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Prof. Dr. Ercümend Arvas(Advisor)

Prof. Dr. Cengiz Özzaim (Co-Advisor)
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Bu tezde, mükemmel iletken (PEC) bir yer düzleminin üzerinde keyfi

enine kesite sahip kiral bir silindirden saçılma problemi için basit, doğru

ve etkili bir çözüm sunulmuştur. Hem TM hem de TE uyarımları dikkate

alınmıştır. PEC düzlemi üzerindeki bu nesnenin görüntüsü biliniyorsa, bu

nesneden saçılma problemi prensip olarak görüntü yöntemiyle çözülebilir. Bu

nedenle, görüntü metodu kullanılarak, PEC bir düzleminin üzerindeki bir

silindirden saçılma problemi, serbest uzayda iki farklı kiral silindirden saçılma

problemine indirgenir. Bu iki silindirli problemden üç farklı eşdeğer problem elde

etmek için yüzey denklik prensipleri kullanılır. Daha sonra bu eşdeğer problemleri

sayısal olarak çözmek için moment metodu kullanılır. Bu iki silindirli problem

için moment matrisi gereksiz yere büyüktür.

Kiral bir cismin PEC bir zemin üzerindeki görüntüsünün, aynı elektrik ve

manyetik geçirgenliğe ancak zıt kiraliteye sahip başka bir kiral cisim olduğu

bilinmektedir. Bu özelliği kullanarak, görüntü yöntemindeki iki farklı cisim

problemi, karmaşık bir moment matrisi ile tek cisim problemine indirgenebilir.

Bu prosedür, Geliştirilmiş Moment Matrisi olarak adlandırılır.

Kiral bir cismin görüntüsünün özelliğini doğrulamak için, ilk olarak üç kanonik

problem tam olarak analitik tekniklerle çözülmüştür. Bir PEC düzleminin

üzerindeki kiral cismin görüntüsünün aynı elektrik ve manyetik geçirgenliğe

sahip kiral bir cisim olduğu doğrulanmıştır. Bununla birlikte, kiral cismin

görüntüsünün kiralitesi, orijinal cismin kiralitesinin eksi işaretlisidir.

Hesaplanan sayısal sonuçlar, saçılan alanları ve silindir üzerindeki eşdeğer

yüzey akımlarını içermektedir. Kiralitenin saçılan alanlar üzerindeki etkisini

incelemek için çeşitli parametrik analizler yapılmıştır. Ayrıca, önerilen

formülasyonun bazı avantajları ve dezavantajları ve bunların çözümleri kısaca
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tartışılmıştır.
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In this dissertation, a simple, accurate, and efficient solution is presented for

the problem of scattering from a chiral cylinder of arbitrary cross-section above a

ground plane. Both TM and TE excitations are considered. In theory, scattering

from an object above a perfectly conducting (PEC) plane can be found in principle

if the image of this object through the PEC is known. Hence, using image theory,

the problem of scattering from a cylinder above a PEC plane is reduced to two

chiral cylinders in free-space. The surface equivalence principle is used to obtain

three different equivalent problems for this two-cylinder problem. Then, the

method of moments is used to solve these equivalent problems numerically. The

moment matrix for this two-cylinder problem is unnecessarily large.

It is known that the image of a chiral body through a ground plane is another

chiral body with the same permittivity and permeability but opposite chirality.

Using this property, the two-body problem in the image method may be reduced

to a one-body problem with a complicated moment matrix. This procedure is

named the Enhanced Moment Matrix.

To verify the property of the image of a chiral body, first, three canonical

problems are solved exactly using analytical techniques. It is verified that the

image of a chiral body above a PEC plane is a chiral body with the same

permittivity and permeability. However, the real chiral admittance of the image

body is negative of the chiral admittance of the original body.

Computed numerical results include scattered fields and equivalent surface

currents on the cylinder. Various parametric analyses are conducted to study

the effect of chirality admittance on the scattered fields. Furthermore, some

advantages and drawbacks for the proposed formulation and their solutions are

briefly discussed.
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Chapter 1

Introduction

1.1 The Purpose

The main purpose of this work is to solve the problem of electromagnetic

scattering from a two dimensional (2-D) homogeneous chiral cylinder of arbitrary

cross-section above an infinite perfect electric conducting (PEC) plane. The

scattering behavior of a chiral cylinder above a PEC plane can be very different

than the scattering behavior in free-space. Therefore, a detailed numerical study

is required in order to understand the electromagnetic (EM) waves interaction

with such materials. In this work, first, using image theory, the original problem

is reduced to two chiral cylinders in free-space. The method of moments (MoM)

is used to solve this equivalent problem numerically. It is known that the image

of a chiral body through a ground plane is another chiral body with the same

permittivity and permeability but opposite chirality. Using this property, the

two-body problem in the method of images method may be reduced to a one-

body problem with a complicated moment matrix. This procedure is named

as Enhanced Moment Matrix. Both TM and TE plane wave excitations are

considered. Computed numerical results include scattered fields and equivalent

surface currents on the cylinder. The results obtained by the enhanced moment

matrix procedure are in excellent agreement with those obtained by the method
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of images.

To verify the property of the image of a chiral body, first, three canonical

problems are solved exactly using analytical techniques, and for the sake of

completeness, a brief summary of plane waves in an unbounded chiral medium is

also given.

1.2 The Motivation

The term chiral is derived from the Greek word cheir meaning “hand” and

chirality refers to handedness. Chirality or handedness is an in-ability of an

object into alignment with its mirror images through rotation and/or translation.

From atoms to human beings, chirality can be found across a variety of organic

or biological substances. Golf clubs, helices, and gloves are examples of man-

made chiral objects while butterfly wings, snails, proteins, and amino acids are

natural chiral bodies. Chirality provides an extra degree of freedom. The positive

chirality (γ > 0) specifies right-handedness while the negative chirality (γ < 0)

defines left-handedness. When chirality is zero (γ = 0), the medium is simply

dielectric or achiral.

In a chiral medium, the uniform plane wave cannot be linearly or elliptically

polarized. It has to be circularly polarized. Within a chiral medium, this

circularly polarized wave is divided into two waves of opposite handedness.

These waves have different wave numbers, unequal phase velocity, and different

attenuation rates. Outside the body, these waves combine to form a linearly

polarized wave. In other words, the fields scattered by a chiral body have coupled

TM and TE components.

Electromagnetic scattering by different materials such as conductors,

dielectrics, chiral, and open cavities have been addressed by many researchers

in the applied mathematical and engineering communities. Knowledge about the

fields scattered by a chiral material in the far-field region is important for many
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applications in the defense and industrial sectors. Chiral materials have been

studied extensively over the last couple of decades and are still being analyzed in

different scenarios due to their attractive properties. Over the last half-century,

chiral media have been extensively investigated by many researchers. However,

the problem of scattering from a chiral cylinder of arbitrary cross-section above a

perfectly conducting ground plane has not been solved. In order to further study

on chiral materials and their applications, it is important to study the work done

by other researchers. Given below is a brief summary of the previous studies.

The optical activity was first observed during the early studies of propagation

of light through optically active bodies [1] in 18th century. The optical activity

phenomenon in quartz plates was discovered by Biot [2–5]. He demonstrated that

the optical activity depends on the thickness of the quartz plates and it can be

removed by combining two plates of the same thickness but opposite handedness.

From Biot’s experiments, Pateur [6] concluded that the atoms are arranged in

an asymmetrical order in the chiral medium. In other words, it is related to an

unbalance of the right- and left-handed molecules in the medium. This is where

the electromagnetic chirality saga begins.

Wave interaction with chiral objects was studied for the first time by Karl F.

Lindman in 1920−22 and Pickering in 1945. Lindman used helices to demonstrate

the phenomenon of optical activity in the microwave (1-3 GHz) regime. Through

his experiment, he concluded that the angle of rotation of a wave depends upon

the number of helices within a medium, and the optical activity can be made

absent by using an equal number of opposite handedness helices [7, 8]. Lindman

compared his results with an existing optical model, and his work is summarized

in [9]. Later, his work was experimentally proved by Winkler [10], and Tinoco

and Freeman [11].

In the second half of the 19th century, Drude established the constitutive

relations for chiral objects [12]. However, the modern history of electromagnetic

chirality dates to 1979, when Jaggard presented a macroscopic model of

helices-loaded material and proposed theory to describe the chemistry between

electromagnetic waves and chiral structures [13]. The next study on chirality
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appeared in 1982 by Engheta and Mickelson [14], where they considered transition

radiation from a chiral plate. In 1986, Silverman studied scattering from

chiral/achiral interfaces [15]. From 1986 to 1990, Lakhtakia worked on scattering

from chiral and achiral interfaces in [16–18]. The same authors also studied

scattering by mirror-conjugated chiral interface and scattering by a periodic

chiral/achiral interface in [19, 20]. Similarly, scattering from chiral slabs and

infinitely backed chiral materials have also been presented in [21–26]. These

studies helped in demonstrating scattering from flat surfaces, but the practical

problems are more complex which demanded further investigations.

