the Graduate School of Engineering and Natural Sciences

i



Foreword

The topic I have selected is a very special one. It has numerous benefits
lying in the industrial sector as well as the defense sector in the form of warfare
technology. The amount of specific knowledge, I have gained during the research
on chiral materials especially the “interaction of electromagnetic waves with
chiral materials” has undoubtedly elevated my theoretical knowledge in the
field of electromagnetics. Moreover, learning a numerical method; the method
of moments and then, applying it to solve electromagnetic scattering problems
involving chiral materials has enhanced my skill set in terms of knowledge,
computer programming, and hands-on experience in problem-solving. I expect
that this topic will greatly contribute to the science and technology field in the
future.

I believe no success is possible without the relentless support of your family
and the people you love by your side. I have found solace in their understanding
and patience during the research. The timely advice by my great supervisor and
co-advisor have also ensured that I remain on track throughout the research. I

am indebted to them for this achievement.

il



v

I hereby declare that all information in this document has been
obtained and presented in accordance with academic rules and ethical
conduct. I also declare that, as required by these rules and conduct,
I have fully cited and referenced all material and results that are not

original to this work.

Name, Last Name: AHSAN ALTAF

Signature



Acknowledgement

No words will do justice to the amount of respect that I have for my supervisor
Dr. Erciimend Arvas for gracing me with an opportunity that has turned a new
leaf in my life and molded it for the better. I would like to express my deepest
gratitude to him for believing in me during times when ambivalence prevailed,
putting up with my follies with exemplary grace, and guiding me through the
most fulfilling journey of my life. The knowledge exuded by him with his unique
ability to provide meaningful solutions to persistent problems with his natural
flair kept me motivated throughout the research.

I would like to express sincere gratitude to my co-supervisor Dr. Cengiz
Ozzaim for his guidance throughout the thesis. His command over the subject is
unparalleled. He took a keen interest in my research and provided great advice
that wrinkled out a few research limitations.

It is with extreme sorrow that I salute my late Baba, Altaf Hussain who
couldn’t see me through this journey. Although, I lost him during the way but
hope that he is watching upon me with utmost pride. I can never forget the
fighting spirit he instilled in me.

I am obliged to Dr. Serhend Arvas for providing smart key solutions to most
of my problems. I couldn’t have found a better mentor than him. His calm
demeanor and relentless attention were inspiring and helped me focus. I can
never thank him enough for all his friendship, guidance, and support.

I would like to thank the members of my dissertation committee, Professors
Mehmet Kemal Ozdemir, Hamid Torpi, Sehabeddin Taha Imeci, and Fatih
Erdogan Sevilgen.

I express my heartfelt thanks to all my professors at Medipol University.
Throughout my doctoral studies, all the staff members were extremely
cooperative.

Lastly, the blessings of my mother and mother-in-law allayed the nights of
doubts and fear. I will forever be indebted to them for all their care, love, and
support. I would also like to thank my wife Madiha and daughter Aabish for all
the encouragement and support during these years. For them to allow me space

and time to grow was an inexplicable blessing.

v



To my wife Madiha . ..



Contents

List of Figures ix
List of Tables xvi
1 Introduction 1
1.1 The Purpose . . . . . . . . . . ... 1
1.2 The Motivation . . . . . . .. . ... ... ... 2
1.3  The Solution Method . . . . . . . .. .. .. ... ... ... 6
1.4 The Structure of the Dissertation . . . . . . ... ... ... ... 6

2 Image of Chiral Material 8
2.1 Example-1 . . . . . . ... 12
2.1.1  The Original Problem . . . . ... .. ... ... ..... 12

2.1.2  The Equivalent Image Problem . . . . ... ... ... .. 14

2.1.3  Fields Computation . . . . .. ... ... ... .. .... 16

2.2 Example-2 . . . . .. 21
2.2.1  The Original Problem . . . . ... ... ... ... .... 21

2.2.2  The Equivalent Image Problem . . . . . ... ... .. .. 23

2.2.3 Fields Computation . . . . . .. ... ... ... ... .. 29

2.3 Example-3 . . . . . ... 33
2.3.1 The Original Problem . . . . ... ... ... ... ... .. 33

2.3.2  The Equivalent Image Problem . . . . . ... ... .. .. 36

2.3.3 Fields Computation . . . . . . . ... ... .. .. ..... 40

2.4 SUMMATY . . . . o e e 45

3 Electromagnetic Scattering from Chiral Cylinders of Arbitrary

vil



CONTENTS viii
Cross-Sections above a Ground Plane 46
3.1 Method of Images . . . . . . .. .. ... ... .. 47

3.1.1 The Original Problem . . . . .. ... ... ... ..... 47
3.1.2 Surface Integral Formulation . . . . . ... ... ... ... 49
3.1.3 Application of the Moment Matrix . . . . ... ... ... 52
3.1.4 Numerical Results of Two Chiral Cylinders . . . . . . . .. 59

3.2 Enhanced Moment Matrix Method . . . . . . .. ... ... ... 62
4 Numerical Results and Discussion 69
4.0.1 Motivation . . . . . . ... Lo 70

4.0.2 Verification . . . .. ... ... L 71
4.0.3 More Computed Results for the Circular Cylinder . . . . . 74
4.0.4 The Elliptical Cylinder . . . . . . .. ... ... ... ... 84
4.0.5 The Rectangular Cylinder . . . . ... ... ... ..... 87
4.0.6 The Triangular Cylinder . . . . . .. .. .. .. ... ... 92
4.0.7 Discussion . . . . . . . ... 94

5 Conclusion 101

Bibliography 102

A Plane Waves in a Chiral Medium 111

A.0.1 General Plane Waves . . . . . . . ... ... ... ..... 111
A.0.2 Plane Waves Produced By an Electric Current Sheet in a
Chiral Medium . . . . . ... ... ... ... ... ... 115
B Two-Dimensional Fields in Chiral Media 117

C Detailed Computation of Some Moment Matrix Elements 123



List of Figures

2.1

2.2

2.3
24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

An infinite current sheet (in a chiral half-space) parallel to a PEC
Blanc. W . . AN @ A W A . .. ...
The field for z < 0 here are equal to the field in Fig. 2.1 when v,
and Jg are properly chosen. . . . . .. ... .. ... ... ...
Grounded chiral slab excited by a current sheet J;. . . . .. . ..
The field for z < 0 here are equal to the field in Fig. 2.3 when ~,
and Jo are properly chosen. . . . . .. ... ...

A chiral slab parallel to a PEC plane and excited by a current

The field for z < 0 here are equal to the field in Fig. 2.5 when ~,
and Jo are properly chosen. . . . . . ... ... L.
Real component of total £, in Fig. 2.1 and Fig. 2.2 for a chiral-
PEC interface problem. . . . . . . . ... ...
Imaginary component of total F, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem. . . . . . . .. .. ... ... ....
Real component of total F, in Fig. 2.1 and Fig. 2.2 for a chiral-
PEC interface problem. . . . . . . . ... ...
Imaginary component of total E, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem. . . . . . . .. .. ... ... ....
Real component of total H, in Fig. 2.1 and Fig. 2.2 for a chiral-
PEC interface problem. . . . . . . . ... ...
Imaginary component of total H, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem. . . . . . . .. .. ... ... ....
Real component of total H, in Fig. 2.1 and Fig. 2.2 for a chiral-
PEC interface problem. . . . . . . . ... ...

1X



LIST OF FIGURES

2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

2.23

2.24

2.25

2.26

2.27

2.28

2.29

Imaginary component of total H, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem. . . . . . ... ... ... ... ...
Real component of total E, in Fig. 2.3 and Fig. 2.4 for a grounded
chiral slab problem. . . . . . . ... ... ... ... ...
Imaginary component of total F, in Fig. 2.3 and Fig. 2.4 for a
grounded chiral slab problem. . . . . . ... ... .00
Real component of total F, in Fig. 2.3 and Fig. 2.4 for a grounded
chiral slab problem. . . . . . . ... ... ... ... ...
Imaginary component of total F, in Fig. 2.3 and Fig. 2.4 for a
grounded chiral slab problem. . . . . . .. ... ...
Real component of total H, in Fig. 2.3 and Fig. 2.4 for a grounded
chiral slab problem. . . . . . . . . .. ... ... ... ...
Imaginary component of total H, in Fig. 2.3 and Fig. 2.4 for a
grounded chiral slab problem. . . . . . ... ... ... ...
Real component of total H,, in Fig. 2.3 and Fig. 2.4 for a grounded
chiral slab problem. . . . . . .. ... ... o000
Imaginary component of total H, in Fig. 2.3 and Fig. 2.4 for a
grounded chiral slab problem. . . . . . ... ... ...
Real component of total E, in Fig. 2.5 and Fig. 2.6 for a chiral
slab parallel to a PEC plane problem. . . . . . .. ... ... ...
Imaginary component of total F, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem. . . . . ... ... ..
Real component of total £, in Fig. 2.5 and Fig. 2.6 for a chiral
slab parallel to a PEC plane problem. . . . . . .. ... ... ...
Imaginary component of total F, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem. . . . . .. ... ...
Real component of total H, in Fig. 2.5 and Fig. 2.6 for a chiral
slab parallel to a PEC plane problem. . . . . . ... .. ... ...
Imaginary component of total H, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem. . . . . . .. ... ..
Real component of total H, in Fig. 2.5 and Fig. 2.6 for a chiral
slab parallel to a PEC plane problem. . . . . . . .. ... .. ...



LIST OF FIGURES xi

2.30 Imaginary component of total H, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem. . . . . . .. ... .. 44

3.1 The original problem: A chiral cylinder above a ground plane
illuminated by a plane wave. . . . . . . . .. ... 47

3.2 Scattering from two arbitrarily shaped chiral cylinders with

different parameters excited by two different incident waves. . . . 48
3.3 External equivalence for the problem of Fig. 3.2. . . . ... ... 50
3.4 Internal equivalence for the real body. . . . .. .. .. ... ... 51
3.5 Internal equivalence for the image body. . . . ... .. ... ... 51
3.6 Surface S discretized into N linear segments. . . . . . . . . . . .. 53
3.7 The pulse function. . . . . . .. ... oL 54

3.8 The charge associated with the pulse currents on the n!* segment. 55
3.9 Two circular chiral cylinders illuminated by two plane waves. . . . 59
3.10 Magnitude of the total tangential electric field at y = 0 plane of

Fig. 3.9. © o o o, 60

3.11 Two triangular chiral cylinders illuminated by two plane waves. . 62

4.1 Bi-static RCS of a circular chiral cylinder in free-space and when

it is placed above a ground plane, TM excitation, ¢' = 90°, ¢, =

4, = 1,7v=0.002,7r =05 g, d =Ag- . . . . . . ... 70
4.2 Comparison, with the exact solution, of bi-static scattering width

of a circular chiral cylinder in free-space. . . . . . . . . . .. ... 71
4.3 Bi-static scattering width of two circular chiral cylinders. One of

the cylinders is the same as the one in Fig. 4.2 and the other is a

fictitious cylinder with parameters of vacuum. . . . . . . . . . .. 72
4.4 A circular chiral cylinder above a PEC plane. . . . . . ... ... 72
4.5 Co-polarized component of the bi-static RCS of a circular chiral

cylinder placed above a PEC plane. TM excitation, ¢ = 90° for

various v values. . . . .. ..o 73
4.6 Cross-polarized component of the bi-static RCS of a circular chiral

cylinder placed above a PEC plane. TM excitation, ¢¢ = 90° for

various 7y values. . . . ... Lo 73



LIST OF FIGURES xii

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

The longitudinal and the lateral components of equivalent surface
electric current on the circular chiral cylinder, TM excitation, ¢* =
90°, r =05, d=Xg, 6, =4, ., =1, y=0.002. . . . . ... ... 74
The longitudinal and the lateral components of equivalent surface
magnetic current on the circular chiral cylinder, TM excitation,
¢ =90% 1r=0.5N, d= N, 6, =4, p, =1, y=0.002. . . ... .. 75
Bi-static RCS of a circular chiral cylinder placed above a PEC
plane, TM excitation, ¢* = 90°, r = 0.5\, d = Ao, € = 4, i, = 1,
v=0.002. . . . e 75
The magnitude of the fields internal to the circular chiral cylinder
along the y = Ao line for the setup shown in Fig. 4.4, TM
excitation, ¢' = 90°, r = 0.5\, d = \g, €, = 4, p, = 1, v =0.002. . 76
The phase of the fields internal to the circular chiral cylinder along
the y = Ag line for the setup shown in Fig. 4.4, TM excitation,
¢ =90% 1r =05\, d=Ng, 6, =4, u, =1, y=0.002. . . ... .. 76
Co-polarized component of bi-static RCS for a circular chiral
cylinder above a PEC plane with different incident angles, ¢*, TM
excitation, r = 0.5\g, d = Ao, ¢, =4, p, =1, vy=10.002. . . . . .. 7
Cross-polarized component of bi-static RCS for a circular chiral
cylinder above a PEC plane with different incident angles, ¢*, TM
excitation, r = 0.5 g, d = X\g, 6, =4, p, =1, vy=0.002. . . .. .. 7
Bi-static RCS for circular conducting, dielectric, and chiral

cylinders placed above a PEC plane, TM excitation, ¢ = 90°,

The magnitude of the longitudinal and the lateral components of
equivalent surface electric current on the circular chiral cylinder,
TE excitation, ¢* = 90°, r = 0.5\, d = Ao, €, = 4, jt, = 1, v = 0.002. 79
The magnitude of the longitudinal and the lateral components of
equivalent surface magnetic current on the circular chiral cylinder,
TE excitation, ¢* = 90°, r = 0.5\, d = Ao, €, = 4, jt, = 1, v = 0.002. 80
Bi-static RCS of a circular chiral cylinder placed above a PEC
plane, TM excitation, ¢* = 90°, r = 0.5\, d = Ao, € = 4, i, = 1,
vy=0.002. . ... 80



LIST OF FIGURES xiii

4.18 The magnitude of the fields internal to the circular chiral cylinder
along the y = Ay line for the system shown in Fig. 4.4, TE
excitation, ¢* = 90°, r = 0.5\, d = \g, €, = 4, p, = 1, v =0.002. . 81

4.19 The phase of the fields internal to the circular chiral cylinder along
the y = A line for the system shown in Fig. 4.4, TE excitation,
¢ =90% 1r=0.5N, d= N, 6, =4, p, =1, y=0.002. . . ... .. 81

4.20 The effect of chiral admittance, 7, on the co-polarized component
of bi-static RCS for the setup shown in Fig. 4.4, TE excitation,
¢t =120 1r =05, d=No, &» =4, ptp=1. . . . . .. ... ... 82

4.21 The effect of chiral admittance, <, on the cross-polarized
component of bi-static RCS for the setup shown in Fig. 4.4, TE
excitation, ¢' = 120°, r = 0.5M\g, d = Xg, €, =4, up = 1. . . . . . . 82

4.22 Bi-static RCS for circular PEC, dielectric, and chiral cylinders
placed above a PEC plane, TE excitation, ¢' = 90°, r = 0.5\,

4.23 An elliptical chiral cylinder above a PEC plane. . . . . . . . . .. 84
4.24 The effect of distance d on the co-polarized component of bi-static

RCS for the setup shown in Fig. 4.23, TM excitation, ¢* = 90°,

a=0.5), b=0.ba, e, =31, u,=1,v=0.002. ... ... ... .. 85
4.25 The effect of distance d on the cross-polarized component of bi-

static RCS for the setup shown in Fig. 4.23, TM excitation, ¢ =

90°, @ = 0.5)\, b=0.5a, ¢, = 3.1, iy = 1, v =0.002. . . . . . ... 85
4.26 The effect of relative permittivity, €., of the cylinder on the co-

polarized component of bi-static RCS for the setup shown in Fig.

4.23, TE excitation, ¢' = 90°, a = 0.4)\g, b = 0.5a, d = 0.8,

=1, 7 =0.005. . . . 86
4.27 The effect of relative permittivity, €,, of the cylinder on the cross-

polarized component of bi-static RCS for the setup shown in Fig.

4.23, TE excitation, ¢' = 90°, a = 0.4)\g, b = 0.5a, d = 0.8),

=1, 7 =0.005. . . . 86
4.28 A rectangular chiral cylinder above a PEC plane. . . . . . . . .. 87



LIST OF FIGURES

4.29

4.30

4.31

4.32

4.33

4.34

4.35

4.36
4.37

The effect of relative permeability, pu,., on the co-polarized
component of bi-static RCS for the setup shown in Fig. 4.28, TM
excitation, ¢' = 45°, L, = 0.3)\g, L, = 0.15)\g, d = 0.65)\, €, = 2,
v=0.005. . . ..
The effect of relative permeability, u,., on the cross-polarized
component of bi-static RCS for the setup shown in Fig. 4.28, TM
excitation, ¢' = 45°, L, = 0.3)\o, L, = 0.15)\g, d = 0.65)\, €, = 2,
v =0.005. . . . . e
Co- and cross-polarized components of bi-static RCS of a lossy
square chiral cylinder above a PEC plane, for the setup shown in
Fig. 4.28, TE excitation, ¢ = 30°, L, = L, = 0.3\, d = 0.5\,
e = 3.1, p. = 1.5 v =0.0005, tand. = tand,, = 0.05. . . . . . . ..
The magnitude of the fields internal to the lossy rectangular chiral
cylinder along the y = 0.65)¢ line, TE excitation, ¢' = 30°, L, =
L, = 03X\, d = 0.5), & = 3.1, p, = 1.5 v = 0.0005, tand, =
tand,, = 0.05. . . . . .
The phase of the fields internal to the lossy rectangular chiral
cylinder along the y = 0.65)\¢ line, TE excitation, ¢' = 30°,
L, =L, = 03X, d = 0.5), ¢ = 3.1, u, = 1.5 v = 0.0005,
tand, = tand,, = 0.05. . . . . . ...
The effect of chirality, v, on the co-polarized component of bi-static
RCS for the setup shown in Fig. 4.28, TE excitation, ¢’ = 75°,
L,=02Xy, L, =04Xy, d=02)\o, 6, =25, p, =1. . . . ... ..
The effect of chirality, v, on the cross-polarized component of bi-
static RCS for the setup shown in Fig. 4.28, TE excitation, ¢' =
75%, Ly, = 02X\, L, = 0.4y, d = 02X, €, =25, i, =1.. . . . ..
A triangular chiral cylinder above a PEC plane. . . . . . . .. ..
Co- and cross-polarized components of bi-static RCS of a triangular
chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36,
TM excitation, ¢* = 60°, b = 0.2X\g, d = 0.5)g, €, = 3.5, , = 1
v =0.0004. . ...

Xiv

88

88

90

91

92



LIST OF FIGURES

4.38

4.39

4.40
4.41

4.42

4.43

4.44

4.45

4.46

Al

C.1

Co- and cross-polarized components of bi-static RCS of a triangular
chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36,
TE excitation, ¢¢ = 60°, b = 0.3\, d = 0.5\g, €, = 3.5, p, = 1,
~ =0.0033, tand, = tand,, =0.05. . . . . . . ...
Far-field amplitude of a chiral cylinder placed above a ground
plane. TM excitation at ¢* = 120° for different v values. . . . . .
A rectangular chiral cylinder above a ground plane. . . . . . . ..
Variation of the condition number of the moment matrix with ko L.,
for a dielectric cylinder above a ground plane. . . . . ... .. ..

Comparison of the exact solution with those computed with an ill-

conditioned matrix, TM excitation, ¢* = 90°, ¢, = 1, u, = 1,7 = 0.

Comparison of the exact solution with those computed with a well-

conditioned matrix, TM excitation, ¢ = 90°, €, = 1, = 1,7 = 0.

Variation of the condition number of the moment matrix with kgL,
for a chiral cylinder above a ground plane. . . . . . . . ... ...
Computed surface currents on the cylinder for three different values
of koL, when the condition number of the moment matrix is large,
TM excitation, ¢' = 60°, €, = 4, u, = 2,7 = 0.0005. . . . ... ..
Computed surface currents on the cylinder for three different values
of kg L,, when the condition number of the moment matrix is small,

TM excitation, ¢' = 60°, €, = 4, u, = 2,7 =0.0005. . . ... ...
An infinite current sheet in an unbounded chiral medium. . . . . .

The lateral current on the m'* segment of surface S and the charge

associated with it. . . . . . . . . ...

XV

96

97

98



List of Tables

3.1 TM excitation, Dielectric Case . . . . . . . ... .. .. ... ...
3.2 TM excitation, Chiral Case (Opposite Chiral Admittance)
3.3 TM excitation, Chiral Case (Same Chiral Admittance) . . . . ..

XVv1



List of Symbols

€0

€

Tlo

c w »

3

Free-space permittivity
Relative dielectric permittivity
Dielectric permittivity
Free-space impedance
Impedance

Chiral admittance

Unit vector in the phi-direction
Unit vector in the lateral-direction
Unit vector in the z-direction
Free-space wavelength
Wavelength

Magnetic potential

Magnetic flux density

Electric flux density

Electric field

Electric potential

Magnetic field

XVvil



LIST OF SYMBOLS xviii

J Electric surface current

M Magnetic surface current

Ex x-component of the electric field

E, y-component of the electric field

E, z-component of the electric field

Hy,  z-component of the magnetic field

Hy  y-component of the magnetic field

H, z-component of the magnetic field

JL Lateral component of electric surface current
Js Longitudinal component of electric surface current
L Side length

M;,  Lateral component of magnetic surface current
M,  Longitudinal component of magnetic surface current
P Unit pulse function

tand. Electric loss tangent

tand,, Magnetic loss tangent

1o Free-space permeability

L Relative permeability

I Magnetic permeability

\Y nabla

Q Ohm

w Angular Frequency



LIST OF SYMBOLS

phi
C Contour
d Distance
f Frequency
Hé2) Hankel function of zeroth order and second kind
H 1(2) Hankel function of first order and second kind
h1 Wave number for RHCP
ho Wave number for LHCP
ko Free-space wavenumber
k Wavenumber

log  logarithmic

l Length
m meter

r Radius
S Surface

\% volt

Xix



Abbreviations

PEC
2D

3D
EM
MoM
™
TE
ind
RCS
EFIE
RHCP
LHCP
GHz
MHz
BIE
MATLAB
inc

tan

Perfect Electric Conductor
Two-Dimensional
Three-Dimensional
Electromagnetic

Method of Moments
Transverse Magnetic
Transverse Electric

induced

Radar Cross-Section

Electric Field Integral Equation
right-hand circularly polarized
left-hand circularly polarized
Gigahertz

Megahertz

Boundary Integral Equations
matrix laboratory

incident

tangential

XX



OZET

MUKEMMEL ILETKEN BIR YER DUZLEMININ
UZERINDE KEYFI KESITE SAHIP KIRAL BIR
SILINDIRDEN SACILMA

Ahsan Altaf
Elektrik-Elektronik Miihendisligi ve Siber Sistemler, Doktora
Tez Danmigmani: Prof. Dr. Erciimend Arvas

Tez Es Damigmani: Prof. Dr. Cengiz Ozzaim
Ocak, 2021

Bu tezde, miikemmel iletken (PEC) bir yer diizleminin iizerinde keyfi
enine kesite sahip kiral bir silindirden sacilma problemi ic¢in basit, dogru
ve etkili bir ¢oziim sunulmustur. Hem TM hem de TE uyarimlar1 dikkate
alinmigtir.  PEC diizlemi tizerindeki bu nesnenin gortintiisii biliniyorsa, bu
nesneden sacilma problemi prensip olarak goriintii yontemiyle ¢oziilebilir. Bu
nedenle, goriinti metodu kullanilarak, PEC bir diizleminin {izerindeki bir
silindirden sacilma problemi, serbest uzayda iki farkli kiral silindirden sagilma
problemine indirgenir. Bu iki silindirli problemden {i¢ farkl esdeger problem elde
etmek i¢in ytlizey denklik prensipleri kullanilir. Daha sonra bu esdeger problemleri
sayisal olarak ¢ozmek i¢cin moment metodu kullanilir. Bu iki silindirli problem
icin moment matrisi gereksiz yere biiytiktiir.

Kiral bir cismin PEC bir zemin iizerindeki goriintiisiiniin, ayni elektrik ve
manyetik gecirgenlige ancak zit kiraliteye sahip bagka bir kiral cisim oldugu
bilinmektedir. Bu 06zelligi kullanarak, gortintii yontemindeki iki farkli cisim
problemi, karmasik bir moment matrisi ile tek cisim problemine indirgenebilir.
Bu prosediir, Geligtirilmis Moment Matrisi olarak adlandirilir.

Kiral bir cismin goriintiistiniin ozelligini dogrulamak igin, ilk olarak ti¢ kanonik
problem tam olarak analitik tekniklerle ¢oziilmiigtir. Bir PEC diizleminin
tizerindeki kiral cismin goriintiisiiniin aynm elektrik ve manyetik gecirgenlige
sahip kiral bir cisim oldugu dogrulanmigtir. Bununla birlikte, kiral cismin
goriintisiintin kiralitesi, orijinal cismin kiralitesinin eksi igaretlisidir.

Hesaplanan sayisal sonuclar, sacilan alanlar1 ve silindir tizerindeki egdeger
yizey akimlarini icermektedir. Kiralitenin sacilan alanlar tizerindeki etkisini
incelemek icin cesitli parametrik analizler yapilmigtir. Ayrica, Onerilen

formiilasyonun bazi avantajlar1 ve dezavantajlari ve bunlarin ¢oziimleri kisaca

xx1
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tartigilmigtir.

Anahtar sézcikler: Kiral cismin gortintiisii, moment methodu, iletken diizlem

tizerindeki kiral cisimden sacilma.
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In this dissertation, a simple, accurate, and efficient solution is presented for
the problem of scattering from a chiral cylinder of arbitrary cross-section above a
ground plane. Both TM and TE excitations are considered. In theory, scattering
from an object above a perfectly conducting (PEC) plane can be found in principle
if the image of this object through the PEC is known. Hence, using image theory,
the problem of scattering from a cylinder above a PEC plane is reduced to two
chiral cylinders in free-space. The surface equivalence principle is used to obtain
three different equivalent problems for this two-cylinder problem. Then, the
method of moments is used to solve these equivalent problems numerically. The
moment matrix for this two-cylinder problem is unnecessarily large.

It is known that the image of a chiral body through a ground plane is another
chiral body with the same permittivity and permeability but opposite chirality.
Using this property, the two-body problem in the image method may be reduced
to a one-body problem with a complicated moment matrix. This procedure is
named the Enhanced Moment Matrix.

To verify the property of the image of a chiral body, first, three canonical
problems are solved exactly using analytical techniques. It is verified that the
image of a chiral body above a PEC plane is a chiral body with the same
permittivity and permeability. However, the real chiral admittance of the image
body is negative of the chiral admittance of the original body.

Computed numerical results include scattered fields and equivalent surface
currents on the cylinder. Various parametric analyses are conducted to study
the effect of chirality admittance on the scattered fields. Furthermore, some
advantages and drawbacks for the proposed formulation and their solutions are
briefly discussed.
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Chapter 1

Introduction

1.1 The Purpose

The main purpose of this work is to solve the problem of electromagnetic
scattering from a two dimensional (2-D) homogeneous chiral cylinder of arbitrary
cross-section above an infinite perfect electric conducting (PEC) plane. The
scattering behavior of a chiral cylinder above a PEC plane can be very different
than the scattering behavior in free-space. Therefore, a detailed numerical study
is required in order to understand the electromagnetic (EM) waves interaction
with such materials. In this work, first, using image theory, the original problem
is reduced to two chiral cylinders in free-space. The method of moments (MoM)
is used to solve this equivalent problem numerically. It is known that the image
of a chiral body through a ground plane is another chiral body with the same
permittivity and permeability but opposite chirality. Using this property, the
two-body problem in the method of images method may be reduced to a one-
body problem with a complicated moment matrix. This procedure is named
as Enhanced Moment Matrix. Both TM and TE plane wave excitations are
considered. Computed numerical results include scattered fields and equivalent
surface currents on the cylinder. The results obtained by the enhanced moment

matrix procedure are in excellent agreement with those obtained by the method



of images.

To verify the property of the image of a chiral body, first, three canonical
problems are solved exactly using analytical techniques, and for the sake of
completeness, a brief summary of plane waves in an unbounded chiral medium is

also given.

1.2 The Motivation

The term chiral is derived from the Greek word cheir meaning “hand” and
chirality refers to handedness. Chirality or handedness is an in-ability of an
object into alignment with its mirror images through rotation and/or translation.
From atoms to human beings, chirality can be found across a variety of organic
or biological substances. Golf clubs, helices, and gloves are examples of man-
made chiral objects while butterfly wings, snails, proteins, and amino acids are
natural chiral bodies. Chirality provides an extra degree of freedom. The positive
chirality (y > 0) specifies right-handedness while the negative chirality (v < 0)
defines left-handedness. When chirality is zero (v = 0), the medium is simply

dielectric or achiral.

In a chiral medium, the uniform plane wave cannot be linearly or elliptically
polarized. It has to be circularly polarized. Within a chiral medium, this
circularly polarized wave is divided into two waves of opposite handedness.
These waves have different wave numbers, unequal phase velocity, and different
attenuation rates. Outside the body, these waves combine to form a linearly
polarized wave. In other words, the fields scattered by a chiral body have coupled
TM and TE components.

Electromagnetic scattering by different materials such as conductors,
dielectrics, chiral, and open cavities have been addressed by many researchers
in the applied mathematical and engineering communities. Knowledge about the

fields scattered by a chiral material in the far-field region is important for many



applications in the defense and industrial sectors. Chiral materials have been
studied extensively over the last couple of decades and are still being analyzed in
different scenarios due to their attractive properties. Over the last half-century,
chiral media have been extensively investigated by many researchers. However,
the problem of scattering from a chiral cylinder of arbitrary cross-section above a
perfectly conducting ground plane has not been solved. In order to further study
on chiral materials and their applications, it is important to study the work done

by other researchers. Given below is a brief summary of the previous studies.

The optical activity was first observed during the early studies of propagation
of light through optically active bodies [1] in 18" century. The optical activity
phenomenon in quartz plates was discovered by Biot [2-5]. He demonstrated that
the optical activity depends on the thickness of the quartz plates and it can be
removed by combining two plates of the same thickness but opposite handedness.
From Biot’s experiments, Pateur [6] concluded that the atoms are arranged in
an asymmetrical order in the chiral medium. In other words, it is related to an
unbalance of the right- and left-handed molecules in the medium. This is where

the electromagnetic chirality saga begins.

Wave interaction with chiral objects was studied for the first time by Karl F.
Lindman in 1920—22 and Pickering in 1945. Lindman used helices to demonstrate
the phenomenon of optical activity in the microwave (1-3 GHz) regime. Through
his experiment, he concluded that the angle of rotation of a wave depends upon
the number of helices within a medium, and the optical activity can be made
absent by using an equal number of opposite handedness helices [7,8]. Lindman
compared his results with an existing optical model, and his work is summarized
in [9]. Later, his work was experimentally proved by Winkler [10], and Tinoco

and Freeman [11].

In the second half of the 19" century, Drude established the constitutive
relations for chiral objects [12]. However, the modern history of electromagnetic
chirality dates to 1979, when Jaggard presented a macroscopic model of
helices-loaded material and proposed theory to describe the chemistry between

electromagnetic waves and chiral structures [13]. The next study on chirality



appeared in 1982 by Engheta and Mickelson [14], where they considered transition
radiation from a chiral plate. In 1986, Silverman studied scattering from
chiral /achiral interfaces [15]. From 1986 to 1990, Lakhtakia worked on scattering
from chiral and achiral interfaces in [16-18]. The same authors also studied
scattering by mirror-conjugated chiral interface and scattering by a periodic
chiral/achiral interface in [19,20]. Similarly, scattering from chiral slabs and
infinitely backed chiral materials have also been presented in [21-26]. These
studies helped in demonstrating scattering from flat surfaces, but the practical

problems are more complex which demanded further investigations.

Objects of cylindrical and spherical shapes are encountered frequently in EM
problems, which led to Bohren’s research on problems involving scattering from
homogeneous spheres [27], spherical shells [28], and cylinders [29]. He solved these
problems using eigenfunction solutions. Varadan investigated the eigenmodes of
a chiral coated conducting sphere in order to explore the practical aspects of
chiral media [30]. In a similar study, Latktakia et al. demonstrated a microwave
resonator by studying a chiral filled conducting sphere [31]. Varadan and other
researchers presented different techniques to construct an artificial chiral object
[32-37]. Kluskens and Newman [38,39] extended Bohren’s work, and presented a
method of moments solution of problems involving single layer and multilayer
chiral cylinders using volume equivalence principle. Engheta and Jaggard
presented constitutive relations for different models of chiral media [40,41]. They
studied reflection, transmission, and refraction of an electromagnetic wave from
finite and infinite chiral mediums. In-addition, radiation problems from a point
and distributed sources in an infinite chiral medium were also investigated [42,43].
Alkanhal [44] presented the method of moment solution for a chiral cylinder using
the surface equivalence principle. The scattering behavior of a chiral coated
conducting cylinder is studied by Buber et al [45]. A method of moment solution
of 3-dimensional chiral body of arbitrary cross-section is solved by Worasawate
[46], and Yuceer [47] used the same method to study scattering by a chiral body

of revolution.

Achiral bodies above a ground plane are investigated by many researchers.

Valle [48] and Madrazo [49] used the extinction theorem to find electromagnetic

4



scattering from a conducting cylinder above a PEC plane. A conducting body of
an arbitrary cross-section above a conducting half-plane, excited by TM or TE

wave is extensively studied [50-53].

Chao [54] solved a dielectric sphere above a perfectly conducting plane using
Boundary Integral Equation (BIE) with modified Greens functions. Gorden and
Ngo [55] solved a cylinder above a lossy half-space. They investigated a quartz
fiber on an aluminum substrate and results were verified with the experimental
results. In a similar study, Borghi [56] used a cylindrical wave approach to solve
a conducting cylinder above a half-space. Wang [57] and Lee [58,59] used hybrid
techniques to solve cylindrical objects above a conducting surface. In [60], Kizilay
presented a decomposition method solution of a conducting body above an infinite
periodic surface. Most recently, Cengiz [61,62] presented a method of moment
solution for a dielectric body above a perfectly conducting plane and a perfectly

conducting body above a lossy half-space using the perturbation method.

The above-mentioned studies gave an insight into the scattering behavior of
conducting and dielectric materials above a ground plane. The reason behind
studying chiral material case separately is that the scattering behavior of chiral
objects cannot be predicted by the simple theory as one can predict for conducting

and/or dielectric materials.

The plane wave scattering from a 2D and 3D chiral object is solved by Alkanhal
[44] and Worasawate [46], respectively. They used surface equivalence principle
and method of moments. These studies show that this method can be used
effectively to solve a chiral body above a PEC plane. Therefore, in this work, we
will use the same procedure as discussed in the above two studies to solve the

problem of scattering from a chiral cylinder above a ground plane.

Despite the immense amount of research on chiral materials the case of a
chiral body of arbitrary cross-section above a perfectly conducting ground plane
has not been investigated, which is the proposed topic. This study is very
important for variety of applications in the semiconductor industry such as

contamination of particles on the surfaces of the optical systems [63,64], design



of optical launchers for the plasma waves [65,66], analysis of optical microscopy
procedures [67-69], solar light and/or photodetectors in photo-voltics [70-74],
electromagnetic interference [75,76], and chemical sensing [77]. This study also
has vast applications in monitoring mirror contamination in the optical systems,
which not only degrades the systems’ performance but also causes local heating.
Therefore, it is reasonable to study chiral material placed near the ground plane
and observe the behavior of different quantities such as the induced surface

currents on the cylinder and the resulting scattered fields.

1.3 The Solution Method

In this dissertation, the formulation is based on the surface equivalence
principle [78, Chapter 2]. In the surface equivalence principle, the region of
interest is replaced by a surface with some appropriate equivalent surface currents
placed on the boundary of the region. These equivalent surface currents radiate
in an unbounded medium with the material parameters of the region of interest.
By satisfying the continuity of the tangential components of the fields, a set of
coupled integral equations is obtained. Then using MoM, these integral equations
are transformed into a matrix equation. The right-hand side of this matrix
equation contains the incident field and the column vector of the unknowns
determines the equivalent surface currents. Once the currents are known, then
the other parameters like bi-static radar cross-section, near-fields, and currents

on the cylinder can be found easily.

1.4 The Structure of the Dissertation

In Chapter 2, image theory for chiral materials is developed. Unlike conductors
and dielectrics, the image of the chiral material is not the same as the original [79].
Therefore, it is presented that the image of a chiral body above a PEC plane is
a chiral body with the same permittivity (¢) and permeability (x). However, the



real chiral admittance () of the image body is negative of the chiral admittance of
the original body. This is verified by using three simple examples. These examples
are first solved exactly by finding the reflected and/or transmitted fields using
analytical techniques. Then the image theory is used to remove the PEC and
again the reflected and/or transmitted fields are found exactly using analytical
techniques. The source in these examples is an infinite surface current sheet

parallel to the ground plane.

In Chapter 3, image theory developed in the previous chapter is used to solve
the problem of scattering from a chiral cylinder of arbitrary cross-section above

a ground plane numerically by using two different procedures, i.e.

1. Method of Images

2. Enhanced Moment Matrix Method

In the method of images, the image theory is used and the original problem is
reduced to a two-cylinder problem in free-space. In other words, it is a two-
body problem with two external sources. However, the resulting moment matrix
is unnecessarily large. Therefore, the properties of the image body and the
image source are used to reduce the size of the moment matrix. Using image
theory, the two-body problem in the image method may be reduced to a one-
body problem with a complicated moment matrix. This procedure is named the
Enhanced Moment Matrix. A general MoM solution method is also explained in

this chapter.

In Chapter 4, the numerical results obtained from the formulation discussed
in Chapter 3 are presented. The computed results are presented for the cylinder
of different cross-sections, material parameters, the polarization of the incident
waves, and incident angles. The computed results include currents on the cylinder

and the scattered field in the near- and far-regions.

Chapter 4 contains a brief summary of this work.



Chapter 2

Image of Chiral Material

In this chapter, the image theory for a chiral material is presented. Three
examples are solved exactly. These examples have two purposes. First, they are
applications of the theory of plane waves given in Appendix A. The reflection
and the transmission of plane waves at interfaces involving chiral and non-chiral
materials are introduced. The second and the more important purpose is to verify
that the image of a lossless chiral body has a real chirality equal to the negative

of the chirality of the original chiral body.

In [79], it is proven, by using the volume equivalence principle, that the image
of a chiral body above a PEC plane is a chiral body with the same permittivity
(e) and permeability (u). However, the real chiral admittance (7y2) of the image
body is negative of the chiral admittance (1) of the original body. The purpose
here is to verify this, by solving three canonical problems. These problems are
solved exactly by analytical means. In other words, these problems are first
solved exactly by finding the reflected and/or transmitted fields using analytical
techniques. Then the image theory is used to remove the PEC and again the
reflected and /or transmitted fields are found exactly using analytical techniques.
The source in these examples is an infinite surface current sheet parallel to the

ground plane.



The first problem is shown in Fig. 2.1. Here, the infinite electric current sheet
Jy is at z = —d and is inside a chiral half-space (z < 0). The currents sheet is
radiating in a chiral half-space bounded by a PEC plane. The PEC occupies the
z = 0 plane. The chiral material has parameters (e, pt,y;). It is shown that this
problem is equivalent to the one shown in Fig. 2.2 for z < 0 when ~, is equal to
—v1, and Jy (at z = +d) is negative of J;.

—_— =

(E, nur Y1) (E' ﬂ, yl)
E™(,) E™ (1)
MW —  y] PEC
®©—Z
Jil
Epec(J1)
z=—d z=0

Figure 2.1: An infinite current sheet (in a chiral half-space) parallel to a PEC
plane.
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mO; — Z
I CUUER (D
1 v

109 i

z=—-d z=0 z=d

Figure 2.2: The field for z < 0 here are equal to the field in Fig. 2.1 when ~, and
Js are properly chosen.

The second problem shown in Fig. 2.3 includes a grounded chiral slab of
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thickness t. The source in this problem is the current sheet J; and is placed in
a regular dielectric (e, u) outside the chiral slab. It is shown that this problem is

equivalent to the one shown in Fig. 2.4 (for z < 0) if 5 is —y; and Jy is —J;.

X

!

E! Ju|E! t(l) \PEC

" E”’(ll) E*(J,

_— ®—Z
S

(E,,U.) (Elr M1, Vl)

Jil E"go .
—"\N\N Epec(J1)
—\W

Figure 2.3: Grounded chiral slab excited by a current sheet J;.
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EE;M (Jz) Ech2 (J2) Eiirz Jz)
(2,  E,02) Ly BS,00  ELgy )2 .
]1 N -
1 E;,(;) Ecr,(J1)
S WAV Y & B4y, 1)
Eéf;(h) Ef () ’VV\IE_’
VW—  aApp st Eg, 1)
z=—d z=-—t z=0 z=t z=d

Figure 2.4: The field for z < 0 here are equal to the field in Fig. 2.3 when ~, and

Js are properly chosen.