Objects of cylindrical and spherical shapes are encountered frequently in EM

problems, which led to Bohren’s research on problems involving scattering from

homogeneous spheres [27], spherical shells [28], and cylinders [29]. He solved these

problems using eigenfunction solutions. Varadan investigated the eigenmodes of

a chiral coated conducting sphere in order to explore the practical aspects of

chiral media [30]. In a similar study, Latktakia et al. demonstrated a microwave

resonator by studying a chiral filled conducting sphere [31]. Varadan and other

researchers presented different techniques to construct an artificial chiral object

[32–37]. Kluskens and Newman [38,39] extended Bohren’s work, and presented a

method of moments solution of problems involving single layer and multilayer

chiral cylinders using volume equivalence principle. Engheta and Jaggard

presented constitutive relations for different models of chiral media [40,41]. They

studied reflection, transmission, and refraction of an electromagnetic wave from

finite and infinite chiral mediums. In-addition, radiation problems from a point

and distributed sources in an infinite chiral medium were also investigated [42,43].

Alkanhal [44] presented the method of moment solution for a chiral cylinder using

the surface equivalence principle. The scattering behavior of a chiral coated

conducting cylinder is studied by Buber et al [45]. A method of moment solution

of 3-dimensional chiral body of arbitrary cross-section is solved by Worasawate

[46], and Yuceer [47] used the same method to study scattering by a chiral body

of revolution.

Achiral bodies above a ground plane are investigated by many researchers.

Valle [48] and Madrazo [49] used the extinction theorem to find electromagnetic
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scattering from a conducting cylinder above a PEC plane. A conducting body of

an arbitrary cross-section above a conducting half-plane, excited by TM or TE

wave is extensively studied [50–53].

Chao [54] solved a dielectric sphere above a perfectly conducting plane using

Boundary Integral Equation (BIE) with modified Greens functions. Gorden and

Ngo [55] solved a cylinder above a lossy half-space. They investigated a quartz

fiber on an aluminum substrate and results were verified with the experimental

results. In a similar study, Borghi [56] used a cylindrical wave approach to solve

a conducting cylinder above a half-space. Wang [57] and Lee [58,59] used hybrid

techniques to solve cylindrical objects above a conducting surface. In [60], Kizilay

presented a decomposition method solution of a conducting body above an infinite

periodic surface. Most recently, Cengiz [61, 62] presented a method of moment

solution for a dielectric body above a perfectly conducting plane and a perfectly

conducting body above a lossy half-space using the perturbation method.

The above-mentioned studies gave an insight into the scattering behavior of

conducting and dielectric materials above a ground plane. The reason behind

studying chiral material case separately is that the scattering behavior of chiral

objects cannot be predicted by the simple theory as one can predict for conducting

and/or dielectric materials.

The plane wave scattering from a 2D and 3D chiral object is solved by Alkanhal

[44] and Worasawate [46], respectively. They used surface equivalence principle

and method of moments. These studies show that this method can be used

effectively to solve a chiral body above a PEC plane. Therefore, in this work, we

will use the same procedure as discussed in the above two studies to solve the

problem of scattering from a chiral cylinder above a ground plane.

Despite the immense amount of research on chiral materials the case of a

chiral body of arbitrary cross-section above a perfectly conducting ground plane

has not been investigated, which is the proposed topic. This study is very

important for variety of applications in the semiconductor industry such as

contamination of particles on the surfaces of the optical systems [63, 64], design
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of optical launchers for the plasma waves [65, 66], analysis of optical microscopy

procedures [67–69], solar light and/or photodetectors in photo-voltics [70–74],

electromagnetic interference [75, 76], and chemical sensing [77]. This study also

has vast applications in monitoring mirror contamination in the optical systems,

which not only degrades the systems’ performance but also causes local heating.

Therefore, it is reasonable to study chiral material placed near the ground plane

and observe the behavior of different quantities such as the induced surface

currents on the cylinder and the resulting scattered fields.

1.3 The Solution Method

In this dissertation, the formulation is based on the surface equivalence

principle [78, Chapter 2]. In the surface equivalence principle, the region of

interest is replaced by a surface with some appropriate equivalent surface currents

placed on the boundary of the region. These equivalent surface currents radiate

in an unbounded medium with the material parameters of the region of interest.

By satisfying the continuity of the tangential components of the fields, a set of

coupled integral equations is obtained. Then using MoM, these integral equations

are transformed into a matrix equation. The right-hand side of this matrix

equation contains the incident field and the column vector of the unknowns

determines the equivalent surface currents. Once the currents are known, then

the other parameters like bi-static radar cross-section, near-fields, and currents

on the cylinder can be found easily.

1.4 The Structure of the Dissertation

In Chapter 2, image theory for chiral materials is developed. Unlike conductors

and dielectrics, the image of the chiral material is not the same as the original [79].

Therefore, it is presented that the image of a chiral body above a PEC plane is

a chiral body with the same permittivity (ε) and permeability (µ). However, the
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real chiral admittance (γ) of the image body is negative of the chiral admittance of

the original body. This is verified by using three simple examples. These examples

are first solved exactly by finding the reflected and/or transmitted fields using

analytical techniques. Then the image theory is used to remove the PEC and

again the reflected and/or transmitted fields are found exactly using analytical

techniques. The source in these examples is an infinite surface current sheet

parallel to the ground plane.

In Chapter 3, image theory developed in the previous chapter is used to solve

the problem of scattering from a chiral cylinder of arbitrary cross-section above

a ground plane numerically by using two different procedures, i.e.

1. Method of Images

2. Enhanced Moment Matrix Method

In the method of images, the image theory is used and the original problem is

reduced to a two-cylinder problem in free-space. In other words, it is a two-

body problem with two external sources. However, the resulting moment matrix

is unnecessarily large. Therefore, the properties of the image body and the

image source are used to reduce the size of the moment matrix. Using image

theory, the two-body problem in the image method may be reduced to a one-

body problem with a complicated moment matrix. This procedure is named the

Enhanced Moment Matrix. A general MoM solution method is also explained in

this chapter.

In Chapter 4, the numerical results obtained from the formulation discussed

in Chapter 3 are presented. The computed results are presented for the cylinder

of different cross-sections, material parameters, the polarization of the incident

waves, and incident angles. The computed results include currents on the cylinder

and the scattered field in the near- and far-regions.

Chapter 4 contains a brief summary of this work.

7



Chapter 2

Image of Chiral Material

In this chapter, the image theory for a chiral material is presented. Three

examples are solved exactly. These examples have two purposes. First, they are

applications of the theory of plane waves given in Appendix A. The reflection

and the transmission of plane waves at interfaces involving chiral and non-chiral

materials are introduced. The second and the more important purpose is to verify

that the image of a lossless chiral body has a real chirality equal to the negative

of the chirality of the original chiral body.

In [79], it is proven, by using the volume equivalence principle, that the image

of a chiral body above a PEC plane is a chiral body with the same permittivity

(ε) and permeability (µ). However, the real chiral admittance (γ2) of the image

body is negative of the chiral admittance (γ1) of the original body. The purpose

here is to verify this, by solving three canonical problems. These problems are

solved exactly by analytical means. In other words, these problems are first

solved exactly by finding the reflected and/or transmitted fields using analytical

techniques. Then the image theory is used to remove the PEC and again the

reflected and/or transmitted fields are found exactly using analytical techniques.

The source in these examples is an infinite surface current sheet parallel to the

ground plane.
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The first problem is shown in Fig. 2.1. Here, the infinite electric current sheet

J1 is at z = −d and is inside a chiral half-space (z < 0). The currents sheet is

radiating in a chiral half-space bounded by a PEC plane. The PEC occupies the

z = 0 plane. The chiral material has parameters (ε, µ, γ1). It is shown that this

problem is equivalent to the one shown in Fig. 2.2 for z ≤ 0 when γ2 is equal to

−γ1, and J2 (at z = +d) is negative of J1.

Figure 2.1: An infinite current sheet (in a chiral half-space) parallel to a PEC

plane.

Figure 2.2: The field for z ≤ 0 here are equal to the field in Fig. 2.1 when γ2 and

J2 are properly chosen.

The second problem shown in Fig. 2.3 includes a grounded chiral slab of
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thickness t. The source in this problem is the current sheet J1 and is placed in

a regular dielectric (ε, µ) outside the chiral slab. It is shown that this problem is

equivalent to the one shown in Fig. 2.4 (for z ≤ 0) if γ2 is −γ1 and J2 is −J1.

Figure 2.3: Grounded chiral slab excited by a current sheet J1.

Figure 2.4: The field for z ≤ 0 here are equal to the field in Fig. 2.3 when γ2 and

J2 are properly chosen.

In the third problem shown in Fig. 2.5 the chiral slab is not grounded. The

chiral slab is placed between the source J1 and the PEC plane. It is shown that

this problem is equivalent to the one in Fig. 2.6 if γ2 is −γ1 and J2 is −J1.
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Figure 2.5: A chiral slab parallel to a PEC plane and excited by a current sheet

J1.