In the third problem shown in Fig. 2.5 the chiral slab is not grounded. The
chiral slab is placed between the source J; and the PEC plane. It is shown that
this problem is equivalent to the one in Fig. 2.6 if 75 is —v; and Jy is —J;.
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Figure 2.5: A chiral slab parallel to a PEC plane and excited by a current sheet
Ji.
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Figure 2.6: The field for z < 0 here are equal to the field in Fig. 2.5 when 5 and

J, are properly chosen.

The above three problems are solved exactly. Before solving these problems,
a brief summary of results for plane waves in an unbounded chiral medium are
given in Appendix A. For details and much more the reader is referred to elegant
papers [80-82].
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2.1 Example-1

2.1.1 The Original Problem

In this section, the problem shown in Fig. 2.1 is considered. Here, a current
sheet carrying a surface current J; is placed in a chiral medium at a distance d
away from a PEC plane. The chiral medium, region z < 0, is characterized by
(€, 11, v1) where € is permittivity, p is permeability, and 7; is chiral admittance of

the medium. If the surface current J; is defined as
J,=—-4Jyz (2.1)
Then the incident field produced by this current for region z < —d is given by
E(J1) = ne, Jo{ (2 + ) 50 + (& — jg)e <+ } (2:2)

H(3) = Jo{ (5 + j2)e" 50 o (=g — g+ ) (2.3)

Where,

hi = wpyr + VK2 + (wpn)? (2.4)
hy = —wpm + VK + (wpm)? (2.5)
n

Ney = —F7F7—7—7——s
1 V1I+(nm)?

The superscript ¢— represents the incident field traveling in —z direction.

Similarly, the incident field produced by J; for region z > —d can be written

as follows.
B (31) = e, Jo{ (7 = j)e M 4 (34 jg)e 2 | (2.7)
H (31) = Jo{ (54 ja)e M EHD 4 (5 — ja)e It | (2.8)

Note that,
E*J)=E"(J,) at z=—d, (2.9)
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and
Ax [HYJ)-H-J)]=J, at z=—d (2.10)

The reflected field can be written as follow.
Eppc(J1) = e Jo{ al@ + j9)e™* + bz — jg)e™ = | (2.11)

Hypo(J1) = Jo{ a(=3 + ja)e™* + b(—j — j2)e™ . (2.12)

Here, a and b are constants to be determined, and the superscript r represents
reflected field. The argument J; is used in (2.11) and (2.12) to remind us that
these fields are reflections of the incident fields produced by J;. The subscript
PEC is used to remind us that the field is being reflected from the PEC plane.

The total electric field (the sum of (2.7) and (2.11)) must be zero at z = 0.

This gives

—e It = —e M (2.13)

a =

Thus, the reflected field is given by

Eppc(J1) = neJo{ — €7@ + jge™s — e M@ — jg)et=} (2.14)
and

B oo (1) = Jo{ — (=g + ji)el™* — e Mi(—g — j)et=} (215)
The induced surface current on the conductor is given by

Jrd = 2 x HY (2.16)

z=0

where, H”' is total magnetic field. Using (2.8) and (2.15) J™? is found to be
de _ 2J0{:z,[e*jh1d + efthd} _ jg |:€*jh1d _ efthd} } (217)

Note that the reflected field given by (2.14) and (2.15) is the same as the field

produced by J” in an unbounded chiral medium (e, u,71).
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2.1.2 The Equivalent Image Problem

To use image theory, the ground plane in Fig. 2.1 is removed and the half-
space z > 0 is filled with an “image” material (e, u,72) and an image source
Jo, = —J; is placed at z = +d. The resulting problem is shown in Fig. 2.2. The
incident field produced by the image current Js in the region z < d is given by

Ef},m (J2) = 1., JO{(_j _d jg)ejhs(zfd) + (=2 + j@)ejm(zfd)} (2.18)

H?hQ (Jo) = jo{(g _ ji»)ejhs(zfd) +(§ _i_ji.)ejhz;(zfd)} (2.19)

The superscript iz represents the incident field produced by the image source
Jo. Here, hs and hy are the right- and left-handed wave numbers, and 7., is the

wave impedance for the chiral material (e, i, v2) given by
hy = wpye + VK2 + (Wpye)? (2.20)
hy = —wpye + VK2 + (wpy)? (2.21)

n

Ney = W (2.22)

In Fig. 2.2, B}, (J1) and E}, (J:) represent the fields reflected and transmitted
at the interface at z = 0. This interface is between two chiral half-spaces (¢, p1, 1)
and (€, i, v2). The subscript chy is used to remind us that the field exists in region
chy while the subscript chs is used to remind us that the field exists in region
chy. The source of these waves are assumed to be J;. Similarly, E7, (J,) and
E%, (J2) represent the fields reflected and transmitted at the interface at z = 0.
The source of these waves are assumed to be the image source J,. The image
problem in Fig. 2.2 will be correct only if the reflected field ELp~(J;) in Fig.
2.1 is equal to the sum of the reflected field EJ;, (J;) and the transmitted field
E% (J2) in Fig. 2.2. If 7, is chosen to be the same as 71, then obviously the
two reflected fields will be zero and h; will be equal to hs and hy will be equal to
hy. Then it is easy to see that the transmitted field (EY, (J2),HZ, (J2)) (which
is identical to (B%,_(J2),HY, (J2)) given by ((2.18) and (2.19)) in Fig. 2.2 is not

cho
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the same as the field (Epgo(J1), Hppeo(J1)) (given by (2.11) and (2.12)) in Fig.

2.1. Therefore, the image of a chiral material can not be itself.

Assuming 7, # 71, the fields in Fig. 2.2 can be found as follows. Let

Ej, (J2) = mQJo{al(—fﬁ +9)e M+ ag(—& — j?ﬁ)efjhu} (2.23)
H, (Jo) = Jo{aq(—ﬂ — j&)e M 4 as(—g + ji“)e_jh‘lz} (2.24)
Bl (32) = e o as(—3 = jg)e™ + as(=3 + jgle™=}  (225)

H, (32) = Jofas(y = j2)e™ + au(y + ji)e™* | (2:26)
Bl (1) = no Jo{ (8 = j)e M 4 (3 4 jg)e e (2.27)
Hif (1) = Jo{ (5 4+ ja)e ™+ 4 (g — jaje et | (2.28)
Bl (31) = ey Jo{ as(@ + )™ + agli — jg)e™>*} (2.29)
HY, (J1) = Jo{%(—@ + )M + ag(—§ — j@)eﬂm} (2.30)
Bl (31) = oo ar(@ = 9)e 7 + ag(@ + jg)e M) (2.31)
HY, (1) = Jo{ a7 (5 + j)e 7" + as(j - ja)e ™= | (2.32)

Where ay - ag are unknown constants to be found. By satisfying the boundary

conditions at the interface z = 0, one can show that

a, = (7701 B 7]C2>e—jh4d ay = (nq B 7]62)€—jh3d 7

(Ney + 7ey) (Ney + 7ey)
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2n —ih, 2n _j
as = Cc2 e Jhad ay = Cc2 e Jhad

(Ney + 7ey) ’ (Ney + 7ey) ’
as = (7702 B 7761)6—jh2d L ag = (7762 - nCl)e—jhld :
(% + 7702) (7701 + 7702)
ar = 27701 e—jhld L ag = 27761 €_jh2d )
(7701 + Ney) (e, + 7702>

A simpler problem of a plane wave incident on achiral/chiral interface has been
solved in detail by many researchers [15-21,23-26,35,83]. The above eight results
agree with those in the literature for the special case of normal incidence on such

an interface.

Note that the wave impedance of a chiral medium does not change when its
chiral admittance changes sign. Therefore, if 75 = —~v; then 7., = 1., and the
reflection coefficients ay, as, as, and ag are zero. Remember that this was the case
when v, = 7; as well. Now however, hs will be equal to hy and hy will be equal
to hy. Then it is easy to see that the field (EY, (J2), HZ, (J2)) (given by (2.25)
and (2.26)) in Fig. 2.2, is the same as the field (Epgo(J1), Hppo(J1)) (given
by (2.11) and (2.12)) in Fig. 2.1. Therefore, it is proved that the correct image
material in Fig. 2.2 has the parameters (¢, 1, —71).

2.1.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various parts
of the problems, we have computed the fields for a special case of Jo = 1(A/m),
€ =2, u =1,y = 0.005, d = 1 meter, and f = 300 MHz. The computed results
are shown in Figs. 2.7 - 2.14. Figure 2.7 shows the real part of x-component of
the total electric field. There are three curves in this figure. It is seen that when
Y9 = —1, the fields of the image problem are the same as the fields in the original
problem. Where as, these two fields are not the same when 7, = ;. Note that
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total £, is not zero at z = 0 interface, when 7, # —v;. This is clear from Figs. 2.9
and 2.10. The other six figures (2.7, 2.8, 2.11 - 2.14) also support the conclusion

that the image chiral material must have v, = —v;.

600

——— Original Problem
- - Fig.2.2 (72 = -'y1 )
- - =Fig.2.2 (72 =74 )

400 r

-200 -

_400 1 1 1 1 1
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.7: Real component of total E, in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.

300

’ ——— Original Problem
\ - = =Fig.2.2 ('y2 =-7, )
‘| - - ~Fig.2.2(v,=7,)
1
1

200

100 -

-100

Imag[ETx]

-200 -

-300

-400 -

500 ‘ ‘ ‘ ‘ ‘
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.8: Imaginary component of total E, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem.
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500 = Original Problem ‘

- - =Fig.22 (v, =1,)
- - ~Fig.22 (v,=,)

250

ReaI[ETy]
o

-250

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.9: Real component of total E, in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.

400 T T T T ;
——— Original Problem

300 MRS - = =Fig.2.2 (72 ==, )
- - =Fig.2.2 (72 =7, )

!

200

100

_400 L L L L L
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.10: Imaginary component of total E, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem.
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2 T " - : .
——— Original Problem
A - = =Fig.2.2 ('yz =7 )
1 - - =Fig.2.2 (72 =7 ) i
z .
©
3}
e 1 1
-2 1
-3

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.11: Real component of total H, in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.

Original Problem
- —Fig.2.2 ('12 = -'y1 ) 7
- - - Fig.2.2 ('12 = 'y1 )

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.12: Imaginary component of total H, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem.
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3 \ \

= Original Problem
- = =Fig.2.2 (72 ==, ) |
P 1 \\ —--Fig.2.2(72=71)

ReaI[HTy]

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.13: Real component of total H,, in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.

3
2
1
F 0
=)
g
g -
-2
——— Original Problem
-3 - = =Fig.2.2 (72 ==, )
- - —Fig.2.2 (’12 =7 )
-4 i i | | |
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.14: Imaginary component of total H, in Fig. 2.1 and Fig. 2.2 for a
chiral-PEC interface problem.

One can show that if 75 = 479, = 0, then the chiral material behaves as a
regular dielectric material and it is well known that the image of a dielectric

body is itself.
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2.2 Example-2

2.2.1 The Original Problem

In this section, a grounded chiral slab of finite thickness t is considered. The
chiral slab is characterized by (€1, pi1,71). The ambient medium is assumed to be
a dielectric with material parameters (e, ). A current sheet carrying a surface
current J; is placed in the dielectric at a distance d away from a PEC plane. This

original problem is shown in Fig. 2.3.

The surface current J; is given by;
J,=-2Jyz (2.33)

The incident field produced by this surface current J; in the region z < —d can

be written as;

E~(J,) = inJyelt =t (2.34)

H'™ (J;) = —§Joe?" =+ (2.35)

where the superscripts i— represents that the field is traveling in —z direction.

The incident field produced by the surface current J; for region z > —d are as

follows;
E(J)) = inJye kD) (2.36)

H'™ (Jy) = §Joe /HEH (2.37)

n:\/g .k =wy/pe. (2.38)

Where k and 7 are the wavenumber and impedance of the dielectric, and the
superscript i+ represents the incident field is traveling in the +z direction in the
dielectric. In the region z < —t, there may be a reflected field traveling in —z

direction given by;
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ET(Jl) = T]Jo{!i‘bl + gbg}ejkz (239)
H'(J,) = Jo{ — by + ;@bQ}ej’“ (2.40)
Where b; and by are unknown constants. In the chiral medium (—t < z < 0),

there will be a +z traveling transmitted wave (E, H") and a —z traveling reflected

wave (Eb o, Hppo) given by

E!(J1) = 1y Jo{ bs @ = j7)e "% + ba(a + jg)e "+ | (2:41)
H'(31) = Jo{ baly + ji)e """ +ba(j = ji)e " } (2.42)
Eppc(J1) = e Jo{ bs @ + J9)e™* + bo(@ — j)e™= |} (2.43)
Hpgo(T) = Jo{bs(—9 + j2)e™ + by~ — ja)e™= | (2.44)

Where b3 — bg are also unknown constants to be found. To find these constant

(by — bg) the following boundary conditions are used.

1. Eppe +Ef =0 at z =0,
2. ET+E =E'+EL,, at z=—t,

3. HY + H =H'+ Hpp,  at 2= —t.
Then the unknown coefficients can be found as follows.

by ne—jk(d—t)-

ba 0

b3 1 0

N A (2.45)
bs 0

be 0
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Where the matrix @ is given by Eqn. (2.46).

__ne—jkt 0 | Ne, ejh-lt Ne, ejl'zgt ncle_jl'nt ncle_jh?t -
0 —Tle_jjt _jnc;hejthlt jT]c1 67:2: j7701 ez}zlt _jnm 6‘_}:};215
0 —eJ jej 1 _]'63 2 jeij 1 —jeij 2
Q= eIkt 0 eihit edhat —e—Jhat —eJhat (2'46)
0 0 1 1 1 1
|0 0 ~1 1 1 -1

The coefficients (b; — bg) are as follows.

b = {e—jk(d—t) — byt 4 e~dat] _p, [ehat 4 emimt] }ejkt

iop jnclejkt {b3 [e*tht . e]’hlt] 4 by [ejhgt . e*jhlt]}
n

—jk(d—1)

by = ne
et — ) + eMi(n + )

P L Ca)

e~iht(n —ne, ) + edh2t(n + 1)

by =

bs = by, bg=—bs.

2.2.2 The Equivalent Image Problem

In this problem, the ground plane is removed, and an image source J, = —J;
is placed at z = d and an image chiral slab with parameters (e, p1,72) is placed
between z = 0 and z = t as shown in Fig. 2.4. Our purpose here is to show that
when v, = —~1, the total fields in the region 2z < 0 in Fig. 2.3 are identical to

those in Fig. 2.4 in the same region.
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There are four distinct regions in Fig. 2.4. The dielectric region z < —t is
named as d;, while the dielectric region z > t is denoted by d,. Similarly, the
chiral region —t < z < 0 is named as chy, while the chiral region 0 < z < t is

denoted by chs.

The fields in Fig. 2.4 are produced by J; and J,. Using the superposition
principle, they can be computed separately. The fields produced by J, are shown
in the upper half of Fig. 2.4, and the fields produced by J; are shown in the lower
half of Fig. 2.4.

The incident field produced by J, in region ds is given by.
Ei} (J5) = —@nJoe 7H42) (2.47)
HY (J,) = gJpe =2 (2.48)
The superscript 7 represents the incident field, and the subscript ds is used to

remind us that the field exists in region ds. Part of this incident field is reflected

at 2 =t and can be written as follows.
Ej,(J2) = { = &b, + b pndoe 7+ (2.49)

HY,(J5) = { = gy — by foe 7™ (2.50)

The other part is transmitted through the interface at z = ¢ and is given by;
Bl (32) = e Jo{ (=2 — j9)e™* + b (~ + jg)e™= | (2.51)

HY, (32) = Jo{ U5 — ja)e’™ + 05 + ji)e™} (2:52)

where b, — b, are constants to be found. The superscripts i and it represent the

reflected and the transmitted fields at z = t interface respectively.

There will also be reflected and transmitted fields at z = 0 interface (between

two chiral media). These fields can be written as;
Bl (32) = es Jo{ b5(—2 + 9)e ™ + (=@ — jg)e ™+ | (2.53)

24



HY, (o) = Jo{ by(—9 — ja)e 7 4 by(= + ja)e ™=} (2.54)

Bl (32) = nes Jo{ V(=3 — ji)e™* 4+ 0~ + )™} (2.55)
HY, (32) = Jo{ 055 — ja)e™* + (5 + ji)e™ } (2.56)
There will also be reflected and transmitted fields at z = —¢ interface. These

fields can be written as follows.

Bl (32) = e, Jo{ (=2 + ) 7™M + Hio(—2 = jg)e 7+ | (2.57)
HY, (32) = Jo{b(— — j)e ™ +bg(—g +ji)e =} (258)

Bl (35) = ndof — by, + gbro b (2.59)

HY, (32) = Jo{ b, + bl fel* (2.60)

where by — by, are also unknown constants. The above twelve unknown constants
are determined by satisfying the boundary conditions at the interfaces at z =

—t,z =0, and z = t. The unknown coefficients are as follows.

okt

b, = T {(7702 —n)e MO 4 9, by 2, bge h‘“}
T {2imathe™ — 2jnebie}
(Me; — 1)
by = M{bé(% —Tey) + anlb;}
by = m{b;(ﬁcl — Tey) + 2776119;}
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/ 1 / /
by = —————3 by (e, — ey) + 2,
5 (n01+n62){4(n ex) + 211 9}

! 1 !/ !/
be = m{bs(% —Ney) + 277clb1o}

;o —geiht o L Lkt
b; = T {J(nq + )by €77 + (1, +n)bjge™? }
C1

/ —jejhzt ; Ikt ! —jkt
by = ™ {J(ncl + )by e 4 (e, +n)byge }
(&1

/ —jefjhlt . I ikt I gkt
by = ¥ o 4 {J(TI - 77C1)b116 T+ (77 e 7701)b12€ ! }
Ney

' —je it '’ ikt okt
by = . {3(77 — ey )bye + (17 — 1, ) b1oe }
Mea
b,n _ {27762jkt6—jkd [nc2ejh1t6jh3t i UCZGthtejw} }

-1
X {277%1 — =+ S+l S+ 27777025}

1 . 25kt _—jkd[ jhit jhst ; Jhat ,jhat
blz—{%ne e [jncge et — e’ e ]

-1
X {27‘77% —gn® —gnZ, + in* S + gnZ S + 2j77n025}

where S = eiMteihateihstgihat

Similarly, the fields due to surface current J; can be written in the four regions.

In region dy, the following fields exist.

Ejf (J1) = dnJoe HEH) (2.61)

Hi(J,) = gJoe FE) (2.62)
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E; (J1) = {fb'{ + ?Jblgl}nJoej’”
HY (J1) = { — by + :?:b;’}Joejkz
In region chy, the fields due to J; are written as follows.
Ef, (J1) = 1 Jo{bg (& — jg)e M7 + by (& + jgj)e‘jh”}
HY, (J1) = Jo{bg () + ji)e M= 4 b, () — jj;)e—jh%}
Etn (J1) = 1, Jo{bg(f + j9)e™® + bg (& — jg)ejhzz}
Hy,, (J1) = Jo{bg(— )+ ji)e’M® 4 b (—i — ji.)ejhgz}
Similarly, the fields in region chy are as follows.
Bl (31) = e o b7 (& = jge % + (@ + jg)e ™= |

H,,(J,) = Jo{b; () + ji)e hs* 4 b () — ji)e—jmz}

E, (J1) = ne, Jo{bg (& + J§)e’™ + by (& — jg))ejh“z}
HE,, (J1) = Jo{bg(—@ + j@)ets® £ by (= — j@)ejmz}

Finally, the field in region dy due to J; can be written as follows.

Ej,(J1) = nJo{i*b'{l + gb'{g}e—ikz

HY,(30) = Jo{ b, — abjy fe 7

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

The twelve unknown constants b, — b;, are computed by satisfying the boundary

conditions at the three interfaces (z = —t, 2 = 0, 2z = t). The unknown coeflicients

are as follows.
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ejkt ) )
= W—n){(n 7701)@ jk(d—t) _ 277¢1b56 jhit 27701b66 ]hzt}
C1

jkt
by = Lo B — 2, Bt}
(M, — 1)

" 1 12 1
by = 2_{b10(77CQ = Ney) + 2(7e;, + 7702)b7}
Ney

17 1 17 "
b4 = 9 {69(7702 r 7701) + 2(7701 + nCQ)bS}
ey

1 1 1 "
b5 = {bS (7702 - 7701) + 2(7701 N 7702)b9}

2N,
" 1 1" 1"
b = 5 {M% = Tey) + 2(10ey +7762)b10}
Ney
” —jejh3t . " gkt " gkt
b; = A {J(% +n)by e + (Mey — M)byge }
Cc2
" _]€]h4t ]k? ]kt
by = I {J(n@ + )by (ne, + n)byye }
c2
" _]eijhst ]kt " —jkt
by = T{](ﬂ Nea)brre ¥+ (1) = 1y )yae }
c2
" _jeijhélt ] kt " —jkt
by = T{J(U 77c2)bn€ + (77 ch)bue }
Cc2

bllll _ {277€2jkt€7jkd [7761 et gihat | Tes ejhgtejh@} }
2 2 2 2 -1
X {277%2 =0 = + 7S+, S + 2?7%15}
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"

b, = {anerktefjkd [jmlejhltejhgt _ jnqejhgtejlut]}
~1
X {29'777702 — jn? — g+ in°S + jnZ, S + 2jm7¢15}

where S = elhteihateihstgihat

2.2.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various
parts of the problems, we have computed the fields for a special case of Jy =1
(A/m), ¢, =2, u, =1, =0.005,d =1m, t = 0.1 m and f = 300 MHz. The
computed results are shown in Figs. 2.15 - 2.22. Figure 2.15 shows the real part
of x-component of the total electric field. There are three curves in this figure. It
is seen that when v = —~4, the fields of the image problem are the same as the
fields in the original problem. Where as, these two fields are not the same when
72 =71 at z = 0 and 2 = —t interfaces. Note that total E, is not zero at z = 0
interface, when ~9 # —v;. This is clear from Figs. 2.17 and 2.18. The other six
figures (2.15, 2.16, 2.19 - 2.22) also support the conclusion that the image chiral

material must have v = —~;.
600 T ;
——— Original Problem
- - FI924 (')'2 = -'11 )
400 - ——Fig.2.4 ('72 =7, )
200 -
'_|><
'—
=) 0
©
Q
oc
-200 [
-400 [
-600 . . . . .
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.15: Real component of total E, in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.

29



600

——— Original Problem
- —Fig.2.4 ('12 = -'11 )
—Fig.2.4 (')'2 =7 )

400 r

200

Imag[ETx]
o

-200

-400 -

'600 1 1 1 1 1
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.16: Imaginary component of total £, in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.

300
= Original Problem
200 - = =Fig.2.4 (y,=-7,)
—Fig.2.4 (v, =1,)
100 -
S
'_
= 0
©
[}
0@
-100
-200
_300 Il Il Il Il Il
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.17: Real component of total £, in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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300 w w
= Original Problem
- = =Fig.2.4 (7, =7, )
200 AU
——Fig.2.4 (v, =1,)
100
S
-
w
> 0
©
E
-100 -
-200 -
_300 Il Il Il Il Il
-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

Figure 2.18: Imaginary component of total E, in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.

3.5
3l ——— Original Problem
- = =Fig.2.4 (')'2 ==, )
251 —Fig.2.4 (72 =, )

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.19: Real component of total H, in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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——— Original Problem
- - Fig.2.4 (72 = -'y1 )
—Fig.2.4 (72 =, )

N

Figure 2.20: Imaginary component of total H, in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.

-0.8

-0.6 -0.4
Distance (z) [m]

-0.2 0

——— Original Problem
- —Fig.2.4 ('12 = -'y1 )
—Fig.2.4 ('12 =7 )

Figure 2.21: Real component of total H, in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.

1 -0.8

-0.6 -0.4
Distance (z) [m]
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= Original Problem

A5+ = = =Fig.2.4 (v, =-7,)

—Fig.2.4 (v, =1,)

_2 Il Il Il Il Il

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
Distance (z) [m]

Figure 2.22: Imaginary component of total H, in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.

2.3 Example-3

2.3.1 The Original Problem

In this section, a chiral slab of finite thickness ¢, confined between two dielectric
mediums, is considered. For simplicity, the ambient mediums have the same
material parameters (e, ). The chiral slab is characterized by (e, p1,71), and
occupies the region —z9 < 2z < —z1, away from the PEC plane. A current sheet
carrying a surface current J; is placed in the dielectric at a distance d away
from the PEC interface. This original problem is shown in Fig. 2.5. Among the
three canonical problems considered here, this problem is approximately more

representative of the problem considered in Chapter 3.
The surface current J; is defined as;
Ji=-2Jpx (2.75)
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The incident field produced by this surface current J; in the region z < —d can

be written as;
E~(J,) = inJye?td) (2.76)

H'™(J)) = —§Jpe/* =+ (2.77)

where the superscripts i— represents that the field traveling in —z direction.

The incident field produced by this surface current for region z > —d are as
follows;
E(J,) = inJye IkEHD (2.78)

H* (Jy) = §Joe/HE+) (2.79)
The superscript ¢+ represents the incident field is traveling in the +z direction

in the dielectric. In the region z < —z, there may be a reflected field traveling

in —z direction given by
E'(31) = no{@fi + §fz e (2.80)
H'(3)) = Jo{ = 3 + 2 fa e (2:81)
Where f; — fo are unknown constants. In the chiral medium (—z; < z < —z),

there will be a +z travelling transmitted wave (E' H') and a —z traveling
reflected wave (E'", H'") given by

E'(J1) = ., Jo{f:‘»(i% — j9)e M 4 fu(@ + jﬂ)efjhﬂ} (2.82)
H"(J,) = Jo{f:a(ﬁ + ja)e M 4 fa(f - jfc)efjhﬂ} (2.83)
B (31) = ne,Jo{ f5(@ + )™ + fol@ = )™ | (2.84)
H'"(J;) = Jo{f5(—?) + ji)e’™* + fo(—5 — ji)ejhzz} (2.85)

Where f3 — fg are unknown constants. In the dielectric medium (—z; < z <
0), there will be a +z travelling transmitted wave (Ef, H') and a —z traveling

reflected wave (E% g, Hpge) given by
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E'(J)) = 77J0{5€f7 + @fs}e_jkz (2.86)

H'(J)) = Jo{ g s — i fs pe 7 (2.87)
Eppc(Jd1) = Ujo{fff9 + Z?flo}ejkz (2.88)
Hppo(d) = Jo{ —9fo+ i"flo}ejkz (2.89)

Where f7;— fi¢ are also unknown constants to be found. To find these ten unknown

constants (f; — fi0), appropriate boundary conditions are satisfied at the z =

—29,2 = —z1, and z = 0 interfaces. The unknown coefficients are as follows.
elkz2 ( ) e(d—22) b "
fr= = ey = e 2y e g2y, et |
(1 + 7e,) ' ' '

6sz2

fo = ———{2jne fre T = 2, foe 2 |
(Ne, +77) ' '
_je_jhlzl . ko —jkz Gk —jkz1
fs = 4n {J(mﬁn)fw = (1=1e,) fre™ = (11, 1) fs€”™ (=0, ) fse }
(&1
_jefjh221 . ko —jkz jkz —jkz1
Jo= = {J(anrn)f?e —J(=ne) fre ™7 (e +1) 5™ = (n=1e, ) fse }
Cc1
_jejh1Z1 ' ko _jkzt jkz1 —jkz1
f5:T{j(77—7]c1)f76 =i (+ne) fre ™+ (n=ne,) fs€ = (n4ne,) fse }
C1
_jejhzm ) ika ik k21 —jkz
fGZT{J(n—ml)ﬁe —J(+0e,) fre77F (e, —n) [+ (n+me, ) fse }
C1
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f7 — {Qnejk21e—]k(d—z2) [7701 6Jh1226Jh221 + e, ethZz ejhlzl] }
2 2\ jhiz2 _jhoza 2 2 jhi1z1  jhoz
X {(ml — )l el (7 — e e
2 2\ _jhiz1 jhoz 2jkz1 2 2\ ,ih122 jhoze 2jkz1
— (g, + )M 4 () + )l el e

+ 2777701 [eﬂhzl ejh221 62Jk21 + 63h122 ejh222 6231%1} }

f8 e {anejkzle—Jk(d—Z2) [jn016]h1z2€jh2z1 _ jn016]h2z263h121}}
Lo 2 2\ jhiza  jhazo s 2 2 jhiz1  jhaz1
< L, — )t 1t~ )t
e 2 2\ jhiz1 jhaz1 2jkz1 s 2 2\ jhiza jhoza 2jkz1
— J(m, +m7)eMH e e + (g, + 7)el M e e

; . ) ) . ) -1
- 2j7777c1 [€Jh121 ejh221 €2jk21 + ejh1zzejh222e2jk21} }

fo==fr, Ju=—fs.

2.3.2 The Equivalent Image Problem

In this problem, the ground plane is removed, and an image source Jo = —J;
is placed at z = d and an image chiral slab with parameters (e, pi1,72) is placed
between z = z; and z = z5 as shown in Fig. 2.6. Our purpose here is to show
that when ~, = —~4, the total fields in the region z < 0 in Fig. 2.5 are identical

to those in Fig. 2.6 in the same region.

There are six distinct regions in Fig. 2.6. The dielectric regions (—d < z <
—2z9 and —z; < z < 0) (right to the z = 0 interface) are named as d; and d
respectively, while the dielectric regions (0 < z < z; and 25 < z < d) (left to the
z = 0 interface) are denoted by d3 and dy4 respectively. Similarly, the chiral region

—29 < z < —z; is named as chy, while the chiral region z; < z < z5 is denoted
by chs.

The fields in Fig. 2.6 are produced by J; and J,. Using the superposition
principle, they can be computed separately. The fields produced by J, are shown
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in the upper half of Fig. 2.6, and the fields produced by J; are shown in the lower
half of Fig. 2.6.

The incident field produced by J, in region d, is given by
E} (J) = —inJoel* == (2.90)
Hj (J2) = §Joe’ (2.91)
The superscript iz represents the incident field, and the subscript d; is used to

remind us that the field exists in region d4. Part of this incident field is reflected

at 2 = z9 and can be written as follows.
B, (32) = ndo{ — a1 +3fs fe (2.92)
HY, (1) = Jo{ —0fi — 2fy e " (2.93)
The other part is transmitted through the interface at z = 25 and is given by;
B, (32) = e Jo{ fo(— — j)e™ + fi(=2 + g™} (299
HY, (32) = Jo{ f3(5 = )™ + [i( + ja)e™ } (2.95)

where f; — f, are constants to be found. There will also be reflected and

transmitted fields at z = z; interface. These fields can be written as

Bl (32) = neoo{ fo(—0 + ji)e "% + fo(— — jg)e "} (2.96)
HY, (32) = Jo{ fo(—9 = ja)e ™ + fo(=g + ja)e ™) (297)

Bl (32) = ndo{ = &fp + £ b (2.98)

HY,(35) = Jo{ s + 2fi fe™ (2.99)

There will also be reflected and transmitted fields at z = 0 interface. These fields

can be written as follows.
B, (35) = ndo{ — &y + fiofe ™ (2.100)
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H (32) = Jof = 9y — 2fio fe 7 (2.101)

BY,(32) = ndo{ — 211 + 1 pe'™ (2.102)
HY,(32) = Jo{ 0y + 81y o™ (2.103)
There will also be reflected and transmitted fields at z = —z; interface. These

fields can be written as

Ej,(J2) = 77Jo{ — & + z)f{4}e‘j’” (2.104)

HY,(32) = Jo{ — ifia = 2fia fe ™ (2.105)

EY (J5) = e, Jo{fis(—:z — )i 4 (—d jg))ejh?z} (2.106)
HY, (J2) = Jo{f{s,(@) —ji)e™E 4 fl (g + ji")ejhzz} (2.107)

The fields transmitted to and reflected by the interface z = —zy are given by

Bfy, (32) = ny Jo{ o= + )M + flg(=i = jp)e >} (2.108)
HY, (J2) = Jo{fﬁ(—?) — j&)e M 4 fig(—g + ji)e‘j’m} (2.109)
BY, (32) = ndo{ — &1y + fay pe’™ (2.110)

HY, (32) = Jo{ 0y + 830 ™ (2.111)

where fé — féo are unknown constants. To find these twenty unknown constants
( fé — féo), appropriate boundary conditions are satisfied at the five interfaces
(2 = —29,2 = —21,2 = 0,2 = 21,2 = z3). Since there are many unknowns, the

coefficients are computed numerically using MATLAB ® [84].
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Similarly, the fields due to surface current J; can be written in the six region.

In region dq, the following fields exist.
E;T(Jl) == JAf’f]Joe_jk(z+d)

H@j(Jl) = §Jpe IH =)

E;, (1) = nho{af +ifs e
HY (J)) = JO{ _af+ if;}ejkz
In region chy, the fields due to J; are written as follows.
Bl (31) = o f1 (@ = 39)e % + [ (@ + jp)e ™ }

HY, (31) = Jo{ £3 (5 + 52)e ™ + (5 — j)e "}

Bl (31) = nadod £ (2 + 59)e™ + [ (& = jg)e™ )
H,, (J1) = Jo{f},’(—yj +ja)emE 4 f (—g — jj;)ej’mz}
Similarly, the fields in region d; are as follows.

HfiQ(Jl) - Jo{g)f; B i‘fé/}efjkzz

By, () = ndo{afy +fio o™

HY,(31) = Jof =iy +f e
The reflected and the transmitted fields in region ds are given by

Bl () = n{afly + 0 pe "

39

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)



ths(']l) = JO{inll - ffilz}efjkz

Ey,(J1) = 77J0{§3f£,3 + gfi;k}ejkz
HY, (31) = Jo{ — 01y + 3£, o™
Similarly, the fields in region chy are as follows.
Blp,(31) = ey Jo{ is(@ = 39)e ™" + fio(@ + e}
Hy,,(J1) = JO{J%(Q +ja)e " 4 fig( — ji)e_jmz}
Efy, (31) = ny Jo{ fin (@ +39)e" + £15(@ = i)™ |

HU, () = Do A7 (=0 + 50) 4 fi(=i = j)e’™ |

Finally, the field in region d4 due to J; can be written as follows.

BY, () = nh{ @iy + 0 e "

HY, (30) = Jo{ 10 — i fon e

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)

(2.133)

The twenty unknown constants f; — f;o are computed by satisfying the

boundary conditions at the five interfaces (z = —29,2 = —21,2 = 0,2 = 2,2 =

29). The coefficients are computed numerically using MATLAB ®

2.3.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various

parts of the problem, we have computed the fields for a special case of Jy = 1
(A/m), ¢, =2, ur =1,y = 0.005,d =1m, ¢t = 0.1 m and f = 300 MHz. The
computed results are shown in Figs. 2.23 - 2.30. Figure 2.23 shows the real part
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of z-component of the total electric field. There are three curves in this figure. It
is seen that when v9 = —~;, the fields of the image problem are the same as the
fields in the original problem. Where as, these two fields are not the same when
V2 = at 2 =0, 2 = —z and z = —2, interfaces. Note that total £, is not
zero at z = 0 interface, when 75 # —~v;. This is clear from Figs. 2.25 and 2.26.
The other six figures (2.23,2.24,2.27 — 2.30) also support the conclusion that the

image chiral material must have vy, = —v;.
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-1.2 -1 -0.8 -0.6 -0.4 -0.2 0
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Figure 2.23: Real component of total E, in Fig. 2.5 and Fig. 2.6 for a chiral slab
parallel to a PEC plane problem.
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Figure 2.24: Imaginary component of total £, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem.
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Figure 2.25: Real component of total £, in Fig. 2.5 and Fig. 2.6 for a chiral slab
parallel to a PEC plane problem.
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Figure 2.26: Imaginary component of total E, in Fig. 2.5 and Fig. 2.6 for a chiral
slab parallel to a PEC plane problem.
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Figure 2.27: Real component of total H, in Fig. 2.5 and Fig. 2.6 for a chiral slab
parallel to a PEC plane problem.
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Figure 2.28: Imaginary component of total H, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem.
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Figure 2.29: Real component of total H, in Fig. 2.5 and Fig. 2.6 for a chiral slab
parallel to a PEC plane problem.
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Figure 2.30: Imaginary component of total H, in Fig. 2.5 and Fig. 2.6 for a
chiral slab parallel to a PEC plane problem.
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2.4 Summary

It is verified that the image of a chiral material through an infinite Perfect
Electric Conductor (PEC) is another chiral material with the same permittivity
and permeability but opposite chirality. This is done by solving three problems
exactly. The source in these problems is an infinite electric current sheet parallel
to the ground plane. In the first example, the current sheet is inside a chiral
half-space. In the second example, the current sheet is outside a grounded chiral
slab. In the third example, the slab is also away from the ground plane. A brief
summary of plane waves in an unbounded chiral medium and the plane waves

produced by an infinite electric current sheet is given in Appendix A.
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Chapter 3

Electromagnetic Scattering from
Chiral Cylinders of Arbitrary
Cross-Sections above a Ground

Plane

The main purpose of this work is to solve the problem of electromagnetic
scattering from a two dimensional (2-D) homogeneous chiral cylinder of arbitrary
cross-section above an infinite perfect electric conductor (PEC) plane. This
problem is shown in Fig. 3.1. Here, a chiral cylinder of arbitrary cross-section Sy
is placed above an infinite PEC plane and is illuminated by a known incident plane
wave. The purpose is to find the total field at any point above the plane. This
problem is solved by first using the image theory to obtain two chiral cylinders
in free-space. Then, the surface equivalence principle is used to obtain a set
of coupled integral equations for the unknown equivalent surface currents on
these two cylinders. Then, the Method of Moments (MoM) is used to solve these
integral equations numerically. The moment matrix for this two-cylinder problem
is unnecessarily large. The properties of the image body and the image source
are used to reduce the size of the moment matrix. This matrix is named the

Enhanced Moment Matrix.

46



(B, HY)

P

(EO; HO)

(€0, Ho) Se

g — 00

Figure 3.1: The original problem: A chiral cylinder above a ground plane
illuminated by a plane wave.

The chiral cylinder in Fig. 3.1 is characterized by (€, p1,71), where € is the
permittivity of the body, p; is the permeability, and 7, is the chiral admittance.
It is placed above a PEC plane at y = 0, and is illuminated by an incident plane
wave (E#¢, H%¢). The subscript R is used to show that this incident plane wave
is due to a real impressed source. This incident wave is either a TM or a TE
wave with an angle of incidence ¢‘. The cylinder is surrounded by free-space
(€0, po). The surfaces of the ground plane and cylinder are denoted by S, and
S1, respectively. The purpose is to find the total fields (Eq, Hy) external to the
cylinder, and (E;, H;) internal to the cylinder.

Next, a detailed description of each method is presented.

3.1 Method of Images

3.1.1 The Original Problem

Consider the problem of electromagnetic scattering from two cylinders
illuminated by two different plane waves as shown in Fig. 3.2. The cylinders

may have different cross-sections S; and S,, and different material parameters

(€, 1,7).
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Figure 3.2: Scattering from two arbitrarily shaped chiral cylinders with different
parameters excited by two different incident waves.

It is shown in [79] that the problem of Fig. 3.2 would be electromagnetically
equivalent to the problem in Fig. 3.1 (for y > 0), if:

1. Sy is the mirror image of Sy,

2. tangential component of E¢ is negative of the tangential component of
Efcat y =0,

3. € = €1, U = U1, and

4. 7 = —m.

In this “electromagnetic image problem”, the PEC plane of Fig. 3.1 is replaced
by an image cylinder characterized by (e, 1, —v) and an image plane wave
(Eir¢, H). The subscript I is used to show that this incident plane wave is due

to an image impressed source.

In this section, we will present the procedure to solve the two-cylinder problem
shown in Fig. 3.2, where the cylinders are assumed to be arbitrary. We will use
the surface equivalence principle to obtain some coupled integral equations for
unknown equivalent surface electric and magnetic currents. We will then solve
these integral equations numerically by using MoM. We will also present some

results. All computed results are given for the cases where the first three of the
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above four conditions are satisfied. However, in some cases, 7, is assumed to be

equal to 71, and in some special cases, 7, is taken to be —;.

3.1.2 Surface Integral Formulation

The equivalence principle allows for the decomposition of the multi-region
problem into simpler one-region problems. Each of these one-region problems
is simpler than the original. In other words, in the equivalence principle, our
goal is often to remove some object(s) in a problem space to make the region

2

homogeneous by adding the “equivalent” sources on a boundary that divides the

solution space.

This two-body problem is solved by using the surface equivalence principle and
the method of moments. Here, the surface equivalence principle is used to obtain

three equivalent problems for three different regions of Fig. 3.2.

3.1.2.1 External Equivalence

Figure 3.3 shows an equivalent problem for the problem of Fig. 3.2 external
to the surfaces Sy and S,. Here, the whole space is characterized by (e, p10). The
two incident plane waves of Fig. 3.2 are also kept in Fig. 3.3. The total fields
inside the fictitious surfaces S; and S of Fig. 3.3 are assumed to be zero. The
total fields at any point outside these surfaces are assumed to be the same as the
total field (Eq, Hy) at the same point of Fig. 3.2. To support the discontinuities
of the fields at the surface Sy, equivalent electric and magnetic surface currents
(J1,M;) are placed on this surface. Similarly, equivalent electric and magnetic
surface currents (Ja, My) are placed on the surface S;. When the fields radiated
by these four surface currents are added to the incident fields in Fig. 3.3, the
result is equal to (Eg, Hy) at any point external to S; and Sy of Fig. 3.2. However,

at any point inside these two surfaces, the sum is equal to zero. In other words,
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Figure 3.3: External equivalence for the problem of Fig. 3.2.