Figure 2.6: The field for z ≤ 0 here are equal to the field in Fig. 2.5 when γ2 and

J2 are properly chosen.

The above three problems are solved exactly. Before solving these problems,

a brief summary of results for plane waves in an unbounded chiral medium are

given in Appendix A. For details and much more the reader is referred to elegant

papers [80–82].
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2.1 Example-1

2.1.1 The Original Problem

In this section, the problem shown in Fig. 2.1 is considered. Here, a current

sheet carrying a surface current J1 is placed in a chiral medium at a distance d

away from a PEC plane. The chiral medium, region z < 0, is characterized by

(ε, µ, γ1) where ε is permittivity, µ is permeability, and γ1 is chiral admittance of

the medium. If the surface current J1 is defined as

J1 = −4J0x̂ (2.1)

Then the incident field produced by this current for region z < −d is given by

Ei−(J1) = ηc1J0

{
(x̂+ jŷ)ejh1(z+d) + (x̂− jŷ)ejh2(z+d)

}
(2.2)

Hi−(J1) = J0

{
(−ŷ + jx̂)ejh1(z+d) + (−ŷ − jx̂)ejh2(z+d)

}
(2.3)

Where,

h1 = ωµγ1 +
√
k2 + (ωµγ1)2 (2.4)

h2 = −ωµγ1 +
√
k2 + (ωµγ1)2 (2.5)

ηc1 =
η√

1 + (ηγ1)2
(2.6)

The superscript i− represents the incident field traveling in −z direction.

Similarly, the incident field produced by J1 for region z > −d can be written

as follows.

Ei+(J1) = ηc1J0

{
(x̂− jŷ)e−jh1(z+d) + (x̂+ jŷ)e−jh2(z+d)

}
(2.7)

Hi+(J1) = J0

{
(ŷ + jx̂)e−jh1(z+d) + (ŷ − jx̂)e−jh2(z+d)

}
(2.8)

Note that,

Ei+(J1) = Ei−(J1) at z = −d, (2.9)
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and

ẑ × [Hi+(J1)−Hi−(J1)] = J1 at z = −d. (2.10)

The reflected field can be written as follow.

Er
PEC(J1) = ηc1J0

{
a(x̂+ jŷ)ejh1z + b(x̂− jŷ)ejh2z

}
(2.11)

Hr
PEC(J1) = J0

{
a(−ŷ + jx̂)ejh1z + b(−ŷ − jx̂)ejh2z

}
. (2.12)

Here, a and b are constants to be determined, and the superscript r represents

reflected field. The argument J1 is used in (2.11) and (2.12) to remind us that

these fields are reflections of the incident fields produced by J1. The subscript

PEC is used to remind us that the field is being reflected from the PEC plane.

The total electric field (the sum of (2.7) and (2.11)) must be zero at z = 0.

This gives

a = −e−jh2d , b = −e−jh1d (2.13)

Thus, the reflected field is given by

Er
PEC(J1) = ηc1J0

{
− e−jh2d(x̂+ jŷ)ejh1z − e−jh1d(x̂− jŷ)ejh2z

}
(2.14)

and

Hr
PEC(J1) = J0

{
− e−jh2d(−ŷ + jx̂)ejh1z − e−jh1d(−ŷ − jx̂)ejh2z

}
. (2.15)

The induced surface current on the conductor is given by

Jind = −ẑ ×HT
∣∣∣
z=0

(2.16)

where, HT is total magnetic field. Using (2.8) and (2.15) Jind is found to be

Jind = 2J0

{
x̂
[
e−jh1d + e−jh2d

]
− jŷ

[
e−jh1d − e−jh2d

]}
. (2.17)

Note that the reflected field given by (2.14) and (2.15) is the same as the field

produced by Jind in an unbounded chiral medium (ε, µ, γ1).
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2.1.2 The Equivalent Image Problem

To use image theory, the ground plane in Fig. 2.1 is removed and the half-

space z > 0 is filled with an “image” material (ε, µ, γ2) and an image source

J2 = −J1 is placed at z = +d. The resulting problem is shown in Fig. 2.2. The

incident field produced by the image current J2 in the region z < d is given by

Eii
ch2

(J2) = ηc2J0

{
(−x̂− jŷ)ejh3(z−d) + (−x̂+ jŷ)ejh4(z−d)

}
(2.18)

Hii
ch2

(J2) = J0

{
(ŷ − jx̂)ejh3(z−d) + (ŷ + jx̂)ejh4(z−d)

}
(2.19)

The superscript ii represents the incident field produced by the image source

J2. Here, h3 and h4 are the right- and left-handed wave numbers, and ηc2 is the

wave impedance for the chiral material (ε, µ, γ2) given by

h3 = ωµγ2 +
√
k2 + (ωµγ2)2 (2.20)

h4 = −ωµγ2 +
√
k2 + (ωµγ2)2 (2.21)

ηc2 =
η√

1 + (ηγ2)2
(2.22)

In Fig. 2.2, Er
ch1

(J1) and Et
ch2

(J1) represent the fields reflected and transmitted

at the interface at z = 0. This interface is between two chiral half-spaces (ε, µ, γ1)

and (ε, µ, γ2). The subscript ch1 is used to remind us that the field exists in region

ch1 while the subscript ch2 is used to remind us that the field exists in region

ch2. The source of these waves are assumed to be J1. Similarly, Eir
ch2

(J2) and

Eit
ch1

(J2) represent the fields reflected and transmitted at the interface at z = 0.

The source of these waves are assumed to be the image source J2. The image

problem in Fig. 2.2 will be correct only if the reflected field Er
PEC(J1) in Fig.

2.1 is equal to the sum of the reflected field Er
ch1

(J1) and the transmitted field

Eit
ch1

(J2) in Fig. 2.2. If γ2 is chosen to be the same as γ1, then obviously the

two reflected fields will be zero and h1 will be equal to h3 and h2 will be equal to

h4. Then it is easy to see that the transmitted field (Eit
ch1

(J2),H
it
ch1

(J2)) (which

is identical to (Eii
ch2

(J2),H
ii
ch2

(J2)) given by ((2.18) and (2.19)) in Fig. 2.2 is not
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the same as the field (Er
PEC(J1),H

r
PEC(J1)) (given by (2.11) and (2.12)) in Fig.

2.1. Therefore, the image of a chiral material can not be itself.

Assuming γ2 6= γ1, the fields in Fig. 2.2 can be found as follows. Let

Eir
ch2

(J2) = ηc2J0

{
a1(−x̂+ jŷ)e−jh3z + a2(−x̂− jŷ)e−jh4z

}
(2.23)

Hir
ch2

(J2) = J0

{
a1(−ŷ − jx̂)e−jh3z + a2(−ŷ + jx̂)e−jh4z

}
(2.24)

Eit
ch1

(J2) = ηc1J0

{
a3(−x̂− jŷ)ejh1z + a4(−x̂+ jŷ)ejh2z

}
(2.25)

Hit
ch1

(J2) = J0

{
a3(ŷ − jx̂)ejh1z + a4(ŷ + jx̂)ejh2z

}
(2.26)

Ei+
ch1

(J1) = ηc1J0

{
(x̂− jŷ)e−jh1(z+d) + (x̂+ jŷ)e−jh2(z+d)

}
(2.27)

Hi+
ch1

(J1) = J0

{
(ŷ + jx̂)e−jh1(z+d) + (ŷ − jx̂)e−jh2(z+d)

}
(2.28)

Er
ch1

(J1) = ηc1J0

{
a5(x̂+ jŷ)ejh1z + a6(x̂− jŷ)ejh2z

}
(2.29)

Hr
ch1

(J1) = J0

{
a5(−ŷ + jx̂)ejh1z + a6(−ŷ − jx̂)ejh2z

}
(2.30)

Et
ch2

(J1) = ηc2J0

{
a7(x̂− jŷ)e−jh3z + a8(x̂+ jŷ)e−jh4z

}
(2.31)

Ht
ch2

(J1) = J0

{
a7(ŷ + jx̂)e−jh3z + a8(ŷ − jx̂)e−jh4z

}
(2.32)

Where a1 - a8 are unknown constants to be found. By satisfying the boundary

conditions at the interface z = 0, one can show that

a1 =
(ηc1 − ηc2)
(ηc1 + ηc2)

e−jh4d , a2 =
(ηc1 − ηc2)
(ηc1 + ηc2)

e−jh3d ,

15



a3 =
2ηc2

(ηc1 + ηc2)
e−jh3d , a4 =

2ηc2
(ηc1 + ηc2)

e−jh4d ,

a5 =
(ηc2 − ηc1)
(ηc1 + ηc2)

e−jh2d , a6 =
(ηc2 − ηc1)
(ηc1 + ηc2)

e−jh1d ,

a7 =
2ηc1

(ηc1 + ηc2)
e−jh1d , a8 =

2ηc1
(ηc1 + ηc2)

e−jh2d .

A simpler problem of a plane wave incident on achiral/chiral interface has been

solved in detail by many researchers [15–21,23–26,35,83]. The above eight results

agree with those in the literature for the special case of normal incidence on such

an interface.