E},, (J1,My) + Ep,, (J2,My) = —[EF°+ E™], ~ on Sy (3.1)
E),,(J1, My) + E),, (Jo, My) = —[ER° + Ef], ~ on S (3.2)

Here, the subscript tan denotes the tangential component and the superscirpt “0”
denotes that surface currents are radiating in an unbounded external medium
(€0, f10). Sy and Sy refer to the surface just inside S; and Ss, respectively.

Obviously, similar equations apply for the tangential component of the magnetic

field.

3.1.2.2 Internal Equivalence-1

Figure 3.4 shows an equivalent problem for the problem of Fig. 3.2 internal
to the surface S;. Here, the whole space is characterized by (ey, p1,71). The
two incident plane waves of Fig. 3.2 are absent here in Fig. 3.4. The total
fields outside the fictitious surface Sy of Fig. 3.4 are assumed to be zero. The
total fields at any point inside S; are assumed to be the same as the total fields
(E;, H;) at the same point of Fig. 3.2. To support the discontinuities of the fields
at the surface S;, equivalent electric and magnetic surface currents (—Jy, —M;)
are placed on this surface. The fields radiated by these two currents (in the

unbounded medium (e, p1,71)) are the same as (E;, Hy) at any point inside S,
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Figure 3.4: Internal equivalence for the real body.

of Fig. 3.2. However, at any point outside S1, the fields radiated by these surface
currents are zero. In other words,
El

tan

(Jl, Ml) =0 on Si‘r (33)

where, the superscirpt “1” denotes that surface currents are radiating in an
unbounded medium characterized by (e1, 1, 71), and S refers to the surface just
outside S; . Obviously, a similar equation applies for the tangential components

of the magnetic field.

3.1.2.3 Internal Equivalence-2

Figure 3.5 shows an equivalent problem for the problem of Fig. 3.2 internal
to the surface Sy. Here, the whole space is characterized by (eq, pi2,72). The
two incident plane waves of Fig. 3.2 are absent here in Fig. 3.5. The total
fields outside the fictitious surface S, of Fig. 3.5 are assumed to be zero. The
total fields at any point inside Sy are assumed to be the same as the total fields
(Es, Hy) at the same point of Fig. 3.2. To support the discontinuities of the fields

at the surface Sy, equivalent electric and magnetic surface currents (—Jy, —M,)

(_]2' _l\_/!z_l

\\
27 (€2, U2, Y2) s

€212,V
s @y
\\ ,’—~\\ /l
Mo Mg
(E=0=H)

Figure 3.5: Internal equivalence for the image body.
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are placed on this surface. The fields radiated by these two currents are the same
as (Eo, Hy) at any point inside Sy. However, at any point outside S, the fields

radiated by these surface currents are zero. In other words,

2
Etan

(JQ,MQ):O on S;_ (34)

where, the superscript “2” denotes that surface currents are radiating in an
unbounded medium characterized by (€2, 12, ¥2), and S5 refers to the surface just
outside S,. Obviously, a similar equation applies for the tangential components

of the magnetic field.

3.1.3 Application of the Moment Matrix

The Moment Method is used to find the approximate solution to the proposed
problem. Equations (3.1 — 3.4) represent four coupled integral equations for
the four unknown currents (Jqi, My, Jo, My). These equations are called EFIE
(Electric Field Integral Equations). They are solved here numerically using the
method of moments. There are five steps involved in the Moment Method.
In the first step, the region bounded by the surface is discretized by N linear
segments. Then, on each discretized segment, the unknowns are expressed in
terms of suitable expansion functions. In the third step, the fields produced by the
expansion functions are tested by the weighting functions. The testing procedure
produces N linear equations for N unknown expansion functions. Using these
linear equations, a moment matriz is constructed in the fourth step. The final
step involves the computation of the unknown expansion coefficients. Once, the
expansion coefficients are determined, then the other quantities of interest such as
equivalent surface currents on the body, scattered fields in the near- and far-field

regions can easily be computed.

3.1.3.1 Discretization

First the cross-sections S; and Sy are each approximated by N linear segments

as shown in Fig. 3.6. (At this point number of sections on S; and Sy do not have
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to be the same. However, later we will specialize Sy to be the mirror image of
Si. Then, the number of segments on S, must be the same as those on Sy). The
number or the lengths of the segments are chosen by the wavelength (\) in the
medium. While discretizing the surface, the lengths of the segments are chosen
in a manner that there must be a physical similarity to the shape of the object.
For instance, a discretized circle should appear round.

-

n+1

Figure 3.6: Surface S discretized into N linear segments.

3.1.3.2 Expansion Functions

In this step, the unknown surface currents are approximated by known
expansion functions on the discrete segments of the surface S. On each segment,
there are four unknown currents: the z— and the lateral component of the electric
current, and the z— and the lateral component of the magnetic current. In this

work, pulses are used as expansion functions. In other words, we let
N N
J1=2) a,Pl+> 1)b.Dy (3.5)
n=1 n=1
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N N
M, =2Y e, PL+ ) 1,d,P, (3.6)
n=1 n=1
2N 2N
Jy=2 enPl+ Y U fuP (3.7)
n=N+1 n=N+1
2N 2N
Mp=2 Y guPi+ D fnhaPl (3:8)
n=N+1 n=N-+1

Here, a — h are the unknown expansion coefficients. Z denotes the unit vector in
the longitudinal direction, and . (2) represents the unit vector tangent to the
n'" segment (counter-clockwise in the lateral direction) on surface S; (S;), and

P! (P?) is the unit pulse function defined on n'* segment of S; (S5).

For instance, a, is the unknown expansion coefficient for the pulse current
that exists on the n* segment of the surface S;. This is a constant, z-directed,

electric current of density 1 (A/m). The pulse function is illustrated in Fig. 3.7.

Py

|
l -

nt" segment

Figure 3.7: The pulse function.

Similarly, b, is the unknown expansion coefficient that exists on the n'* segment
of the surface S; due to a constant, circumferential-directed, electric current of
density 1 (A/m). The charge associated with the lateral current of the m
segment is approximated by two displaced pulses as shown in Fig. 3.8 [85-87].
These charge pulses are shifted by a half segment with respect to the current
pulses. The n*" expansion function associated with the longitudinal and lateral

directed magnetic currents on S; are ¢, and d,,, respectively.
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Figure 3.8: The charge associated with the pulse currents on the n'* segment.

3.1.3.3 Testing Functions and the Moment Matrix

To find the above 8 N unknown expansion coefficients, (3.5—3.8) are inserted in
the integral equation (3.1 — 3.4) and by using an approximate Galerkin’s method
as in [44], the matrix equation (3.9) is obtained. The 8 N x 8 N matrix on the left-
hand side of (3.9) is known as the Moment Matrix. Each element of this moment
matrix is a N x N sub-matrix. The first letter in the name of the sub-matrices
in (3.9) denotes the component of the field. The second letter denotes the source
of the field, while the subscript of the second letter denotes the component of the
source current. The third number (1 or 2) represents the body where the field
is computed. The fourth number (1 or 2) represents the body where the source
current resides. Finally, the last number denotes the unbounded medium (0,1,
or 2) in which the source radiates. For instance, an element in the m® row and

the n'* column of the sub-matrix ZJ;110 is the z-component of the electric field

on the m' segment of S;, produced by Jz on the n'* segment of S;, when this
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Jz radiates in the unbounded medium (€, po).

2J7110 7ZJ1,110 ZMz110 ZMp110 7ZJ7120 7ZJp120 ZMz120 ZMp120
LJz110 LJp 110 LMz110 LMp110 LJz120 LJ;120 LMz120 LMp120
237210 7ZJ1,210 ZMz210 ZMy210 7ZJ7220 7ZJ1220 7ZMz220 7ZM220
LJz210 LJ; 210 LMz210 LMp210 LJz220 LJ; 220 LMz220 LMy220

7J7111 ZJy 111 ZMz111 ZM111 0 0 0 0
LJz111 LJ;111 LMgz111 LMp111 0 0 0 0
0 0 0 0 17222 7J1222 7ZMyz222 7M;,222
0 0 0 0 LJz222 LJ;222 LMy222 LMp222
_a_ ——Zincl_
b —Lincl
c —Zinc2
d . —Linc2 (3.9)
e 0
f 0
g 0
h 0

b row and the n'* column of the sub-matrix

Similarly, an element in the m!
LJ;,110 is the lateral component of the electric field on the m!* segment of S,
produced by Ji, on the n'* segment of S}, when this J;, radiates in the unbounded

medium (€, (o).

The sub-matrices ZJ;,110, ZM110, ZJ, 120, ZM 2120, ZJ,210, ZM 7210, ZJ1,220,
and ZMz220 are identically zero.

The sub-matrices in the 2"¢ row of (3.9) contain the lateral field on S,
produced by different sources radiating in the unbounded medium (e, o).
Therefore, LJz110, LM,110, LJ7120, and LM,120 are identically zero. Similarly,
the sub-matrices LJz210, LM,210, LJ7220, and LMy,220 are identically zero.

An element in the m*" row and the n' column of the sub-matrix LMy, 111 is

the lateral component of the electric field on the m* segment of S, produced by

o6



M, on the n'* segment of S;, when this My, radiates in the unbounded medium

(617,111,71)-

The 8N x 1 column matrix on the left-hand side of (3.9) contains the unknown
expansion coefficients. The N x 1 sub-matrices a and e contain the expansion
coefficients for J; on S; and S, respectively. Similarly, b and f contain the
expansion coefficients for Ji,, and ¢ and g contain the expansion coefficients for

My, and finally, d and h contain the expansion coefficients for M.,.

The m'™ element of N x 1 sub-matrix —Zincl on the right-hand side of (3.9)
is equal to the negative of the z-component of the total incident electric field on
the m' segment of S;. Similarly, the sub-matrix —Zinc2 contains the negative
of the z-component of the total incident electric field on S,. The m!* element
of the sub-matrices —Lincl and —Linc2 represent the lateral component of the

total incident electric field on the m* segment of S; and Ss, respectively.

The computational details of each element of the moment matrix are given in

Appendix C.

3.1.3.4 Near Field Computation

Once (3.9) is solved for the unknown expansion coefficients, all four
components of the equivalent surface currents can be found using (3.5) - (3.8).
With these currents, the internal and external fields can be computed everywhere
using (B.35) and (B.36). Note that these field equations reduce to usual free-
space equations when the value of chiral admittance () is set to zero. A detailed

description of two-dimensional fields in chiral media is presented in Appendix B.

o7



3.1.3.5 Radar Cross-Section (RCS)

The scattered width at any point in space in cylindrical coordinates [88] can

be written as )
S

o(¢) = lim 2mp Fine

p—00

(3.10)

Where p is the distance from the origin of the surface S to the observation point
and ¢ is the angle of the observation point. In (3.10), the scattered and incident
fields are denoted by E® and E™¢, respectively. In general, the surface currents
(J,M) have both z- and lateral components. Therefore, the scattered field must
have co- and cross-polarized components. The radar cross-section for the two

components can be written as follows.

N
k d, . W )
0z<¢) = ZO Z lnl (an — %t}ﬂ%) eJkop Lcos(¢p—¢™1)
n=1
2N I 9
+ Z an (en — _nii&¢> ejkOPnQCos(qb—(jﬂQ) (311)
n=N+1 Mo
N
ki n PN o "
a4(¢) = ZO Zln1 (C— + bnt;-%) ikop™cos(d—¢m1)
n=1 "o
2N 9
+ Z lm(g—” + fnfi'%) eIhop"2cos(6-9"2)| (3 19)
n=N+1 "o

where, o denotes the bistatic radar scattering width, I,,, (I,,,) is the length of
the n'" segment on S (S2), a4 is the unit vector in the ¢-direction at the field
point, p"™ (p"2) and ¢™ (¢"*) are the cylindrical coordinates of the center of
the n'" segment on S; (S3), ny is the free-space wave impedance, and kg is the

free-space wavenumber.
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3.1.4 Numerical Results of Two Chiral Cylinders

Consider a system of two circular chiral cylinders as shown in Fig. 3.9. The
cylinders could have completely different cross-sections. However, in this section,
the cylinder in the lower half-space is deliberately chosen to be the mirror image
of the upper cylinder. The radius r of the cylinders is 0.5\, and the distance d
from the center of the cylinders to y = 0 plane is A\g. Where, \q is the free-space
wavelength and assumed to be 1 meter. Both cylinders have (¢, = 4, u, = 1).
Three different values will be assumed for their chiral admittance ~:

(i) m =7 =00,
(ii). 71 = 72 = 0.0005, and
(iii). 71 = —72 = 0.0005.

(B, H™)

=
—"\\N\

(€0 o)

o

Figure 3.9: Two circular chiral cylinders illuminated by two plane waves.

The system is illuminated by two TM plane waves. E%¢ is equal to 21 (V/m)
with incident angle ¢* = 90° and E¥* is equal to -21 (V/m) with incident angle
@' = —90° . To use MoM, each cylinder is approximated by N = 90 segments.

Using MoM, we first computed the equivalent surface currents (which are not
shown here), and then we can find the fields produced by these currents at any

point.
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Figure 3.10 shows the magnitude of the total tangential electric field
(VIE.2+|E.]?) at y = 0 plane of the problem shown in Fig. 3.9. This field
is the sum of the two incident fields and the fields radiated by the equivalent
surface currents on both cylinders, when these currents radiate in the unbounded
medium (€g, fo), as suggested by Fig. 3.3. The results in Fig. 3.10 for the case
of v = 0 are in an excellent agreement for those obtained by the methods used
in [89].

The red curve in Fig. 3.10 (for the case 73 = 72 = 0) shows that the total

tangential electric field is zero at y = 0 plane.

1.4
V=74 = 0.0
12+ H Vo =74 = 0.0005
- - =7, =-7, =0.0005
1 L
— 0.8
c
S
— 0.6
0.4
0.2
) I -
-10 -5 0 5 10

x//\o

Figure 3.10: Magnitude of the total tangential electric field at y = 0 plane of Fig.
3.9.

We also noticed that the currents (not shown here) in the lower cylinder are
the images of those on the upper cylinder. These results are expected and agree
very well with those presented in [89]. Therefore, it is verified that the image of

a dielectric cylinder above a PEC plane is the same dielectric cylinder.

The same results are observed for the dotted black curve in Fig. 3.10 (for the
case 71 = —7y2 = 0.0005), and therefore we can conclude that the image of a
chiral cylinder through a PEC plane is another chiral cylinder with real chirality

equal to negative of chirality of the original cylinder.
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The blue curve in Fig. 3.10 (for the case v; = 72 = 0.0005) shows that the
total tangential electric field is not zero at y = 0 plane. We also observed that
the currents (not shown here) on the lower cylinder are not the image of those
on the upper cylinder. Therefore, we conclude that the image of a chiral cylinder

through a PEC plane is not another chiral cylinder with the same chirality.
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3.2 Enhanced Moment Matrix Method

As mentioned before, the moment matrix in (3.9) is unnecessarily large. When
correct image theory is used, the equivalent surface currents on the image cylinder
are the image of the equivalent currents on the real cylinder. Then, the number

of unknowns in (3.9) would reduce to 4N (from 8N).

To further demonstrate the relationship between the equivalent surface
currents on two chiral cylinders, we consider the simple problem shown in Fig.
3.11. Both cylinders have (¢, = 4, 1, = 1), and the side lengths (L, and L,) are
0.2)\g. These cylinders are placed at distance d = 0.5\g away from the y = 0 plane.
Here, the cylinders are the mirror image of each other and each is approximated
by N = 3 segments. (Segment-4 is the image of segment-1, segment-5 is the
image of segment-2, and segment-6 is the image of segment-3). The two incident

fields are also the image of each other.

(Ei'?ncl H}i}n(:)% M
X

(60’ .uo) d
4

(621 Uz, YZ)

-

gﬁim. H)

Figure 3.11: Two triangular chiral cylinders illuminated by two plane waves.
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=7y =0
Currents Seg 1 (51)71 72 Seg 1 (53)
Jz, 3.4401 - j0.2069 | -3.4401 + j0.2069
JL 0 0
My 0 0
My, -0.3748 + j0.0208 | -0.3748 + j0.0208

(a) Currents on segment-1 and segment-4

Y1 =72=0
Currents Sez2 () 2 See5 (53)
Jz -0.7328 - j0.1839 | 0.7328 + j0.1839
JL 0 0
My 0 0
My, -0.5655 - j1.3531 | -0.5655 - j1.3531

(b) Currents on segment-2 and segment-5

=7, =0
Currents Sea3 (S1) YT Sea6 (5))
Jz 0.5142 - j0.5561 | -0.5142 + j0.5561
Jr, 0 0
My 0 0
My, -0.6372 - j1.3132 | -0.6372 - j1.3132

(c) Currents on segment-3 and segment-6

Table 3.1: TM excitation, Dielectric Case

EntN = —Qp ,

(n=1,-
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The computed results for the surface currents are shown in Table 3.1 for the
case of simple dielectric ¢, = 4,u, = 1, and 74 = v = 0. In this case, the
lower body is the correct image of the upper body. Hence, we expect that the
currents on the lower body should be the image of the currents on the upper
body. We see from Table 3.1 that J; on an image segment is negative of Jy on
the corresponding original segment. That is, Jyy = —Jz1 = —3.4401 + 50.2069,
Jzs = —Jz9 = 0.7328 4+ 70.1839, and Jz5 = —Jz3 = —0.5142+ 50.5561. Therefore,

we can see that for the simple dielectric case the expected relationship

, V)




Currents Seg1 (9] Seg-1 (S5)
Jz 3.2520 - j0.2121 | -3.2520 + j0.2121
Ji 0.1305 + j0.1165 | -0.1305 - jO.1165
My 0.0861 + j0.0139 | 0.0861 + j0.0139
My, -0.3235 + j0.0827 | -0.3235 + j0.0827

(a) Currents on segment-1 and segment-4

Currents

Seg-2 (51) Seg-5 (52)
Jz -0.8314 - j0.1334 | 0.8314 + j0.1334
Ji, -0.0490 + j0.0580 | 0.0490 - j0.0580
My, 0.0040 + j0.0919 | 0.0040 + j0.0919
Mg, -0.4409 - j1.3418 | -0.4409 - j1.3418

(b) Currents on segment-2 and segment-5

Currents Sea3 (51) Sea 6 (S5)
Jz 0.3985 - j0.4583 | -0.3985 + j0.4583
Ji, 0.0554 + j0.0599 | -0.0554 - j0.0599
My, 0.0643 + j0.0799 | 0.0643 + j0.0799
My, -0.5091 - j1.3083 | -0.5091 - j1.3083

is satisfied.

(c) Currents on segment-3 and segment-6

hn—l—N - dn s

the simple dielectric case the expected relationship

(n=1,
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Table 3.2: TM excitation, Chiral Case (Opposite Chiral Admittance)

Note also that My, = Mp; = —0.3748 4+ j0.0208 in Table 3.1. According to
image theory, the actual My, current on segment-6 must be negative of the My,
current on segment-3. Since, the arrow on segment-6 is in opposite direction to the
arrow on segment-3, we see from Table 3.1 that My = M3 = —0.6372 — 51.3132.

Similarly, we see that M5 is the image of My,. Therefore, we can see that for

, V)




Currents

Seg-1 (S1) Seg-4 (53)
Jz 3.3523 - 30.1889 | -3.3523 + j0.1889
Ji -0.0863 - j0.1103 | -0.0863 - j0.1103
My -0.0333 - j0.0031 | 0.0333 + j0.0031
M, 20.3448 1 j0.0461 | -0.3448 + j0.0461

(a) Currents on segment-1 and segment-4

Currents Seg2 (S1) Sea 5 (S5)
Jz -0.7711 - jO.1465 | 0.7711 + jO.1465
JL 0.0707 4 j0.0506 | 0.0707 + j0.0506
My, 0.0709 + j0.0410 | -0.0709 - j0.0410
My, -0.5062 - j1.3663 | -0.5062 - j1.3663

(b) Currents on segment-2 and segment-5

Currents Sea3 (51) Seg-6 (53]
Jz 0.4771 - j0.4932 | -0.4771 + j0.4932
Ji, 0.0733 + j0.1874 | 0.0733 + j0.1874
My, 0.1133 + j0.0516 | -0.1133 - j0.0516
My, -0.5765 - j1.3319 | -0.5765 - j1.3319

is satisfied.