Note that the wave impedance of a chiral medium does not change when its

chiral admittance changes sign. Therefore, if γ2 = −γ1 then ηc2 = ηc1 and the

reflection coefficients a1, a2, a5, and a6 are zero. Remember that this was the case

when γ2 = γ1 as well. Now however, h3 will be equal to h2 and h4 will be equal

to h1. Then it is easy to see that the field (Eit
ch1

(J2),H
it
ch1

(J2)) (given by (2.25)

and (2.26)) in Fig. 2.2, is the same as the field (Er
PEC(J1),H

r
PEC(J1)) (given

by (2.11) and (2.12)) in Fig. 2.1. Therefore, it is proved that the correct image

material in Fig. 2.2 has the parameters (ε, µ,−γ1).

2.1.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various parts

of the problems, we have computed the fields for a special case of J0 = 1(A/m),

εr = 2, µr = 1, γ1 = 0.005, d = 1 meter, and f = 300 MHz. The computed results

are shown in Figs. 2.7 - 2.14. Figure 2.7 shows the real part of x-component of

the total electric field. There are three curves in this figure. It is seen that when

γ2 = −γ1, the fields of the image problem are the same as the fields in the original

problem. Where as, these two fields are not the same when γ2 = γ1. Note that
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total Ey is not zero at z = 0 interface, when γ2 6= −γ1. This is clear from Figs. 2.9

and 2.10. The other six figures (2.7, 2.8, 2.11 - 2.14) also support the conclusion

that the image chiral material must have γ2 = −γ1.
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Figure 2.7: Real component of total Ex in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.
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Figure 2.8: Imaginary component of total Ex in Fig. 2.1 and Fig. 2.2 for a

chiral-PEC interface problem.
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Figure 2.9: Real component of total Ey in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.
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Figure 2.10: Imaginary component of total Ey in Fig. 2.1 and Fig. 2.2 for a

chiral-PEC interface problem.
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Figure 2.11: Real component of total Hx in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.
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Figure 2.12: Imaginary component of total Hx in Fig. 2.1 and Fig. 2.2 for a

chiral-PEC interface problem.
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Figure 2.13: Real component of total Hy in Fig. 2.1 and Fig. 2.2 for a chiral-PEC

interface problem.
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Figure 2.14: Imaginary component of total Hy in Fig. 2.1 and Fig. 2.2 for a

chiral-PEC interface problem.

One can show that if γ2 = ±γ1 = 0, then the chiral material behaves as a

regular dielectric material and it is well known that the image of a dielectric

body is itself.
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2.2 Example-2

2.2.1 The Original Problem

In this section, a grounded chiral slab of finite thickness t is considered. The

chiral slab is characterized by (ε1, µ1, γ1). The ambient medium is assumed to be

a dielectric with material parameters (ε, µ). A current sheet carrying a surface

current J1 is placed in the dielectric at a distance d away from a PEC plane. This

original problem is shown in Fig. 2.3.

The surface current J1 is given by;

J1 = −2J0x̂ (2.33)

The incident field produced by this surface current J1 in the region z < −d can

be written as;

Ei−(J1) = x̂ηJ0e
jk(z+d) (2.34)

Hi−(J1) = −ŷJ0ejk(z+d) (2.35)

where the superscripts i− represents that the field is traveling in −z direction.

The incident field produced by the surface current J1 for region z > −d are as

follows;

Ei+(J1) = x̂ηJ0e
−jk(z+d) (2.36)

Hi+(J1) = ŷJ0e
−jk(z+d) (2.37)

η =

√
µ

ε
, k = w

√
µε . (2.38)

Where k and η are the wavenumber and impedance of the dielectric, and the

superscript i+ represents the incident field is traveling in the +z direction in the

dielectric. In the region z < −t, there may be a reflected field traveling in −z
direction given by;
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Er(J1) = ηJ0

{
x̂b1 + ŷb2

}
ejkz (2.39)

Hr(J1) = J0

{
− ŷb1 + x̂b2

}
ejkz (2.40)

Where b1 and b2 are unknown constants. In the chiral medium (−t < z < 0),

there will be a +z traveling transmitted wave (Et,Ht) and a −z traveling reflected

wave (Er
PEC ,H

r
PEC) given by

Et(J1) = ηc1J0

{
b3(x̂− jŷ)e−jh1z + b4(x̂+ jŷ)e−jh2z

}
(2.41)

Ht(J1) = J0

{
b3(ŷ + jx̂)e−jh1z + b4(ŷ − jx̂)e−jh2z

}
(2.42)

Er
PEC(J1) = ηc1J0

{
b5(x̂+ jŷ)ejh1z + b6(x̂− jŷ)ejh2z

}
(2.43)

Hr
PEC(J1) = J0

{
b5(−ŷ + jx̂)ejh1z + b6(−ŷ − jx̂)ejh2z

}
. (2.44)

Where b3− b6 are also unknown constants to be found. To find these constant

(b1 − b6) the following boundary conditions are used.

1. Er
PEC + Et = 0 at z = 0,

2. Ei+ + Er = Et + Er
PEC at z = −t,

3. Hi+ + Hr = Ht + Hr
PEC at z = −t.

Then the unknown coefficients can be found as follows.



b1

b2

b3

b4

b5

b6


= Q−1



ηe−jk(d−t)

0

0

e−jk(d−t)

0

0


(2.45)
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Where the matrix Q is given by Eqn. (2.46).

Q =


−ηe−jkt 0 ηc1e

jh1t ηc1e
jh2t ηc1e

−jh1t ηc1e
−jh2t

0 −ηe−jkt −jηc1ejh1t jηc1e
jh2t jηc1e

−jh1t −jηc1e−jh2t
0 −e−jkt jejh1t −jejh2t je−jh1t −je−jh2t

e−jkt 0 ejh1t ejh2t −e−jh1t −e−jh2t
0 0 1 1 1 1
0 0 −1 1 1 −1

 (2.46)

The coefficients (b1 − b6) are as follows.

b1 =
{
e−jk(d−t) − b3

[
ejh1t + e−jh2t

]
− b4

[
ejh2t + e−jh1t

]}
ejkt

b2 =
jηc1e

jkt

η

{
b3
[
e−jh2t − ejh1t

]
+ b4

[
ejh2t − e−jh1t

]}

b3 =
ηe−jk(d−t)

e−jh2t(η − ηc1) + ejh1t(η + ηc1)

b4 =
ηe−jk(d−t)

e−jh1t(η − ηc1) + ejh2t(η + ηc1)

b5 = −b4 , b6 = −b3 .

2.2.2 The Equivalent Image Problem

In this problem, the ground plane is removed, and an image source J2 = −J1

is placed at z = d and an image chiral slab with parameters (ε1, µ1, γ2) is placed

between z = 0 and z = t as shown in Fig. 2.4. Our purpose here is to show that

when γ2 = −γ1, the total fields in the region z < 0 in Fig. 2.3 are identical to

those in Fig. 2.4 in the same region.

23



There are four distinct regions in Fig. 2.4. The dielectric region z < −t is

named as d1, while the dielectric region z > t is denoted by d2. Similarly, the

chiral region −t < z < 0 is named as ch1, while the chiral region 0 < z < t is

denoted by ch2.

The fields in Fig. 2.4 are produced by J1 and J2. Using the superposition

principle, they can be computed separately. The fields produced by J2 are shown

in the upper half of Fig. 2.4, and the fields produced by J1 are shown in the lower

half of Fig. 2.4.

The incident field produced by J2 in region d2 is given by.

Eii
d2

(J2) = −x̂ηJ0e−jk(d−z) (2.47)

Hii
d2

(J2) = ŷJ0e
−jk(d−z) (2.48)

The superscript ii represents the incident field, and the subscript d2 is used to

remind us that the field exists in region d2. Part of this incident field is reflected

at z = t and can be written as follows.

Eir
d2

(J2) =
{
− x̂b′1 + ŷb

′

2

}
ηJ0e

−jkz (2.49)

Hir
d2

(J2) =
{
− ŷb′1 − x̂b

′

2

}
J0e
−jkz (2.50)

The other part is transmitted through the interface at z = t and is given by;

Eit
ch2

(J2) = ηc2J0

{
b
′

3(−x̂− jŷ)ejh3z + b
′

4(−x̂+ jŷ)ejh4z
}

(2.51)

Hit
ch2

(J2) = J0

{
b
′

3(ŷ − jx̂)ejh3z + b
′

4(ŷ + jx̂)ejh4z
}

(2.52)

where b
′
1− b

′
4 are constants to be found. The superscripts ir and it represent the

reflected and the transmitted fields at z = t interface respectively.