(c) Currents on segment-3 and segment-6

equations are satisfied.

fnJrN = _bn s

(n=1,
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Table 3.3: TM excitation, Chiral Case (Same Chiral Admittance)

The computed results for the surface currents are shown in Table 3.2 for the
case of two chiral cylinders with €, = 4, u, = 1, and 73 = —y = 0.0005. In
this case, the lower chiral body is the correct image of the upper chiral body.
Therefore, the equivalent currents on the lower body must be the image of the
currents on the upper body. This is correctly shown in Table 3.2. Therefore,

for the correct image problem, in addition to (3.13) and (3.14), the following

)




gn+N = Cn (n:]-aaN) (316)

The computed results for the surface currents are shown in Table 3.3 for the
case of two identical chiral cylinders with €, = 4, u, = 1, and v; = v = 0.0005.
Without going into the details, we see that (3.15) and (3.16) are not satisfied
in this case. Hence, we can quickly conclude that the lower body with v, = 75

cannot be the correct image of the original body.

Consider Fig. 3.2. Let us assume that it represents the correct image
problem. That is, S5 is the mirror image of S;, the parameters of Sy are equal to
(€1, 1, —1), and the incident field (E7*¢, HY) is the image field of the original
field (E®¢, H?¢). Then, from the proceeding discussions, it was concluded that
the equivalent currents on Sy are the image of currents on S;. Then, knowing
an,m =1,..., N, one knows e,, n = N+ 1,...,2N. Similarly, knowing b,,, one
knows f,,, and knowing c¢,, one knows ¢,,, and finally knowing d,,, one knows h,,.
With these in mind, we can reduce the eight equations in (3.9) to four equations

as follows.

Remembering that some of the sub-matrices in (3.9) are identically zero, then
by adding the 1%¢ row to the 5 row, and using (3.13 — 3.16), we get

{ZJZHO _ 77,120 + Zlell}an n {ZJLlll}bn
n {Zlell}cn n {ZMLHO S+ 7ML120 + ZMLlll}dn

= —Zincl (3.17)
Similarly, adding the 2" row to the 6" row, we get

{Llell}an 4 {LJLMO ~LJL120 + LJLlll}bn
+ {LMZHO + LMy120 + Llell}cn n {LMLlll}dn

= —Lincl (3.18)
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Adding the 3" row to the 7 row, we get

{ZJzzm _ 70,220 — ZJZ222}an n {ZJLQQZ}bn
n {ZMZ222}cn n {ZML210 S+ 7M220 + ZML222}dn

= —Zinc2 (3.19)

Finally, adding the 4" row to the 8 row, we get

{LJZ222}an n {LJL210 —LJ.220 — LJLQZQ}bn
n {LMZ210 + LM220 + LMZ222}cn ¥ {LML222}dn

= —Linc2 (3.20)

The above four equations, can be written in matrix form as follows.

2J71 7ZJpy1 ZMgl ZMpl| |a —Zincl
LJz1 LJp1 LMzl LMpl| |b _ —Lincl (3.21)
272 7J12 ZMz2 ZMp2| |c —Zinc2
LJz2 LJ2 LMz2 LMp2| |d —Linc2

The square matrix in (3.21) is 4N x 4N, and is called the enhanced moment
matrix. This matrix is much smaller than 8 N x 8 N moment matrix in (3.9).
However, the elements of the enhanced matrix are more complicated. For
example, the element in the m'™ row and the n'* column of ZJz1 in (3.21) is
equal to the z-component of the electric field produced on segment m!* of 3.
This field consists of three parts. The first part is due to J; on the n'* segment of
S1, when this current radiates in the external medium (€, po). The second part
is due to the image of this Jz, when this image current radiates in the external
medium (€g, to). Obviously, this image current is equal to the negative of Jz, and
resides on Sy. The third part is due to Jz which resides on the m!" segment of

S1, when this J; radiates in the unbounded medium (ey, p1,71)-

First, the expansion coefficients are determined using (3.21). Then, the

scattered fields can easily be computed. The bi-static radar cross section for
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z— and ¢— directed scattered fields is defined as

N
o1 o\ ikop™ cos(é—4m)
Z ln, (an — —tn-%)e
n=1 "o
2N

= 3 (g + Bz, ) oo
o

n=N-+1

k
0z(¢) = ZO

(3.22)

_ ko

Zln1< + b, tl d¢>> gikop™t cos(9—¢™)

2

n=N+1

(3.23)

where, o denotes the bistatic radar scattering width, l,, (l,,) is the length of
the n'* segment on Sy (S), t. (£2) represents the unit vector tangent to the
nth segment (counter-clockwise in the lateral direction) on Sy (S2), Gy is the
unit vector in the ¢-direction at the field point, p™ (p"2) and ¢™ (¢"2) are the
cylindrical coordinates of the center of the n® segment on S; (S2), mo is the

free-space wave impedance, and kg is the free-space wavenumber.

The numerical results computed using the enhanced moment matrix

represented by (3.21) are presented in chapter 4.
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Chapter 4

Numerical Results and

Discussion

In this chapter, the numerical results obtained from the formulations
developed in Chapter 3 are presented. For each method, a MATLAB [84] program
is scripted to compute numerical solutions. Using (3.9 and 3.21), first, the
expansion coefficients are determined. Then the other quantities of interest such

as scattered fields can easily be computed.

To demonstrate the flexibility and robustness of the proposed approaches,
cylinders of arbitrary cross-sections such as circular, elliptical, rectangular, and
triangular are analyzed. The setup is assumed to be illuminated by either a TM
or a TE plane wave. Different studies for various material parameters such as
permittivity (€), permeability (), electric (tand.) and magnetic (tand,,) losses,
and chiral admittance () are presented to understand the characteristics of the
chiral materials when they are placed in front of a PEC plane. The effect of
incident angles (¢') is also investigated. The surfaces are approximated by thirty
segments per wavelength (\) unless otherwise stated. For all work presented here,
the external medium has free space parameters (e, fio), and the frequency of the
incident wave is assumed to be 300 MHz. Computed results include currents on

the cylinder and the scattered fields.
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4.0.1 Motivation

The scattering behavior of a chiral cylinder above a ground plane can be very
different than the scattering behavior in free-space. Because of the presence of
a cross-polarized component, the scattered field from a chiral cylinder, even in
free-space, is shown to be quite different than the field scattered from a similar
dielectric cylinder [38,44].

To show the effect of the ground plane consider Fig. 4.1 which shows this
difference in the bi-static scattering width in the backward region (0° < ¢ < 180°).
This problem setup is shown in the inset of Fig. 4.1. The radius of the cylinder is
0.5Ag. The cylinder is illuminated by a TM plane wave with an angle of incidence
of ¢* = 90°. Figure 4.1 clearly shows how different the scattering behavior can
be with the presence of a PEC plane. It is seen that the back-scattered co-
polarized field has been increased around 8 dB, and nulls are more pronounced
as compared to when this cylinder is placed in free-space. Similarly, the cross-
polarized component has been increased around 10 dB, and multiple major lobes

are introduced in other directions.

(", H™)

/ﬁ“

il A

20

----- Free-space, Co-pol
.y PEC  |[me=me—- Free-space, X-pol
(€0 110) ——with PEC, Co-pol
----- with PEC, X-pol

15+

[dB]

o'le

-25

Figure 4.1: Bi-static RCS of a circular chiral cylinder in free-space and when it
is placed above a ground plane, TM excitation, ¢* = 90°, €, = 4, u, = 1,7 =
0.00277“ = 0.5)\0, d= )\0.
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4.0.2 Verification

The results for a chiral cylinder above a ground plane are computed for the
first time in this work. To the best of our knowledge, solution for such a problem
does not exist in the literature. Before presenting results for a chiral cylinder

above a ground plane, this work is validated in various ways.

First, a circular chiral cylinder in free-space is considered. For this problem,
an exact eigenfucntion solution is presented in [44]. The cylinder is characterized
by (e, = 1.5, u, = 4, = 0.0005), and is illuminated by a TM plane wave with
incidence angle ¢* = 180°. The radius of the cylinder is 0.1)\. Bi-static scattering
width is computed and is compared with the exact results as shown in Fig. 4.2.
From Fig. 4.2, it is evident that the computed results obtained from this work

are in excellent agreement with those obtained from the exact results.

Co-pol: This work
== X-pol: This work |

© Co-pol: Exact
*  X-pol: Exact

-10 -

xxxxx

-2+

aix, [dB]

-14

-16 [
NN— (€0: o)
-18 +

-20

0 26 46 6I0 86 160 150 11;0 1é0 180
¢ [Deg]
Figure 4.2: Comparison, with the exact solution, of bi-static scattering width of

a circular chiral cylinder in free-space.

Now, we added another circular chiral cylinder with parameters of the vacuum
(€0, tto). The center to center distance between two cylinders is d = 0.5)¢. Then,
the results must be the same as those in the previous study. This is achieved as

shown in Fig. 4.3.
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Co-pol: one-cyl
= X-pol: one-cyl | |

© Co-pol: two-cyl | |
®  X-pol: two-cyl

181 (€00 o) d

siA, [dB]
> =

0 26 45 6I0 Sb 160 150 14I.0 1(;)0 180
¢ [Deg.]
Figure 4.3: Bi-static scattering width of two circular chiral cylinders. One of the
cylinders is the same as the one in Fig. 4.2 and the other is a fictitious cylinder

with parameters of vacuum.

The results for the problem of scattering from a chiral cylinder above a PEC
plane are not available in the literature. Therefore, we used various special
cases to validate our computed results. As an example, consider a circular chiral

cylinder placed above a PEC plane as shown in Fig. 4.4.

(€0, o)

Figure 4.4: A circular chiral cylinder above a PEC plane.

The radius r of the cylinder is 0.1\g. The PEC plane is assumed to be at y = 0.
The distance d between the PEC plane and the center of the cylinder is 0.5\g. The

72



cylinder is characterized by €, = 4, i, = 1.5, and a variable chiral admittance 7. It
is illuminated by a TM plane wave with ¢* = 90°. Fig. 4.5 and Fig. 4.6 show the
co- and cross-polarized components of the bi-static scattering width for various
values of 7. It is seen from Fig. 4.5 that as v reduces to zero, the co-polarized
component of the scattering width of the chiral cylinder approaches to that of
a regular dielectric cylinder of €, = 4, u, = 1.5. The results for the dielectric
cylinder above a PEC plane is computed using the approach in [89]. Also, from
Fig. 4.6 we see that as v approaches zero, the cross-polarized component of the
scattering width vanishes. Based on this example, and various other special cases

that we considered, we have confidence in our computed results.

10

-10 , 9

o/ [dB]

-15 |ip

-20

-25

-30 b O 4=0.0: Ref- [37]

-35

0 26 4‘0 (;0 Sb 160 1é0 1“10 1(;0 180

¢ [Deg]
Figure 4.5: Co-polarized component of the bi-static RCS of a circular chiral
cylinder placed above a PEC plane. TM excitation, ¢' = 90° for various + values.

o/ [dB]

-35

0 20 40 60 80 100 120 140 160 180
¢ [Deg]

Figure 4.6: Cross-polarized component of the bi-static RCS of a circular chiral
cylinder placed above a PEC plane. TM excitation, ¢’ = 90° for various v values.
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4.0.3 More Computed Results for the Circular Cylinder

A circular chiral cylinder of radius r is placed above a PEC plane. The
distance from the center of the cylinder to the PEC plane is denoted by d. The
permittivity and permeability of the cylinder are denoted by € and p, respectively.
The chiral admittance is represented by v, and the system is excited by either a

TM or a TE plane wave. This problem is shown in Fig. 4.4.

4.0.3.1 TM-Excitation

In this section, the system shown in Fig. 4.4 is excited by a TM plane wave
with an incidence angle (¢") of 90°. The radius of the cylinder r is 0.5\, and the
distance d from the center of the cylinder to the PEC plane is \yg. The relative
permittivity, €., of the cylinder is 4 and the relative permeability, .., is assumed to
be 1. The chiral admittance, v, of the cylinder is 0.002. The computed equivalent
electric and magnetic surface currents on the chiral cylinder are shown in Fig.
4.7 and Fig. 4.8, and the scattering width is given in Fig. 4.9. Results obtained

by two methods are in excellent agreement.

25

Method of Images

O Enhanced Moment Matrix

|Currents|
-
3]

-
T

0.5

0 1 1 1 1 1 1 1 1
0 40 80 120 160 200 240 280 320 360

¢ [Deg.]

Figure 4.7: The longitudinal and the lateral components of equivalent surface
electric current on the circular chiral cylinder, TM excitation, ¢' = 90°, r = 0.5\,
d= Xy, € =4, u, =1, v=0.002.
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Figure 4.8: The longitudinal and the lateral components of equivalent surface

magnetic current on the circular chiral cylinder, TM excitation, ¢* = 90°, r =

0.5Xg, d = Ao, €, =4, p. =1, v = 0.002.

Co-Polarized

a2, [dB]

- X-Polarized

o Enhanced Moment Matrix
Method of Images

0 20 40 60 80 100 120 140 160 180
¢ [Deg]

Figure 4.9: Bi-static RCS of a circular chiral cylinder placed above a PEC plane,
TM excitation, ¢¢ = 90°, r = 0.5)\g, d = Xy, € = 4, p, = 1, v = 0.002.

Figure 4.10 and Fig 4.11 show the magnitude and the phase of the electric and
magnetic fields internal to the circular chiral cylinder placed above a PEC plane,

along the y = Ay line.
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|Internal fields|

-0.5 025 0 0.25 0.5
X/Ag
Figure 4.10: The magnitude of the fields internal to the circular chiral cylinder
along the y = \g line for the setup shown in Fig. 4.4, TM excitation, ¢' = 90°,
r = 0.5)\0, d= )\0, € = 4, My = 1, Y= 0.002.
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Figure 4.11: The phase of the fields internal to the circular chiral cylinder along
the y = )Xo line for the setup shown in Fig. 4.4, TM excitation, ¢' = 90°,
T = 0.5)\0, d= )\0, € = 4, My = 1, Y= 0.002.

Next, the same configuration (shown in Fig. 4.4) is studied for various different
incident angles. Figures 4.12 and 4.13, respectively, show the effect of incident
angles on the co- and cross-polarized components of the scattering width. The
asymmetric behavior is due to the asymmetric excitation. Also, note that, the

magnitude of the co-polarized component of the scattered far-field has peak at
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emergence angles. For instance,

angle will be 150°.
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Figure 4.12: Co-polarized component of bi-static RCS for a circular chiral cylinder

above a PEC plane with different incident angles, ¢¢, TM excitation, r = 0.5\,

if the incidence angle is 30°, then the emergence
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_____ ¢i=450
H= = =g =70°
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d= X, & =4, i, =1, v =0.002.
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Figure 4.13: Cross-polarized component of bi-static RCS for a circular chiral
cylinder above a PEC plane with different incident angles, ¢!, TM excitation,
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cylinders placed above a PEC plane is shown in Fig 4.14. For these three
cases, the same setup shown in Fig. 4.4 is considered. The dielectric cylinder
is characterized by (e, = 4, u, = 1), and the chiral cylinder is characterized by
(6, = 4, = 1,7 = 0.002). The radius of the cylinders is r = 0.5\g, and the
distance from the center of the cylinder to the ground plane is d = A\g. The system
is illuminated by a TM plane wave with ¢' = 90°. Figure 4.14 shows the bi-static
scattering width of a conducting, dielectric, or chiral cylinder placed above a
PEC plane. The three cylinders behave entirely different from each other. From
Fig. 4.14, it was observed that the magnitude of the side lobes of a conducting
cylinder is comparable to the magnitude of the main lobe, and the magnitude of
the main lobe of the dielectric cylinder is 5 dB smaller than the side lobes. For
chiral cylinder, the magnitude of the co-polarized component of the scattering
width has maximum amplitude at ¢ = 90°, and deep nulls are also introduced in
other directions. For the sake of completeness, cross-polarized component of the
scattered far-field is also given, and it is noted that the cross-polar component for
the chiral cylinder is comparable with the scattering width of PEC or dielectric
at certain angles. Such results make the numerical analysis of chiral materials

important because of their complex scattering properties.
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Figure 4.14: Bi-static RCS for circular conducting, dielectric, and chiral cylinders
placed above a PEC plane, TM excitation, ¢' = 90°, r = 0.5)\g, d = ).
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4.0.3.2 TE-Excitation

The same system (given in Fig. 4.4) maybe excited by a TE plane wave with
¢' = 90°. The radius of the cylinder r is 0.5\, while the distance d from the

center of the cylinder to PEC plane is A.
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Figure 4.15: The magnitude of the longitudinal and the lateral components of
equivalent surface electric current on the circular chiral cylinder, TE excitation,

¢t =90° 1= 05N, d = N, €& =4, j1, = 1, v = 0.002.

The relative permittivity, €., of the cylinder is 4 and the relative permeability,
i, is assumed to be 1. The chiral admittance, 7, of the cylinder is 0.002. The
computed equivalent electric and magnetic surface currents on the chiral cylinder

are shown in Fig. 4.15 and Fig. 4.16, and the scattering width is given in Fig.
4.17.
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Figure 4.16: The magnitude of the longitudinal and the lateral components of

equivalent surface magnetic current on the circular chiral cylinder, TE excitation,

¢ =90° 1 = 0.5, d = Xo, & =4, p1, = 1, v = 0.002.
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Figure 4.17: Bi-static RCS of a circular chiral cylinder placed above a PEC plane,

TM excitation, ¢¢ = 90°, r = 0.5)\g, d = Xy, € = 4, p, = 1, v = 0.002.

Figure 4.18 and Fig 4.19 show the magnitude and the phase of the electric and

magnetic fields internal to the circular chiral cylinder placed above a PEC plane,

along the y = Ay line.

80



|Internal fields|

x/,\[J

Figure 4.18: The magnitude of the fields internal to the circular chiral cylinder
along the y = )y line for the system shown in Fig. 4.4, TE excitation, ¢' = 90°,
r=0.b g, d= Ng, ¢, =4, pu. =1, v=0.002.
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Figure 4.19: The phase of the fields internal to the circular chiral cylinder along
the y = Ao line for the system shown in Fig. 4.4, TE excitation, ¢* = 90°,
r=0.b\g, d= Ng, ¢, =4, pu. =1, v=10.002.

Next, a study is presented to understand the effect of chirality on the scattering
characteristics of a circular chiral cylinder when it is placed above an infinite PEC
plane. The same configuration (given in Fig. 4.4) is illuminated by a TE plane
wave with ¢* = 120°. The chiral admittance ~ is varied from 0.0 to 0.002 with a
step of 0.0005. The co- and cross-polarized component of the scattering width are
shown in Fig. 4.20 and Fig. 4.21. Note that, the magnitude of the co-polarized
component of the scattering has maximum value at emergence angle (60°). It was

fascinating to see that the cross-polarized component is significantly dropped from
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5 dB to -5 dB at 90°, by an increase of 0.0005 in the chiral admittance and then
jumps back to 5 dB with another increase of 0.0005. It is difficult to explain this
behavior and the phenomenon in terms of simple theory. However, from this we

can conclude that change in chirality effects the bi-static scattering width in a

complex manner.
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Figure 4.20: The effect of chiral admittance, v, on the co-polarized component of
bi-static RCS for the setup shown in Fig. 4.4, TE excitation, ¢ = 120°, r = 0.5\,
d= Xy, € =4, u, = 1.
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Figure 4.21: The effect of chiral admittance, 7, on the cross-polarized component
of bi-static RCS for the setup shown in Fig. 4.4, TE excitation, ¢’ = 120°,
r=0.5Xg, d= Ao, €& =4, pt, = 1.

Next, circular PEC, dielectric, and chiral cylinders above a ground plane are
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studied. The system is illuminated by a TE plane wave with ¢ = 90°. The
dielectric cylinder is characterized by (¢, = 4,pu, = 1), and the chiral cylinder
is characterized by (¢, = 4,u, = 1,7 = 0.002). The radius of the cylinders is
r = 0.5\, and the distance from the center of the cylinder to the ground plane is
d = ). Bi-static RCS is given in Fig. 4.22. For a chiral cylinder, it was observed
that the magnitude of the co-polarized component of the scattering width has
smaller amplitude as compared to the other cylinders (PEC and dielectric), and
it also has deep nulls at around 30° and 150°. For the sake of completeness,
cross-polarized component of the scattered far-field is also given, and it is noted
that the cross-polar component for the chiral cylinder is comparable with the

scattering width of PEC or dielectric at certain angles.
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Figure 4.22: Bi-static RCS for circular PEC, dielectric, and chiral cylinders placed
above a PEC plane, TE excitation, ¢ = 90°, r = 0.5\, d = ).
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4.0.4 The Elliptical Cylinder

In this section, an elliptical cylinder is studied. This problem is shown in Fig.
4.23. The setup is excited by a TM plane wave with ¢* = 90°. The major radius
of the cylinder a is 0.4y, while the minor radius of the cylinder b is 0.5a.

r

b

(e,1,7)

(€0, Ho)

Figure 4.23: An elliptical chiral cylinder above a PEC plane.

The effect of the distance d between the cylinder and the PEC plane is studied.
The distance is varied from 0.5\g to 0.8\g with a step of 0.1\g. The relative
permittivity, €., of the cylinder is 3.1 and the relative permeability, pu,., is assumed
to be 1. The chiral admittance, ~, of the cylinder is 0.002. The effect of distance
d on the co- and cross-polarized components of the scattering width are shown
in Fig. 4.24 and Fig. 4.25, respectively. It is observed that as the cylinder
moves away from the half-space, two nulls start to appear in the co-polarized
component. In cross-polarized component, two deep nulls can be seen at around
70° and 110° by increasing distance d from 0.7\ to 0.8 \g. However, this behavior
may not continue and might be completely different at higher distance values not

considered here.
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Figure 4.24: The effect of distance d on the co-polarized component of bi-static
RCS for the setup shown in Fig. 4.23, TM excitation, ¢' = 90°, a = 0.5\,

b=0.5a, ¢ =31, u, =1, v=0.002.
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Figure 4.25: The effect of distance d on the cross-polarized component of bi-
static RCS for the setup shown in Fig. 4.23, TM excitation, ¢* = 90°, a = 0.5\,
b=0.5a, ¢, =3.1, u, = 1, v = 0.002.

Next, the effect of permittivity on the scattering width is studied. The same
configuration (given by Fig. 4.23) is considered. The system is excited by a
known TE plane wave with ¢ = 90°. The cylinder is characterized by pu, = 1
and v = 0.005. The major and minor radius of the cylinder are 0.4\g and 0.2),
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respectively. The distance d between the center of the cylinder and the PEC
plane is 0.8 \g. The relative permittivity is varied from 2 to 3.5 with a step of 0.5.
The co- and cross-polarized components of bi-static scattering width are shown
in Figs. 4.26 and 4.27. Once again, it is observed that it is difficult to explain

the behavior by simple theory and the scattered fields vary in a complex manner.
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Figure 4.26: The effect of relative permittivity, €., of the cylinder on the co-
polarized component of bi-static RCS for the setup shown in Fig. 4.23, TE

excitation, ¢' = 90°, a = 0.4\, b = 0.5a, d = 0.8)\g, pt, = 1, v = 0.005.
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Figure 4.27: The effect of relative permittivity, €., of the cylinder on the cross-
polarized component of bi-static RCS for the setup shown in Fig. 4.23, TE
excitation, ¢’ = 90°, a = 0.4\, b = 0.5a, d = 0.8)\g, p, = 1, v = 0.005.
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4.0.5 The Rectangular Cylinder

To demonstrate the flexibility of the proposed work, a chiral cylinder of
rectangular cross-section (L, X L,) is studied. This problem is illustrated in
Fig. 4.28. The setup is excited by a known TM plane wave with ¢’ = 45°.
The cross-section of the cylinder is 0.3A\g x 0.15)g, and is placed at a distance
d = 0.65)\g away from the PEC plane. The cylinder is characterized by €, = 2,
and v = 0.005. In this section, the effect of relative permeability, u,., is studied.
The relative permeability is varied from 1 to 2.5 with a step of 0.5.

y/(E‘-;c{HinC)
L, .
———
(e.,7)  ||by
d
(EOJMO)

Figure 4.28: A rectangular chiral cylinder above a PEC plane.

Figure 4.29 and Fig. 4.30 show the scattering width for the same problem. In
co-polarized component of the scattered field, a null is seen at around 30°. Note
that the cross-polarized component has higher amplitude than the co-polarized

component for ¢ = 90°.
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Figure 4.29: The effect of relative permeability, u,., on the co-polarized component
of bi-static RCS for the setup shown in Fig. 4.28, TM excitation, ¢' = 45°,
L, =0.3)\, L, = 0.15Xg, d = 0.65)\9, €, = 2, v = 0.005.
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Figure 4.30: The effect of relative permeability, pu,., on the cross-polarized
component of bi-static RCS for the setup shown in Fig. 4.28 TM excitation,

¢ = 45°, L, = 0.3\g, L, = 0.15X9, d = 0.65), €, = 2, 7 = 0.005.

Next, a lossy square was analyzed. The same configuration (given in Fig. 4.28)
is considered. The side lengths (L, = L,) of the square are 0.3)\;. The cylinder
is illuminated by a TE plane wave with ¢* = 30°. The cylinder is placed at a
distance d = 0.5\ away from the PEC plane. The relative permittivity (e,) and
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the permeability (u,) of the cylinder are 3.1 and 1.5, respectively. The chiral
admittance, v, of the cylinder is 0.0005. Both, the electric (tand.) and magnetic
(tand,,) loss tangents of the cylinder are taken to be 0.05. Figure 4.31 show the
co- and cross-polarized components of the scattering width. From Fig. 4.31, it is
seen that the co-polarized component has higher magnitude than cross-polarized

component, which is expected.
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Figure 4.31: Co- and cross-polarized components of bi-static RCS of a lossy
square chiral cylinder above a PEC plane, for the setup shown in Fig. 4.28, TE
excitation, ¢ = 30°, L, = L, = 0.3\, d = 0.5), €, = 3.1, p, = 1.5 v = 0.0005,
tand., = tand,, = 0.05.

Figure 4.32 and Fig 4.33 show the magnitude and the phase of the electric and
magnetic fields internal to the lossy rectangular chiral cylinder placed above a
PEC plane, along the y = 0.65)\ line.
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Figure 4.32: The magnitude of the fields internal to the lossy rectangular chiral
cylinder along the y = 0.65) line, TE excitation, ¢' = 30°, L, = L, = 0.3\,
d = 0.5\, €, = 3.1, u = 1.5 v = 0.0005, tand, = tand,, = 0.05.
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Figure 4.33: The phase of the fields internal to the lossy rectangular chiral cylinder
along the y = 0.65)\ line, TE excitation, ¢" = 30°, L, = L, = 0.3)\g, d = 0.5\,
e = 3.1, u, = 1.5 v = 0.0005, tand, = tand,, = 0.05.

Next, a lossy chiral cylinder (¢, = 2.5, u, = 1,tand, = tand,, = 0.05) of
rectangular cross-section (0.2X\g x 0.4)\g) is studied. The cylinder is illuminated
by a TE plane wave with ¢ = 75°. The cylinder is placed close (d = 0.2)\g) to
the interface. The chiral admittance ~ is varied from 0.001 to 0.004 with a step
of 0.001. Figure 4.34 and Fig. 4.35 show the co- and cross-polarized components
of the bi-static scattering width. It was seen that as the chirality is increased

two deep nulls started to appear in the co-polarized component around 30° and
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150°, while the behavior of the cross-polarized component is difficult to explain

by simple theory. In summary, the change in chirality effects the scattering width

in a complex manner.
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Figure 4.34: The effect of chirality, v, on the co-polarized component of bi-static

RCS for the setup shown in Fig. 4.28, TE excitation, ¢ = 75° L, = 0.2,

Ly, = 04X, d= 02Xy, € = 2.5, j1, = 1.
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Figure 4.35: The effect of chirality, v, on the cross-polarized component of bi-
static RCS for the setup shown in Fig. 4.28, TE excitation, ¢' = 75, L, = 0.2\,

Ly =04, d= 02X, €, = 2.5, j1, = 1.
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4.0.6 The Triangular Cylinder

Figure 4.36 shows the cross-section of a triangular chiral cylinder. First,
an equilateral triangle with height ‘b’ is illuminated by a TM plane wave with
¢" = 60° is analyzed. The height of the triangle is 0.2y and it is placed at a
distance d = 0.5)\¢ away from the PEC plane. The triangular cylinder has relative
permittivity, €, = 3.5, and relative permeability, u, = 1. The chiral admittance

is assumed to be v = 0.0004. Figure 4.37 show the bi-static scattering width.

i (Einc' Hi?lC)
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Figure 4.36: A triangular chiral cylinder above a PEC plane.
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Figure 4.37: Co- and cross-polarized components of bi-static RCS of a triangular
chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36, TM
excitation, ¢’ = 60°, b = 0.2)\g, d = 0.5)\g, €, = 3.5, p, = 1 v = 0.0004.
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Next, a lossy equilateral triangle is studied. The same setup (given in Fig.
4.36) is considered, and maybe excited by a TE plane wave with ¢* = 60°. The
cylinder is characterized by (e, = 3.5, u, = 1, and v = 0.0033, tand, = tand,, =
0.05). The cylinder is placed d = 0.5\¢ away from the PEC plane. The computed
results for co- and cross-polarized components of the bi-static scattering width

are shown in Fig. 4.38.
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Figure 4.38: Co- and cross-polarized components of bi-static RCS of a triangular
chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36, TE
excitation, ¢' = 60°, b = 0.3\g, d = 0.5\, ¢, = 3.5, u, = 1, v = 0.0033,
tand., = tand,, = 0.05.

It is very interesting to see that for this particular study, the cross-polarized
component of scattering width has higher magnitude than the co-polarized
component, which is unexpected. As a conclusion, one can not explain this
unpredictable complex characteristics of chiral materials. In other words, it is a

complex problem that can not be understood from simple theory.
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4.0.7 Discussion

4.0.7.1 Surface Formulation Versus Volume Formulation

This work is based on the surface equivalence principle. The formulation used
in this work is computationally efficient as compared to the volume equivalence
principle [38]. In surface formulation, the cross-section of the surface of the
body is approximated by linear segments. Then, currents are expanded on
these segments. The fields produced by these expansion functions are tested
by weighting functions. However, in volume formulation, the cross-sectional area
of the body is meshed. This results in more unknowns. For instance, in the
surface formulation, the unknowns are 4N, where N is the number of linear
segments. The same problem if solved by volume formulation will have 6M
unknowns, where M is the number of mesh cells. The volume formulation can
be used to solve inhomogeneous cylinders while the surface formulation fails to
handle inhomogeneity. In addition, the moment matrix obtained from volume
formulation is less complex than the one obtained from the surface formulation. It
is due to fact that the volume formulation uses simple free-space Green’s function.
In summary, the surface formulation presented here is computationally efficient as
compared to volume formulation, however, it can not be used when the scatterer

is inhomogeneous.

4.0.7.2 Specular Optical Activity of Chiral Materials

Since its conception, chiral materials have been a topic of keen interest for
many researchers. Due to optical activity in these materials, the plane of a
linearly polarized light ray is rotated. Therefore, specular optical activity appears
at interfaces. This specular phenomenon can be very strong for surface such as
ground plane, and usually observed for oblique incidence. This is due to the fact
that the reflected waves with a different handedness may have different reflectivity
levels. To demonstrate this, a circular chiral cylinder of radius r = 0.5331\¢

placed at a height d = 0.05)\¢ above a ground plane similar to the one in Fig.
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4.4 is considered. The cylinder is characterized by (e, = 2.1316, 4, = 1,7). The
setup is illuminated by a TM plane wave with ¢ = 120°. Figure 4.39 shows the
scattered normalized far-field pattern above the ground plane for various values
of the chiral admittance 7. Note that setting v = 0 changes the chiral material
into regular dielctric in which case the cross-polarized component is zero. As
the chirality decreases, the scattered fields of the chiral cylinder approach those
of a regular dielectric. Furthermore, it is interesting to see that the specular
angle for the cross-polar field is in a different direction which is due to chirality.
Finally, note that the scattered field for the highest chirality is the lowest which
shows that chiral materials can be used as EM absorbers. However, both these
observations may not hold true for scatterers with different parameters. Such
results make the numerical analysis of chiral materials important because their

scattering properties vary in a complex manner.

Figure 4.39: Far-field amplitude of a chiral cylinder placed above a ground plane.
TM excitation at ¢* = 120° for different ~ values.

4.0.7.3 Non-Uniqueness of the EFIE Formulation

It is known that the EFIE formulation used here fails to give a unique solution
when a cylinder is of a spurious “resonant size” [90]. In such cases the moment
matrix is highly ill-conditioned and the results computed using such matrices may

not be accurate. Therefore, to tell whether the computed results are accurate or
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not, the condition number of the moment matrix must be monitored.

To demonstrate the behavior of the condition number, consider Fig. 4.40
below, where a rectangular cylinder (0.3)\g x 0.15)¢) is placed at a distance of
0.65)\¢ above a PEC plane.

y (Einc, HinC)
L el
(e,u,y) Ly
d
(€0, o)

Figure 4.40: A rectangular chiral cylinder above a ground plane.

First, assume that this cylinder to be free-space (i.e. we let € = €y, = po,
and v = 0) and it is excited by a TM plane wave with incidence angle ¢" = 90°.
Then, we know the exact values of the equivalent surface currents on the cylinder
(J=nxH, and M = E x n, where n is the unit vector normal to the surface
of the cylinder and E and H are the total fields at the surface of the cylinder).
Figure 4.41 shows the variation of the condition number of the moment matrix
with koL,. Note that, when koL, = 3.1762, the moment matrix is highly ill-

conditioned.
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Figure 4.41: Variation of the condition number of the moment matrix with koL,

for a dielectric cylinder above a ground plane.

Figure 4.43 shows the computed surface currents when the matrix is ill-
conditioned (log(Condition Number) = 5.19802). It is clearly seen that the
computed results do not agree with the exact results. Figure 4.42 shows the
computed currents when the matrix is well-conditioned (log(Condition Number)

= 3.51502). It is seen that the computed results are in excellent agreement with

the exact ones.
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Figure 4.42: Comparison of the exact solution with those computed with an

ill-conditioned matrix, TM excitation, ¢ = 90°, €, = 1, u, = 1,7 = 0.
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Figure 4.43: Comparison of the exact solution with those computed with a well-

conditioned matrix, TM excitation, ¢* = 90°, €, = 1, u,, = 1,7 = 0.

Next, let us assume that the rectangular cylinder shown in Fig. 4.40 is above a
PEC plane with the parameters €, = 4, p,, = 2, and v = 0.0005, and is illuminated
by a TM plane wave with incidence angle ¢ = 60°. The exact results for this
problem are unknown. However, when the condition number is large we are sure
that our results would be questionable. We can demonstrate that as follows.

Figure 4.44 shows the condition number of the moment matrix versus frequency.
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Figure 4.44: Variation of the condition number of the moment matrix with k¢L,,

for a chiral cylinder above a ground plane.
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Figure 4.45 shows the equivalent surface currents for three very similar
cylinders (koL, = 3.15164, 3.15165, and 3.15166), when the condition number
of the moment matrix is large (log(Condition Number) = 4.6695). It is seen that
the computed results for the surface currents are quite different although the
cylinders are almost identical. This is not acceptable. This demonstrates the fact
mentioned above: the results obtained with an ill-conditioned matrix may not be

trusted.
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7L - - —k,L =3.15166

_____ koL, = 3.15164
X

(3]

=

|Currents|
F~y

w

0 100 200 300 400 500 600
No. of Unknowns
Figure 4.45: Computed surface currents on the cylinder for three different values

of kgL, when the condition number of the moment matrix is large, TM excitation,

¢t = 60°, €, = 4, 1, = 2,7 = 0.0005.

On the other hand, Fig. 4.46 shows the surface currents on cylinders of again
very similar sizes (koL, = 1.88494, 1.88495, and 1.88496), when the condition
number of the moment matrix is small (log(Condition Number) = 3.22025). It is
seen that the currents are indistinguishable. This is expected because the sizes

of the three cylinders are basically indistinguishable.
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ﬂ .......... koL, = 1.88494
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No. of Unknowns

Figure 4.46: Computed surface currents on the cylinder for three different

values of kgL,, when the condition number of the moment matrix is small, TM

excitation, ¢' = 60°, €, = 4, u, = 2,7 = 0.0005.

In summary, it is well known that the results obtained with an ill-conditioned
matrix is questionable. Therefore, we did not present any results for such cases.
Also, for the cases considered, no abnormality was observed in the value of the

condition number. Therefore, we are confident that these results are accurate.
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Chapter 5

Conclusion

A simple moment solution is presented to compute the electromagnetic fields
scattered from a chiral cylinder of arbitrary cross-section above a PEC plane.
The image theory is used to replace the PEC plane with an image chiral cylinder
and an image source. Then, the method of moments is used to formulate the
solution to this two-body problem. It was shown that when the image body is
legitimate, the two-body problem can be reduced to a one-body problem with
a more complicated moment matrix. It was also observed that the computed
results for the v = 0 case were in excellent agreement with the results obtained

by other researchers for the case of a dielectric cylinder.

Before solving the numerical problem of cylinders of arbitrary cross-sections
above a PEC plane, three canonical problems are solved exactly using analytical
techniques. The purpose here was to verify that the chirality of the image of a

chiral cylinder is negative of the chirality of the actual cylinder.

The condition number of the moment matrix was monitored to ensure the
accuracy of the computed results. Also, some advantages and drawbacks for the

proposed formulation and their solutions are briefly discussed.
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Appendix A

Plane Waves in a Chiral Medium

In this appendix, a brief introduction to plane waves in a chiral medium will
be given. Then, the plane waves produced by an infinite electric current sheet

will be introduced.

A.0.1 General Plane Waves

The source-free Maxwell’s equations are as follows (e/“* time dependence

assumed );

V xE = —juB (A.1)
V xH = jwD (A.2)

For a chiral material, there exists a few different set of constitutive relations.

Here, the following two equations will be used.
D =¢E - j7B (A.3)

B =H+ jyuE (A.4)
Where, v is known as chiral admittance. Using (A.3) and (A.4) in (A.1) and

(A.2) gives the following source-free Maxwell’s equations in a chiral medium.
V x E = w(ypuE — juH) (A.5)

111



V xH=wlj(e+ py*)E + vuH]

Lets us find that for which real values of h, a plane wave exists as follows

E(2) = (2E, + §BE,)e "
H(z) = (&H, + §H,)e "
Then (A.7) and (A.8) in (A.5) gives:
Tjhl, — yjhE, = —jw,u(ﬁ:Hx + QHy) + w,wy(iEz + QEy)
2jhH, — §ihH, = jw(e + pv*) (2B, + 9E,) + wpy (2H, + §H,)
(A.9) and (A.10) gives;
JhEy + jwpHy — wpyE, =0
—jhE, + jwpH, — wpyE, =0
JjhH, — jw(e + u’yQ)EgC —wuyH, =0
—jhH, — jw(e + u’yz)Ey —wpuyH, =0

Equations (A.11) — (A.14) can be written in matrix form as;

—wpy Jh Jwp 0 E, 0
—jh —wy 0 Jwi E,l |0
—jw(e+ py?) 0 —wpy  jh o, |o
0 —jw(e+puy?)  —jh  —wpy| | H, 0

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)
(A.13)

(A.14)

(A.15)

To find h, the determinant of the matrix must be zero. By solving the matrix we

obtained;
hy = wpy + v/ w?pe + (wpy)?
ha = —wpy + V/w?pie + (wp)?
It can be shown that hs = —hy; and hy = —hy are also solutions.

(A.16)

(A.17)

Note that

hy and hy are wave numbers for +z traveling waves. Similarly, hs and hy are

corresponding wave numbers for —z traveling waves.
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Replacing hy in eqns. (A.11) — (A.14) gives;

jhE, + jupH, —wpyE, =0 (A.18)
—jhmE, + jwpH, —wpyE, =0 (A.19)
jhiHy, — jw(e+ py?)Ey — wpyH, =0 (A.20)
—jh1H, — jw(e + /ryQ)Ey —wpuyH, =0 (A.21)

Rearranging eqns. (A.18) and (A.19) give:
p wuyE, — jhu E,

H, (A.22)
Jwp
E h E,,
H, = 2% i (A.23)
jwp
Replacing the values of H, and H, in eqn. (A.20) gives:
B, = —jE, (A.24)
Replacing E, in (A.23) reveals that
Ey
H,=— (A.25)
e
Similarly, one can show that
H, = jH, (A.26)

With these new definitions, eqns. (A.7) and (A.8) can be rewritten as:

Ej = A(@ — jg)em* (A.27)
+ A . ~\ —jhiz
Hj = n—(jx+y)e (A.28)

It can be shown that the following (Ef, Hf) is a solution to (A.5) and (A.6).
Where, A is an arbitrary constant, and the wavenumber (h;) and the wave

impedance (7.) are given by;

hy = wpy + VK2 + (wpy)? (A.29)

i (A.30)

e V14 (n7)?
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here, k = w./ue and n = \/p/e.