There will also be reflected and transmitted fields at z = 0 interface (between

two chiral media). These fields can be written as;

Eir
ch2

(J2) = ηc2J0

{
b
′

5(−x̂+ jŷ)e−jh3z + b
′

6(−x̂− jŷ)e−jh4z
}

(2.53)
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Hir
ch2

(J2) = J0

{
b
′

5(−ŷ − jx̂)e−jh3z + b
′

6(−ŷ + jx̂)e−jh4z
}

(2.54)

Eit
ch1

(J2) = ηc1J0

{
b
′

7(−x̂− jŷ)ejh1z + b
′

8(−x̂+ jŷ)ejh2z
}

(2.55)

Hit
ch1

(J2) = J0

{
b
′

7(ŷ − jx̂)ejh1z + b
′

8(ŷ + jx̂)ejh2z
}

(2.56)

There will also be reflected and transmitted fields at z = −t interface. These

fields can be written as follows.

Eir
ch1

(J2) = ηc1J0

{
b
′

9(−x̂+ jŷ)e−jh1z + b
′

10(−x̂− jŷ)e−jh2z
}

(2.57)

Hir
ch1

(J2) = J0

{
b
′

9(−ŷ − jx̂)e−jh1z + b
′

10(−ŷ + jx̂)e−jh2z
}

(2.58)

Eit
d1

(J2) = ηJ0

{
− x̂b′11 + ŷb

′

12

}
ejkz (2.59)

Hit
d1

(J2) = J0

{
ŷb
′

11 + x̂b
′

12

}
ejkz (2.60)

where b
′
5− b

′
12 are also unknown constants. The above twelve unknown constants

are determined by satisfying the boundary conditions at the interfaces at z =

−t, z = 0, and z = t. The unknown coefficients are as follows.

b
′

1 =
ejkt

(η + ηc2)

{
(ηc2 − η)e−jk(d−t) + 2ηc2b

′

5e
−jh3t + 2ηc2b

′

6e
−jh4t

}

b
′

2 =
ejkt

(ηc2 − η)

{
2jηc2b

′

3e
jh3t − 2jηc2b

′

4e
jh4t
}

b
′

3 =
1

(ηc1 + ηc2)

{
b
′

6(ηc1 − ηc2) + 2ηc1b
′

7

}

b
′

4 =
1

(ηc1 + ηc2)

{
b
′

5(ηc1 − ηc2) + 2ηc1b
′

8

}
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b
′

5 =
1

(ηc1 + ηc2)

{
b
′

4(ηc1 − ηc2) + 2ηc1b
′

9

}

b
′

6 =
1

(ηc1 + ηc2)

{
b
′

3(ηc1 − ηc2) + 2ηc1b
′

10

}

b
′

7 =
−jejh1t

4ηc1

{
j(ηc1 + η)b

′

11e
−jkt + (ηc1 + η)b

′

12e
−jkt
}

b
′

8 =
−jejh2t

4ηc1

{
j(ηc1 + η)b

′

11e
−jkt + (ηc1 + η)b

′

12e
−jkt
}

b
′

9 =
−je−jh1t

4ηc1

{
j(η − ηc1)b

′

11e
−jkt + (η − ηc1)b

′

12e
−jkt
}

b
′

10 =
−je−jh2t

4ηc1

{
j(η − ηc1)b

′

11e
−jkt + (η − ηc1)b

′

12e
−jkt
}

b
′

11 =
{

2ηe2jkte−jkd
[
ηc2e

jh1tejh3t + ηc2e
jh2tejh4t

]}
×
{

2ηηc1 − η2 − η2c2 + η2S + η2c1S + 2ηηc2S
}−1

b
′

12 =
{

2jηe2jkte−jkd
[
jηc2e

jh1tejh3t − jηc2ejh2tejh4t
]}

×
{

2jηηc1 − jη2 − jη2c2 + jη2S + jη2c1S + 2jηηc2S
}−1

where S = ejh1tejh2tejh3tejh4t.

Similarly, the fields due to surface current J1 can be written in the four regions.

In region d1, the following fields exist.

Ei+
d1

(J1) = x̂ηJ0e
−jk(z+d) (2.61)

Hi+
d1

(J1) = ŷJ0e
−jk(z+d) (2.62)
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Er
d1

(J1) =
{
x̂b
′′

1 + ŷb
′′

2

}
ηJ0e

jkz (2.63)

Hr
d1

(J1) =
{
− ŷb′′1 + x̂b

′′

2

}
J0e

jkz (2.64)

In region ch1, the fields due to J1 are written as follows.

Et
ch1

(J1) = ηc1J0

{
b
′′

3(x̂− jŷ)e−jh1z + b
′′

4(x̂+ jŷ)e−jh2z
}

(2.65)

Ht
ch1

(J1) = J0

{
b
′′

3(ŷ + jx̂)e−jh1z + b
′′

4(ŷ − jx̂)e−jh2z
}

(2.66)

Er
ch1

(J1) = ηc1J0

{
b
′′

5(x̂+ jŷ)ejh1z + b
′′

6(x̂− jŷ)ejh2z
}

(2.67)

Hr
ch1

(J1) = J0

{
b
′′

5(−ŷ + jx̂)ejh1z + b
′′

6(−ŷ − jx̂)ejh2z
}

(2.68)

Similarly, the fields in region ch2 are as follows.

Et
ch2

(J1) = ηc2J0

{
b
′′

7(x̂− jŷ)e−jh3z + b
′′

8(x̂+ jŷ)e−jh4z
}

(2.69)

Ht
ch2

(J1) = J0

{
b
′′

7(ŷ + jx̂)e−jh3z + b
′′

8(ŷ − jx̂)e−jh4z
}

(2.70)

Er
ch2

(J1) = ηc2J0

{
b
′′

9(x̂+ jŷ)ejh3z + b
′′

10(x̂− jŷ)ejh4z
}

(2.71)

Hr
ch2

(J1) = J0

{
b
′′

9(−ŷ + jx̂)ejh3z + b
′′

10(−ŷ − jx̂)ejh4z
}

(2.72)

Finally, the field in region d2 due to J1 can be written as follows.

Et
d2

(J1) = ηJ0

{
x̂b
′′

11 + ŷb
′′

12

}
e−jkz (2.73)

Ht
d2

(J1) = J0

{
ŷb
′′

11 − x̂b
′′

12

}
e−jkz (2.74)

The twelve unknown constants b
′′
1 − b

′′
12 are computed by satisfying the boundary

conditions at the three interfaces (z = −t, z = 0, z = t). The unknown coefficients

are as follows.
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b
′′

1 =
ejkt

(η + ηc1)

{
(η − ηc1)e−jk(d−t) − 2ηc1b

′′

5e
−jh1t − 2ηc1b

′′

6e
−jh2t

}

b
′′

2 =
ejkt

(ηc1 − η)

{
2jηc1b

′′

4e
jh2t − 2jηc1b

′′

3e
jh1t
}

b
′′

3 =
1

2ηc1

{
b
′′

10(ηc2 − ηc1) + 2(ηc1 + ηc2)b
′′

7

}

b
′′

4 =
1

2ηc1

{
b
′′

9(ηc2 − ηc1) + 2(ηc1 + ηc2)b
′′

8

}

b
′′

5 =
1

2ηc1

{
b
′′

8(ηc2 − ηc1) + 2(ηc1 + ηc2)b
′′

9

}

b
′′

6 =
1

2ηc1

{
b
′′

7(ηc2 − ηc1) + 2(ηc1 + ηc2)b
′′

10

}

b
′′

7 =
−jejh3t

4ηc2

{
j(ηc2 + η)b

′′

11e
−jkt + (ηc2 − η)b

′′

12e
−jkt
}

b
′′

8 =
−jejh4t

4ηc2

{
j(ηc2 + η)b

′′

11e
−jkt + (ηc2 + η)b

′′

12e
−jkt
}

b
′′

9 =
−je−jh3t

4ηc2

{
j(η − ηc2)b

′′

11e
−jkt + (η − ηc2)b

′′

12e
−jkt
}

b
′′

10 =
−je−jh4t

4ηc2

{
j(η − ηc2)b

′′

11e
−jkt + (η − ηc2)b

′′

12e
−jkt
}

b
′′

11 =
{

2ηe2jkte−jkd
[
ηc1e

jh1tejh3t + ηc1e
jh2tejh4t

]}
×
{

2ηηc2 − η2 − η2c1 + η2S + η2c2S + 2ηηc1S
}−1
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b
′′

12 =
{

2jηe2jkte−jkd
[
jηc1e

jh1tejh3t − jηc1ejh2tejh4t
]}

×
{

2jηηc2 − jη2 − jη2c1 + jη2S + jη2c2S + 2jηηc1S
}−1

where S = ejh1tejh2tejh3tejh4t.