The (Ef, H}) in (A.27) and (A.28) represent a right-hand circularly polarized
(RHCP) uniform (£ =0 = a%) plane wave travelling in +z direction with the

wave number h;.

Similar procedure can be followed, and it can be demonstrate that by replacing
hy in eqns. (A.11) — (A.14) gives

E,=jE, (A.31)
18
H A= (A.32)
Ne
and
H,=—jH, (A.33)

Similarly, it can be shown that the following (E;, H}) is also a solution to (A.5)
and (A.6).
Ef = C(3 + jg)e "> (A.34)
C ,
H; = & (5 - jije (4.35)

C

Where, C' is an arbitrary constant, and the wavenumber (hs) is given by;

hy = —wpy + VE? + (wpy)? (A.36)

The (Ef,H) in (A.34) and (A.35) represent a left-hand circularly polarized
(LHCP) uniform (£ =0 = a%) plane wave travelling in 4z direction with the

wave number hs,.

Note that if hy in (A.27) and (A.28) is replaced with hs, the resulting fields
will not satisfy (A.5) and (A.6). Similarly, if sy in (A.34) and (A.35) is replaced
with hq, the resulting fields will not satisfy (A.5) and (A.6). In other words, A4
is the wave number for a RHCP wave and hy is the wave number for a LHCP

wave. Note also that a uniform plane wave of the following form with arbitrary
E, and E, and h = hy or h = hy will not satisfy (A.5) and (A.6).

E(z) = (2B, + §E,)e 7" (A.37a)
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H(z) = (2H, + §H,)e 7" (A.37b)

In other words, the uniform plane wave cannot be linearly or elliptically polarized.

It has to be circularly polarized.

Since (A.5) and (A.6) are homogeneous the sum of (Ef, H)) and (Ef, H})
given below will be the general form of a uniform plane wave traveling in a chiral

medium (e, i, y) in 4z direction.

Et = A(@ — jg)e ™% + C (2 + jg)e 7" (A.38)
A . C ,
HY = —(§ + j2)e ™M + = (§ — ji)e 9"* (A.39)

Similarly, (E~, H™) given below is the general form a plane wave traveling in —z

direction in a chiral medium (e, i, ).

E™ = F(& + jy)e’™* + G(& — jg)e’* (A.40)
F . G .
H = —(—§+ ji)e!™* + —(—g — ji)e’"* (A.41)
(& nc

Note that the first terms (with wave number h;) in (A.40) and (A.41) represent
a RHCP wave and the second terms (with wave number hs) represent a LHCP

wave traveling in —z direction.

Since the RHCP wave and LHCP wave in (A.38) and (A.39) travel with
different velocities, the polarization of the total wave rotates as the wave travels
in +z direction. Similarly, polarization rotation exists for the fields in (A.38) and

(A.39). For details and much more the reader is referred to elegant papers [80-82].

A.0.2 Plane Waves Produced By an Electric Current
Sheet in a Chiral Medium

Figure A.1 shows an infinite current sheet
J=—4Jyzx (A.42)

placed at z = —d plane in an unbounded chiral medium (€, i, y). Where Jj is a

constant. The field produced by this source, for z < —d is given by;
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(e,,7) | (61,7)

E_,H_ E ,H
‘.’—PZ

Y-

Figure A.1: An infinite current sheet in an unbounded chiral medium.

E~(J) = neo{ (& + jg)e™ ) + (2 — jg)er=+ | (A43)

H™(3) = Jo{ (—f+ j)e™ 4D 4 (= — ja)etO L (A44)

The superscript — represents the field traveling in —z direction. Similarly, the

fields for z > —d is given by;
E+(J) _ ncJO{(j N jg)e_jhl(z+d) + (Zi’ + jg)e—jhz(z-&-d)} (A45)

H*(3) = Jo{ (5 + j)e /D 4 (5 — ja)e =) (A.46)

Note that the pairs (A.43) and (A.44), and (A.45) and (A.46) satisfy (A.5)
and (A.6). Furthermore,

ETJ)=E(J) at z=—d, (A.47)

and
Z X [H*(J) — H_(J)} =J at z=-—d (A.48)
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Appendix B

Two-Dimensional Fields in Chiral
Media

In a chiral medium, a uniform plane wave cannot be linearly or elliptically
polarized. It has to be circularly polarized. Since the RHCP wave and LHCP
wave travel with different velocities, the polarization of the total wave rotates
as the wave travels in a chiral medium. Here, a simple and elegant procedure
is followed to derive expressions for the fields produced by sources in a chiral
medium. For a chiral material, there exists a few different sets of constitutive

relations. Here, the following two equations will be used.

D =¢E - j7B (B.1)
1 :

H=-B - j7E (B.2)
,u

where € represents the permittivity and p represents the permeability of the
medium, respectively. The ~ is known as chiral admittance. It provides an
extra degree of freedom. The positive chiral admittance (y > 0) specifies right-
handedness while the negative chiral admittance (v < 0) defines left-handedness.

When 7 is zero, the medium is simply dielectric or achiral.

The Maxwell’s equations are as follows (e/“! time dependence assumed):

117



~V xE=jwB+M

VxH=juwD+J

(B.3)

(B.4)

Where the electric and magnetic currents are denoted by J and M, respectively.

Maxwell’s equation for a chiral medium can be obtained by substituting (B.1)

and (B.2) into (B.3) and (B.4):
-V X E = jwpH — wpyE + M

V x H = jw(e + p7)E + wpyH + J

These equations can be expressed in matrix form as:

E E e\
V x = +
H H J
where
_ Why —jwp
jwle+uy?)  wuy

(B.7)

(B.8)

The coupling caused by K in the wave equations can be removed by diagonalising

such that
h 0
K=A|" A7l
0 —he
where
1 1
Ao | ]
J 3
MNe Ne

A_l _ 1 [1 _jnc]
201 jme

and the chiral admittance of the chiral medium is given by;

with

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)



and h; and hg are the right- and left-handed wave numbers and are given by,

hi = wpy + VE? + (wpy)? (B.14)
hy = —wpy + VK2 + (wpy)? (B.15)
where k = w,/p€. Premultiplying both sides of B.7 by A™', we obtain
-1 -1 -1 -1 -M
vV x A — AT'KAA ra | (B.16)

The RHCP (+) and LHCP (—) fields and currents in a chiral medium are given
by;

E* E
=A"! (B.17)
E- H
M+ -M
=-A"! (B.18)
M~ J
.E:l:
HE = +? (B.19)
TNe
.M:l:
Jt = 7 (B.20)
e
Substituting (B.11) into (B.17) yields;
1
B = (B jnH) (B.21)
Substituting (B.21) into (B.19) gives;
1 J
H* = §(H + ~E) (B.22)
Ne

Similarly, for right-handed and left-handed currents, substituting (B.11) into
(B.18), we obtain

1
M* = 5(M + jn.J) (B.23)
Substituting (B.23) into (B.20) gives;
+_ 1 J
=S FIM) (B.24)
TNe
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To express Maxwell’s equations (B.7) in terms of E* and H*, we obtain
V x Ef = —jwuuH® — M* (B.25)

V x HY = jweE* 4+ J* (B.26)

With these new definitions for fields and currents, Maxwell’s equations must be

satisfied. In Maxwell’s equations (B.3) and (B.4) replacing E by

E=E"+E" (B.27)
and replacing H by
H=H"+H" (B.28)
and replacing J by
J=J"+J" (B.29)
and replacing M by
M=M"+M" (B.30)
gives the following equations:
V % (E _jncH> +V x (E+jncH)
2 2
H+L1E M & i H-LE M — i
2 2 2 2
H+ LE H-LiE
o, LB (- JE)
2 2 '
E — jnH —IM E + jn.H J+ 1M

Rearranging the above equations give:
-V X E = jwupH — wpyE+ M (B.33)

V x H = jw(e + uy*)E + wpyH + J (B.34)

The equations (B.33) and (B.34) are obtained using RHCP and LHCP fields

(E*,H*) and currents (J*, M), and are identical to the Maxwell’s equations in
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a chiral medium given by (B.5) and (B.6). It is now clear that only a circularly
polarized wave of two opposite handedness exists in a chiral medium. These waves
have different phase velocities, wavenumbers, and attenuation rates. In other
words, a linearly or elliptically polarized wave cannot exist in a chiral medium.
By using two-dimensional Green’s functions with some algebraic manipulations,
one can find the electric and magnetic fields due to electric and magnetic sources
radiating in an unbounded chiral medium [44]. For the sake of completeness,
the electric and magnetic fields due to the electric and magnetic current sources,

radiating in an unbounded chiral region are given by;

/

8
= [ {7H 0nlp = #1) = VH (el — )} < 36 )

TIC ’ ’ ’
E(J,M) = - / [ a1 (nlp— p'1) + ol (ol — ) }3(0' )l

8
77C = ’ _ ’ ’ ’ /
= [ (B tnlp = 1)+ 1 1 ulp — )}V -3

8
J (2) ’ (2) / ,
+§/C{VH0 (hlp—p|) + VH, (thp_pD}xM(p)dl

j ’ ’ ’ /
+d /C [ (o))~ haH (ol — o)) (')l

I

+lv /C (W HP (hilp = p'l) = h3 HY (alp — o)}V M(p )l
(B.35)
H(J,M) = / {mHP (hilp = p) = o (halp — p')) b3 (0l
L AV 0l — )+ I ulp = 5 ) < 35
—%V/C{hflﬂé”(hﬂp—p'l) —hz‘lHéQ)(halp—p'l)}V' - J(p')dl
o / {mH (o = o)+ haHP (halp — p']) fM(p))d!
— o [ A5 Gl = ) = 9 H Gulp = 5 ) Mo
- 87176V/C{h1‘1H52)(h1lp—p'|>+h51H32)(h2|p—p'|)}V' -M(p)dl'
(B.36)
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The equations derived in (B.35) and (B.36) are the two dimensional field
equations for an unbounded chiral medium. Here, C' denotes the contour
describing a cross-section of the surface in the zy—plane, |p — p’\ is the distance
between the field and source point, and H((]2) is the Hankel function of zeroth
order and second kind. These equations reduce to achiral medium field equations

for v = 0.
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Appendix C

Detailed Computation of Some

Moment Matrix Elements

The moment matrix in (3.9) is 8N x 8N square matrix. Each element in
a moment matrix is N X N sub-matrice. The purpose of this appendix is to
understand typical elements of different sub-matrices, and obtain expression to

compute these elements.

Consider a surface S with constant cross-section in the z-direction. Let C
be the contour describing a cross—section of S. The electric field produced by

currents J and M residing on S in an unbounded medium is given by:

E(J, M) = E(J,0) + E(0, M) (C.1)
where,
E(J,0) = —jwuA (C.2)
and,
E(0,M) = -V x F. (C.3)
Here, .
Alp) = 1= [ 36)H o= (C4)
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and, .
Plo) =1 /C M(p)H (k,|p — /)l (C.5)

2J7110:

An element in the m* row and the n** column of the sub-matrix ZJz110
is the z-component of the electric field on the m*™ segment of S;, produced by
Jz on the n'* segment of S;, when this J; radiates in the unbounded medium

(€0, po). This element is given by

—nokolm P
23,0100m. ) = =250 [ P Gl o, = ol (C6)

Here, 19 and kg denote the wave impedance and the wave number of free space
respectively. C,, represents the n'* segment on S;, and I,,,, represents the length
of the m*" field segment on S;. The position vector p represents an arbitrary
point on C,,, and the position vector p,_,, represents the center of the field segment
Cp, on 51, and H(g?) is the zeroth order Hankel function of the second kind.
When field and source are on the same segment (m = n), the small argument

approximation for the Hankel function given by

2 4R
HP(R)~1- j;ln% (C.7)

is used. Here, In(y) = 0.5772..., is the Euler constant.

To compute the mn* element of ZJ;120(m,n), we replace C,, in (C.6) with
Cp,. Similarly, when we replace in (C.6), ln,,Ch, Pern, With Ly, Chys P,
respectively, we obtain ZJ7220(m,n). The elements of ZJ7210 contain the fields

on Sy produced by the sources on Sj.

The sub-matrices ZJ,110, ZM7110, ZJ1,120, ZM120, ZJy,210, ZM7210, ZJ1,220,
and ZMz220 are identically zero.

The sub-matrices in the 2"¢ row of (3.9) contain the lateral field on S,
produced by different sources radiating in the unbounded medium (e, po).
Therefore, LJz110, LM,110, LJ7120, and LMy,120 are identically zero. Similarly,
the sub-matrices LJz210, LM210, LJ7220, and LMy,220 are identically zero.
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ZM;1110:

An element in the m* row and the n'* column of the sub-matrix ZM;,110
is the z-component of the electric field on the m' segment of S;, produced by

My, on the n* segment of S;, when this My, radiates in the unbounded medium
(€0, tto). This element is given by

kol T — N
ZM;110(m, n) = _jL/ g Pems =P ) H® (k| po, — p )l (C.8)
4 Cn,q |pcm1 —pP ’

Here, n, = fnl X Z is the unit vector normal to the source segment C,,, on S,
and £, is the unit vector tangent to the same segment, and H fQ) is the first order
Hankel function of the second kind. The typical elements of the sub-matrices
ZM 1,120, ZM1,210, and ZM[,220 have similar form as (C.8).

The charge associated with the lateral current of the m!* segment is

approximated by two displaced pulses as shown in Fig. C.1.

Charge pulse doublet
y \
\

Current pulse '

N\ |

ra |

Pem+ Pem~

X

Figure C.1: The lateral current on the m'® segment of surface S and the charge
associated with it.
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LJp110:

An element in the m* row and the n'* column of the sub-matrix LJ;,110
is the lateral component of the electric field on the m** segment of S, produced
by Ji, on the n'" segment of S;, when this Jy, radiates in the unbounded medium

(€0, tto). This element is approximately given by

kf ~ ~ ’ /
LIL110(m, 1) = =2 (E, - oy )l / H (ol pe, — P [)dl
Chos
-{ HE (ol — )l
4k0ln1 |:C’n171+cn +%]

H (kolpers, - — PN} (C.9)

e e

nyj—z5 n1+%:|

Where, Cm,% +C,, +1 shows the domain of the two charge pulses (shown by the
dotted lines) as in Fig. C.1. In (C.9), p.,,,_ and p,,,, ., respectively denote the
beginning and the end of n'* segment on S; as shown in Fig. C.1. The typical
elements of the sub-matrices LJp,120, LJ;,210, and LJ;,220 have similar form as

(C.9).
LM,110:

An element in the m* row and the n'* column of the sub-matrix LMy;110
is the lateral component of the electric field on the m** segment of S, produced
by Mz, on the n** segment of S;, when this My radiates in the unbounded medium

(€0, pto). This element is approximately given by

k lm A cm - ' ’ ’
LMz110(m, n) = j 04 ! / A - H x HP (ko| pey, — ')l (C.10)
Cnyq cmy

Where 75 is the unit vector normal to the field segment. The typical elements of
the sub-matrices LM7120, LM7210, and LM7220 have similar form as (C.10).
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ZJ7111:

An element in the m* row and the n* column of the sub-matrix ZJ;111
is the z-component of the electric field on the m' segment of S;, produced by
Jz on the n'" segment of S;, when this J; radiates in the unbounded medium
(€1, p1,71). This element is given by

 Neybmy

ZJz111(m,n) = 3

{m [ P 0lpen, — Dl
o,
+hy [ HP (oo, — PN} (C11)
Coy
Where, 7., is the wave impedance associated with the chiral medium (e, p1,7v1)

and is given by the following

- (C.12)

ey = —————=.
' V14 (my)?

Here, n; = 1/‘6‘—11. The two wave number h; and hy associated with the chiral

material (€1, p11,7;) are given by the following

hy = wmn + v/ (k)2 + (wmmn)? (C.13)
ho = —wmmn + v/ (k1) + (wmmn)? (C.14)
Where,
k‘l = Wy/€E1U71- (Cl5)
ZJ;111:

An element in the m* row and the n” column of the sub-matrix ZJ; 111
is the z-component of the electric field on the m!* segment of S;, produced by
Jr, on the n'" segment of S;, when this J;, radiates in the unbounded medium

(€1, p1,71). This element is approximately given by

c lm A~ cmy / ! !
ZIL111(m,n) = %{hl/c (- M)H@(hﬂpcml —p'|)di
ni cmy

 (Pemi — PN .
— hy /Cm (n1 . m)fh (h2|pcm1 —-p |)dl } (0.16)
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ZMz111:

An element in the m* row and the n*"* column of the sub-matrix ZM,111
is the z-component of the electric field on the m' segment of S;, produced by
My on the n'* segment of S;, when this My radiates in the unbounded medium

(€1, pt1,71). This element is approximately given by

2111, 0) =22 {1y [ B (e, — o)
Cny

b [ HE (ulpun, — i} (€17

ZMi111:

An element in the m* row and the n'* column of the sub-matrix ZM; 111
is the z-component of the electric field on the m!* segment of S;, produced by
My, on the n'* segment of S;, when this My, radiates in the unbounded medium

(€1, pt1,71). This element is approximately given by

'lm1 ~ cmy / /
ZMLlll(m,n):—jg {hl/c (nl-M)HP(hﬂpm —p i
ni cmi

N (pcm1 - p/) (2) ’ '
+ ho /Cm <n1 : ——p’|>H1 (ha|pem, — P 1)dl } (C.18)

1P,

LJz111:

An element in the m! row and the n'* column of the sub-matrix LJ;111
is the lateral component of the electric field on the m** segment of S, produced
by Jz on the nt* segment of S;, when this J radiates in the unbounded medium

(€1, t1,71). This element is approximately given by

LI 111(m, n) = "Cl {n / (s - pcml_p,)) H? (hy|peyn, — p])dl
‘pcml_p|

Pcem _p) (2) / /
: H (hy|pey, — p )l Y (C.19
<o [ (e P el — A} (€19
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LJp111:

An element in the m* row and the n** column of the sub-matrix LJ;,111
is the lateral component of the electric field on the m'* segment of S, produced
by Ji, on the n'"* segment of S;, when this Jy, radiates in the unbounded medium

(€1, pt1,71). This element is approximately given by

~

C lm ™
LI 111(m,n) = —%(tm )

<A [ HP 0l P b [ H (o, ~ o)
Crny c

n1

7761 — ’ /
g {mt [ HE (bl oy — ')l
ni |:C 1+Cnl+%:|

ni—3

+h;1/
[c, 1+c

=+ 87,261 {hl_l/ H(()2)(h1|pcm1— - p/|>dl/
™ [Cn1fl+cn +l:|

+h2—1/
[, _1+C

nyj—3 n1+%:|

H ()P, — ')l |

H (B po, - — Pl (C.20)

LMz111:

An element in the m* row and the n** column of the sub-matrix LM,111
is the lateral component of the electric field on the m** segment of S, produced
by Mz on the n'* segment of S;, when this My radiates in the unbounded medium

(€1, p1,71). This element is approximately given by

-lm1 ~ pcm1 - p/ ’ ’
LMy 111(m, n) = 2 2 {h1/ <nf : H>H1(2)(h1|Pcm1 —p|)d
Chny cmy

who [ (o LI P ol - g} (©21)
C

: !
n1 |pcm1 — P ’
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LMi111:

An element in the m row and the n** column of the sub-matrix LMy 111
is the lateral component of the electric field on the m** segment of S, produced
by My, on the n** segment of S;, when this M, radiates in the unbounded medium

(€1, pt1,71). This element is approximately given by

~

lm ~ / /
LMy111(m, ) = =22y - ) {1 [ HE (sl i, — ']}l
Cn,

—hy | HP (halpen, — o)l }
C"l

j — ’ ’
v {mt [ 3 (| e — )l
ni [Cn1_1+Cn _,_1}
2 1Tz

H[()2) (h2|pcm1+ - pl|>dl/}

HP (h1|p, - — p|)dl

H (b, = Pl } (C22)

The elements in the sub-matrices in the last two rows of the moment matrix
of (3.9) contain the fields computed in the unbounded chiral medium (eg, 2, 72),
when these fields are radiated by surface currents (Jy, My). The expressions for

such elements are similar to those in (C.11 — C.22). For example,
C lm ’ ’
232220, 0) = =" {hy [ Hhul o, — i
Cny

b [ HPGulpo,, — o} (©23
Cry

Where, 7., is the wave impedance associated with the chiral medium (e, 1o, 2)

and is given by the following

T2

ey = — .
’ V14 (7272)?

Here, 1y, = 1/5_22' The two wave number hs and hy4 associated with the chiral

(C.24)
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material (€s, 112, 72) are given by the following

hs = wiaYz + v/ (k2)? + (wWpa72)? (C.25)
hy = —wpaye + v/ (k2)? + (w2 y2)? (C.26)

Where,
kQ = W4/ €EaU2. (CZ7)
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