2.2.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various

parts of the problems, we have computed the fields for a special case of J0 = 1

(A/m), εr = 2, µr = 1, γ1 = 0.005, d = 1 m, t = 0.1 m and f = 300 MHz. The

computed results are shown in Figs. 2.15 - 2.22. Figure 2.15 shows the real part

of x-component of the total electric field. There are three curves in this figure. It

is seen that when γ2 = −γ1, the fields of the image problem are the same as the

fields in the original problem. Where as, these two fields are not the same when

γ2 = γ1 at z = 0 and z = −t interfaces. Note that total Ey is not zero at z = 0

interface, when γ2 6= −γ1. This is clear from Figs. 2.17 and 2.18. The other six

figures (2.15, 2.16, 2.19 - 2.22) also support the conclusion that the image chiral

material must have γ2 = −γ1.
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Figure 2.15: Real component of total Ex in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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Figure 2.16: Imaginary component of total Ex in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.
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Figure 2.17: Real component of total Ey in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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Figure 2.18: Imaginary component of total Ey in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.
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Figure 2.19: Real component of total Hx in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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Figure 2.20: Imaginary component of total Hx in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.
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Figure 2.21: Real component of total Hy in Fig. 2.3 and Fig. 2.4 for a grounded

chiral slab problem.
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Figure 2.22: Imaginary component of total Hy in Fig. 2.3 and Fig. 2.4 for a

grounded chiral slab problem.

2.3 Example-3

2.3.1 The Original Problem

In this section, a chiral slab of finite thickness t, confined between two dielectric

mediums, is considered. For simplicity, the ambient mediums have the same

material parameters (ε, µ). The chiral slab is characterized by (ε1, µ1, γ1), and

occupies the region −z2 < z < −z1, away from the PEC plane. A current sheet

carrying a surface current J1 is placed in the dielectric at a distance d away

from the PEC interface. This original problem is shown in Fig. 2.5. Among the

three canonical problems considered here, this problem is approximately more

representative of the problem considered in Chapter 3.

The surface current J1 is defined as;

J1 = −2J0x̂ (2.75)
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The incident field produced by this surface current J1 in the region z < −d can

be written as;

Ei−(J1) = x̂ηJ0e
jk(z+d) (2.76)

Hi−(J1) = −ŷJ0ejk(z+d) (2.77)

where the superscripts i− represents that the field traveling in −z direction.

The incident field produced by this surface current for region z > −d are as

follows;

Ei+(J1) = x̂ηJ0e
−jk(z+d) (2.78)

Hi+(J1) = ŷJ0e
−jk(z+d) (2.79)

The superscript i+ represents the incident field is traveling in the +z direction

in the dielectric. In the region z < −z2, there may be a reflected field traveling

in −z direction given by

Er(J1) = ηJ0

{
x̂f1 + ŷf2

}
ejkz (2.80)

Hr(J1) = J0

{
− ŷf1 + x̂f2

}
ejkz (2.81)

Where f1 − f2 are unknown constants. In the chiral medium (−z2 < z < −z1),
there will be a +z travelling transmitted wave (E1t,H1t) and a −z traveling

reflected wave (E1r,H1r) given by

E1t(J1) = ηc1J0

{
f3(x̂− jŷ)e−jh1z + f4(x̂+ jŷ)e−jh2z

}
(2.82)

H1t(J1) = J0

{
f3(ŷ + jx̂)e−jh1z + f4(ŷ − jx̂)e−jh2z

}
(2.83)

E1r(J1) = ηc1J0

{
f5(x̂+ jŷ)ejh1z + f6(x̂− jŷ)ejh2z

}
(2.84)

H1r(J1) = J0

{
f5(−ŷ + jx̂)ejh1z + f6(−ŷ − jx̂)ejh2z

}
(2.85)

Where f3 − f6 are unknown constants. In the dielectric medium (−z1 < z <

0), there will be a +z travelling transmitted wave (Et,Ht) and a −z traveling

reflected wave (Er
PEC ,H

r
PEC) given by
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Et(J1) = ηJ0

{
x̂f7 + ŷf8

}
e−jkz (2.86)

Ht(J1) = J0

{
ŷf7 − x̂f8

}
e−jkz (2.87)

Er
PEC(J1) = ηJ0

{
x̂f9 + ŷf10

}
ejkz (2.88)

Hr
PEC(J1) = J0

{
− ŷf9 + x̂f10

}
ejkz (2.89)

Where f7−f10 are also unknown constants to be found. To find these ten unknown

constants (f1 − f10), appropriate boundary conditions are satisfied at the z =

−z2, z = −z1, and z = 0 interfaces. The unknown coefficients are as follows.

f1 =
ejkz2

(η + ηc1)

{
(ηc1 − η)e−jk(d−z2) + 2ηc1f5e

−jh1z2 + 2ηc1f6e
−jh2z2

}

f2 =
ejkz2

(ηc1 + η)

{
2jηc1f5e

−jh1z2 − 2jηc1f6e
−jh2z2

}

f3 =
−je−jh1z1

4ηc1

{
j(ηc1+η)f7e

jkz1−j(η−ηc1)f7e−jkz1−(ηc1+η)f8e
jkz1+(η−ηc1)f8e−jkz1

}

f4 =
−je−jh2z1

4ηc1

{
j(ηc1+η)f7e

jkz1−j(η−ηc1)f7e−jkz1+(ηc1+η)f8e
jkz1−(η−ηc1)f8e−jkz1

}

f5 =
−jejh1z1

4ηc1

{
j(η−ηc1)f7ejkz1−j(η+ηc1)f7e

−jkz1+(η−ηc1)f8ejkz1−(η+ηc1)f8e
−jkz1

}

f6 =
−jejh2z1

4ηc1

{
j(η−ηc1)f7ejkz1−j(η+ηc1)f7e

−jkz1+(ηc1−η)f8e
jkz1+(η+ηc1)f8e

−jkz1
}
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f7 =
{

2ηejkz1e−jk(d−z2)
[
ηc1e

jh1z2ejh2z1 + ηc1e
jh2z2ejh1z1

]}
×
{

(η2c1 − η
2)ejh1z2ejh2z2 + (η2 − η2c1)e

jh1z1ejh2z1

− (η2c1 + η2)ejh1z1ejh2z1e2jkz1 + (η2c1 + η2)ejh1z2ejh2z2e2jkz1

+ 2ηηc1
[
ejh1z1ejh2z1e2jkz1 + ejh1z2ejh2z2e2jkz1

]}−1

f8 =
{

2jηejkz1e−jk(d−z2)
[
jηc1e

jh1z2ejh2z1 − jηc1ejh2z2ejh1z1
]}

×
{
j(η2c1 − η

2)ejh1z2ejh2z2 + j(η2 − η2c1)e
jh1z1ejh2z1

− j(η2c1 + η2)ejh1z1ejh2z1e2jkz1 + j(η2c1 + η2)ejh1z2ejh2z2e2jkz1

+ 2jηηc1
[
ejh1z1ejh2z1e2jkz1 + ejh1z2ejh2z2e2jkz1

]}−1
f9 = −f7 , f10 = −f8 .

2.3.2 The Equivalent Image Problem

In this problem, the ground plane is removed, and an image source J2 = −J1

is placed at z = d and an image chiral slab with parameters (ε1, µ1, γ2) is placed

between z = z1 and z = z2 as shown in Fig. 2.6. Our purpose here is to show

that when γ2 = −γ1, the total fields in the region z < 0 in Fig. 2.5 are identical

to those in Fig. 2.6 in the same region.

There are six distinct regions in Fig. 2.6. The dielectric regions (−d < z <

−z2 and −z1 < z < 0) (right to the z = 0 interface) are named as d1 and d2

respectively, while the dielectric regions (0 < z < z1 and z2 < z < d) (left to the

z = 0 interface) are denoted by d3 and d4 respectively. Similarly, the chiral region

−z2 < z < −z1 is named as ch1, while the chiral region z1 < z < z2 is denoted

by ch2.

The fields in Fig. 2.6 are produced by J1 and J2. Using the superposition

principle, they can be computed separately. The fields produced by J2 are shown
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in the upper half of Fig. 2.6, and the fields produced by J1 are shown in the lower

half of Fig. 2.6.

The incident field produced by J2 in region d4 is given by

Eii
d4

(J2) = −x̂ηJ0ejk(z−d) (2.90)

Hii
d4

(J2) = ŷJ0e
jk(z−d) (2.91)

The superscript ii represents the incident field, and the subscript d4 is used to

remind us that the field exists in region d4. Part of this incident field is reflected

at z = z2 and can be written as follows.

Eir
d4

(J2) = ηJ0

{
− x̂f ′1 + ŷf

′

2

}
e−jkz (2.92)

Hir
d4

(J2) = J0

{
− ŷf ′1 − x̂f

′

2

}
e−jkz (2.93)

The other part is transmitted through the interface at z = z2 and is given by;

Eit
ch2

(J2) = ηc2J0

{
f
′

3(−x̂− jŷ)ejh3z + f
′

4(−x̂+ jŷ)ejh4z
}

(2.94)

Hit
ch2

(J2) = J0

{
f
′

3(ŷ − jx̂)ejh3z + f
′

4(ŷ + jx̂)ejh4z
}

(2.95)

where f
′
1 − f

′
4 are constants to be found. There will also be reflected and

transmitted fields at z = z1 interface. These fields can be written as

Eir
ch2

(J2) = ηc2J0

{
f
′

5(−x̂+ jŷ)e−jh3z + f
′

6(−x̂− jŷ)e−jh4z
}

(2.96)

Hir
ch2

(J2) = J0

{
f
′

5(−ŷ − jx̂)e−jh3z + f
′

6(−ŷ + jx̂)e−jh4z
}

(2.97)

Eit
d3

(J2) = ηJ0

{
− x̂f ′7 + ŷf

′

8

}
ejkz (2.98)

Hit
d3

(J2) = J0

{
ŷf
′

7 + x̂f
′

8

}
ejkz (2.99)

There will also be reflected and transmitted fields at z = 0 interface. These fields

can be written as follows.

Eir
d3

(J2) = ηJ0

{
− x̂f ′9 + ŷf

′

10

}
e−jkz (2.100)
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Hir
d3

(J2) = J0

{
− ŷf ′9 − x̂f

′

10

}
e−jkz (2.101)

Eit
d2

(J2) = ηJ0

{
− x̂f ′11 + ŷf

′

12

}
ejkz (2.102)

Hit
d2

(J2) = J0

{
ŷf
′

11 + x̂f
′

12

}
ejkz (2.103)

There will also be reflected and transmitted fields at z = −z1 interface. These

fields can be written as

Eir
d2

(J2) = ηJ0

{
− x̂f ′13 + ŷf

′

14

}
e−jkz (2.104)

Hir
d2

(J2) = J0

{
− ŷf ′13 − x̂f

′

14

}
e−jkz (2.105)

Eit
ch1

(J2) = ηc1J0

{
f
′

15(−x̂− jŷ)ejh1z + f
′

16(−x̂+ jŷ)ejh2z
}

(2.106)

Hit
ch1

(J2) = J0

{
f
′

15(ŷ − jx̂)ejh1z + f
′

16(ŷ + jx̂)ejh2z
}

(2.107)

The fields transmitted to and reflected by the interface z = −z2 are given by

Eir
ch1

(J2) = ηc1J0

{
f
′

17(−x̂+ jŷ)e−jh1z + f
′

18(−x̂− jŷ)e−jh2z
}

(2.108)

Hir
ch1

(J2) = J0

{
f
′

17(−ŷ − jx̂)e−jh1z + f
′

18(−ŷ + jx̂)e−jh2z
}

(2.109)

Eit
d1

(J2) = ηJ0

{
− x̂f ′19 + ŷf

′

20

}
ejkz (2.110)

Hit
d1

(J2) = J0

{
ŷf
′

19 + x̂f
′

20

}
ejkz (2.111)

where f
′
5 − f

′
20 are unknown constants. To find these twenty unknown constants

(f
′
5 − f

′
20), appropriate boundary conditions are satisfied at the five interfaces

(z = −z2, z = −z1, z = 0, z = z1, z = z2). Since there are many unknowns, the

coefficients are computed numerically using MATLAB ® [84].
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Similarly, the fields due to surface current J1 can be written in the six region.

In region d1, the following fields exist.

Ei+
d1

(J1) = x̂ηJ0e
−jk(z+d) (2.112)

Hi+
d1

(J1) = ŷJ0e
−jk(z+d) (2.113)

Er
d1

(J1) = ηJ0

{
x̂f
′′

1 + ŷf
′′

2

}
ejkz (2.114)

Hr
d1

(J1) = J0

{
− ŷf ′′1 + x̂f

′′

2

}
ejkz (2.115)

In region ch1, the fields due to J1 are written as follows.

Et
ch1

(J1) = ηc2J0

{
f
′′

3 (x̂− jŷ)e−jh1z + f
′′

4 (x̂+ jŷ)e−jh2z
}

(2.116)

Ht
ch1

(J1) = J0

{
f
′′

3 (ŷ + jx̂)e−jh1z + f
′′

4 (ŷ − jx̂)e−jh2z
}

(2.117)

Er
ch1

(J1) = ηc2J0

{
f
′′

5 (x̂+ jŷ)ejh1z + f
′′

6 (x̂− jŷ)ejh2z
}

(2.118)

Hr
ch1

(J1) = J0

{
f
′′

5 (−ŷ + jx̂)ejh1z + f
′′

6 (−ŷ − jx̂)ejh2z
}

(2.119)

Similarly, the fields in region d2 are as follows.

Et
d2

(J1) = ηJ0

{
x̂f
′′

7 + ŷf
′′

8

}
e−jkz (2.120)

Ht
d2

(J1) = J0

{
ŷf
′′

7 − x̂f
′′

8

}
e−jkz (2.121)

Er
d2

(J1) = ηJ0

{
x̂f
′′

9 + ŷf
′′

10

}
ejkz (2.122)

Hr
d2

(J1) = J0

{
− ŷf ′′9 + x̂f

′′

10

}
ejkz (2.123)

The reflected and the transmitted fields in region d3 are given by

Et
d3

(J1) = ηJ0

{
x̂f
′′

11 + ŷf
′′

12

}
e−jkz (2.124)
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Ht
d3

(J1) = J0

{
ŷf
′′

11 − x̂f
′′

12

}
e−jkz (2.125)

Er
d3

(J1) = ηJ0

{
x̂f
′′

13 + ŷf
′′

14

}
ejkz (2.126)

Hr
d3

(J1) = J0

{
− ŷf ′′13 + x̂f

′′

14

}
ejkz (2.127)

Similarly, the fields in region ch2 are as follows.

Et
ch2

(J1) = ηc1J0

{
f
′′

15(x̂− jŷ)e−jh3z + f
′′

16(x̂+ jŷ)e−jh4z
}

(2.128)

Ht
ch2

(J1) = J0

{
f
′′

15(ŷ + jx̂)e−jh3z + f
′′

16(ŷ − jx̂)e−jh4z
}

(2.129)

Er
ch2

(J1) = ηc1J0

{
f
′′

17(x̂+ jŷ)ejh3z + f
′′

18(x̂− jŷ)ejh4z
}

(2.130)

Hr
ch2

(J1) = J0

{
f
′′

17(−ŷ + jx̂)ejh3z + f
′′

18(−ŷ − jx̂)ejh4z
}

(2.131)

Finally, the field in region d4 due to J1 can be written as follows.

Et
d4

(J1) = ηJ0

{
x̂f
′′

19 + ŷf
′′

20

}
e−jkz (2.132)

Ht
d4

(J1) = J0

{
ŷf
′′

19 − x̂f
′′

20

}
e−jkz (2.133)

The twenty unknown constants f
′′
1 − f

′′
20 are computed by satisfying the

boundary conditions at the five interfaces (z = −z2, z = −z1, z = 0, z = z1, z =

z2). The coefficients are computed numerically using MATLAB ®.

2.3.3 Fields Computation

To demonstrate the behavior of the electric and magnetic fields in various

parts of the problem, we have computed the fields for a special case of J0 = 1

(A/m), εr = 2, µr = 1, γ1 = 0.005, d = 1 m, t = 0.1 m and f = 300 MHz. The

computed results are shown in Figs. 2.23 - 2.30. Figure 2.23 shows the real part
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of x-component of the total electric field. There are three curves in this figure. It

is seen that when γ2 = −γ1, the fields of the image problem are the same as the

fields in the original problem. Where as, these two fields are not the same when

γ2 = γ1 at z = 0, z = −z1 and z = −z2 interfaces. Note that total Ey is not

zero at z = 0 interface, when γ2 6= −γ1. This is clear from Figs. 2.25 and 2.26.

The other six figures (2.23, 2.24, 2.27− 2.30) also support the conclusion that the

image chiral material must have γ2 = −γ1.
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Figure 2.23: Real component of total Ex in Fig. 2.5 and Fig. 2.6 for a chiral slab

parallel to a PEC plane problem.

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0

Distance (z) [m]

-800

-600

-400

-200

0

200

400

Im
a

g
[E

T
x
]

Original Problem

Fig.2.6 (
2
 = -

1
 )

Fig.2.6 (
2
 = 

1
 )

Figure 2.24: Imaginary component of total Ex in Fig. 2.5 and Fig. 2.6 for a

chiral slab parallel to a PEC plane problem.
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Figure 2.25: Real component of total Ey in Fig. 2.5 and Fig. 2.6 for a chiral slab

parallel to a PEC plane problem.
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Figure 2.26: Imaginary component of total Ey in Fig. 2.5 and Fig. 2.6 for a chiral

slab parallel to a PEC plane problem.
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Figure 2.27: Real component of total Hx in Fig. 2.5 and Fig. 2.6 for a chiral slab

parallel to a PEC plane problem.
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Figure 2.28: Imaginary component of total Hx in Fig. 2.5 and Fig. 2.6 for a

chiral slab parallel to a PEC plane problem.
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Figure 2.29: Real component of total Hy in Fig. 2.5 and Fig. 2.6 for a chiral slab

parallel to a PEC plane problem.
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Figure 2.30: Imaginary component of total Hy in Fig. 2.5 and Fig. 2.6 for a

chiral slab parallel to a PEC plane problem.
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2.4 Summary

It is verified that the image of a chiral material through an infinite Perfect

Electric Conductor (PEC) is another chiral material with the same permittivity

and permeability but opposite chirality. This is done by solving three problems

exactly. The source in these problems is an infinite electric current sheet parallel

to the ground plane. In the first example, the current sheet is inside a chiral

half-space. In the second example, the current sheet is outside a grounded chiral

slab. In the third example, the slab is also away from the ground plane. A brief

summary of plane waves in an unbounded chiral medium and the plane waves

produced by an infinite electric current sheet is given in Appendix A.
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Chapter 3

Electromagnetic Scattering from

Chiral Cylinders of Arbitrary

Cross-Sections above a Ground

Plane

The main purpose of this work is to solve the problem of electromagnetic

scattering from a two dimensional (2-D) homogeneous chiral cylinder of arbitrary

cross-section above an infinite perfect electric conductor (PEC) plane. This

problem is shown in Fig. 3.1. Here, a chiral cylinder of arbitrary cross-section S1

is placed above an infinite PEC plane and is illuminated by a known incident plane

wave. The purpose is to find the total field at any point above the plane. This

problem is solved by first using the image theory to obtain two chiral cylinders

in free-space. Then, the surface equivalence principle is used to obtain a set

of coupled integral equations for the unknown equivalent surface currents on

these two cylinders. Then, the Method of Moments (MoM) is used to solve these

integral equations numerically. The moment matrix for this two-cylinder problem

is unnecessarily large. The properties of the image body and the image source

are used to reduce the size of the moment matrix. This matrix is named the

Enhanced Moment Matrix.
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Figure 3.1: The original problem: A chiral cylinder above a ground plane
illuminated by a plane wave.

The chiral cylinder in Fig. 3.1 is characterized by (ε1, µ1, γ1), where ε1 is the

permittivity of the body, µ1 is the permeability, and γ1 is the chiral admittance.

It is placed above a PEC plane at y = 0, and is illuminated by an incident plane

wave (Einc
R ,Hinc

R ). The subscript R is used to show that this incident plane wave

is due to a real impressed source. This incident wave is either a TM or a TE

wave with an angle of incidence φi. The cylinder is surrounded by free-space

(ε0, µ0). The surfaces of the ground plane and cylinder are denoted by Sc and

S1, respectively. The purpose is to find the total fields (E0,H0) external to the

cylinder, and (E1,H1) internal to the cylinder.

Next, a detailed description of each method is presented.

3.1 Method of Images

3.1.1 The Original Problem

Consider the problem of electromagnetic scattering from two cylinders

illuminated by two different plane waves as shown in Fig. 3.2. The cylinders

may have different cross-sections S1 and S2, and different material parameters

(ε, µ, γ).
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Figure 3.2: Scattering from two arbitrarily shaped chiral cylinders with different
parameters excited by two different incident waves.

It is shown in [79] that the problem of Fig. 3.2 would be electromagnetically

equivalent to the problem in Fig. 3.1 (for y ≥ 0), if:

1. S2 is the mirror image of S1,

2. tangential component of Einc
I is negative of the tangential component of

Einc
R at y = 0,

3. ε2 = ε1, µ2 = µ1, and

4. γ2 = −γ1.

In this “electromagnetic image problem”, the PEC plane of Fig. 3.1 is replaced

by an image cylinder characterized by (ε1, µ1,−γ1) and an image plane wave

(Einc
I ,Hinc

I ). The subscript I is used to show that this incident plane wave is due

to an image impressed source.

In this section, we will present the procedure to solve the two-cylinder problem

shown in Fig. 3.2, where the cylinders are assumed to be arbitrary. We will use

the surface equivalence principle to obtain some coupled integral equations for

unknown equivalent surface electric and magnetic currents. We will then solve

these integral equations numerically by using MoM. We will also present some

results. All computed results are given for the cases where the first three of the
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above four conditions are satisfied. However, in some cases, γ2 is assumed to be

equal to γ1, and in some special cases, γ2 is taken to be −γ1.

3.1.2 Surface Integral Formulation

The equivalence principle allows for the decomposition of the multi-region

problem into simpler one-region problems. Each of these one-region problems

is simpler than the original. In other words, in the equivalence principle, our

goal is often to remove some object(s) in a problem space to make the region

homogeneous by adding the “equivalent” sources on a boundary that divides the

solution space.

This two-body problem is solved by using the surface equivalence principle and

the method of moments. Here, the surface equivalence principle is used to obtain

three equivalent problems for three different regions of Fig. 3.2.

3.1.2.1 External Equivalence

Figure 3.3 shows an equivalent problem for the problem of Fig. 3.2 external

to the surfaces S1 and S2. Here, the whole space is characterized by (ε0, µ0). The

two incident plane waves of Fig. 3.2 are also kept in Fig. 3.3. The total fields

inside the fictitious surfaces S1 and S2 of Fig. 3.3 are assumed to be zero. The

total fields at any point outside these surfaces are assumed to be the same as the

total field (E0,H0) at the same point of Fig. 3.2. To support the discontinuities

of the fields at the surface S1, equivalent electric and magnetic surface currents

(J1,M1) are placed on this surface. Similarly, equivalent electric and magnetic

surface currents (J2,M2) are placed on the surface S2. When the fields radiated

by these four surface currents are added to the incident fields in Fig. 3.3, the

result is equal to (E0,H0) at any point external to S1 and S2 of Fig. 3.2. However,

at any point inside these two surfaces, the sum is equal to zero. In other words,
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Figure 3.3: External equivalence for the problem of Fig. 3.2.

E0
tan(J1,M1) + E0

tan(J2,M2) = −
[
Einc
R + Einc

I

]
tan

on S−1 (3.1)

E0
tan(J1,M1) + E0

tan(J2,M2) = −
[
Einc
R + Einc

I

]
tan

on S−2 (3.2)

Here, the subscript tan denotes the tangential component and the superscirpt “0”

denotes that surface currents are radiating in an unbounded external medium

(ε0, µ0). S−1 and S−2 refer to the surface just inside S1 and S2, respectively.

Obviously, similar equations apply for the tangential component of the magnetic

field.

3.1.2.2 Internal Equivalence-1

Figure 3.4 shows an equivalent problem for the problem of Fig. 3.2 internal

to the surface S1. Here, the whole space is characterized by (ε1, µ1, γ1). The

two incident plane waves of Fig. 3.2 are absent here in Fig. 3.4. The total

fields outside the fictitious surface S1 of Fig. 3.4 are assumed to be zero. The

total fields at any point inside S1 are assumed to be the same as the total fields

(E1,H1) at the same point of Fig. 3.2. To support the discontinuities of the fields

at the surface S1, equivalent electric and magnetic surface currents (−J1,−M1)

are placed on this surface. The fields radiated by these two currents (in the

unbounded medium (ε1, µ1, γ1)) are the same as (E1,H1) at any point inside S1

50



Figure 3.4: Internal equivalence for the real body.

of Fig. 3.2. However, at any point outside S1, the fields radiated by these surface

currents are zero. In other words,

E1
tan(J1,M1) = 0 on S+

1 (3.3)

where, the superscirpt “1” denotes that surface currents are radiating in an

unbounded medium characterized by (ε1, µ1, γ1), and S+
1 refers to the surface just

outside S1 . Obviously, a similar equation applies for the tangential components

of the magnetic field.

3.1.2.3 Internal Equivalence-2

Figure 3.5 shows an equivalent problem for the problem of Fig. 3.2 internal

to the surface S2. Here, the whole space is characterized by (ε2, µ2, γ2). The

two incident plane waves of Fig. 3.2 are absent here in Fig. 3.5. The total

fields outside the fictitious surface S2 of Fig. 3.5 are assumed to be zero. The

total fields at any point inside S2 are assumed to be the same as the total fields

(E2,H2) at the same point of Fig. 3.2. To support the discontinuities of the fields

at the surface S2, equivalent electric and magnetic surface currents (−J2,−M2)

Figure 3.5: Internal equivalence for the image body.
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are placed on this surface. The fields radiated by these two currents are the same

as (E2,H2) at any point inside S2. However, at any point outside S2, the fields

radiated by these surface currents are zero. In other words,

E2
tan(J2,M2) = 0 on S+

2 (3.4)

where, the superscript “2” denotes that surface currents are radiating in an

unbounded medium characterized by (ε2, µ2, γ2), and S+
2 refers to the surface just

outside S2. Obviously, a similar equation applies for the tangential components

of the magnetic field.

3.1.3 Application of the Moment Matrix

The Moment Method is used to find the approximate solution to the proposed

problem. Equations (3.1 − 3.4) represent four coupled integral equations for

the four unknown currents (J1,M1,J2,M2). These equations are called EFIE

(Electric Field Integral Equations). They are solved here numerically using the

method of moments. There are five steps involved in the Moment Method.

In the first step, the region bounded by the surface is discretized by N linear

segments. Then, on each discretized segment, the unknowns are expressed in

terms of suitable expansion functions. In the third step, the fields produced by the

expansion functions are tested by the weighting functions. The testing procedure

produces N linear equations for N unknown expansion functions. Using these

linear equations, a moment matrix is constructed in the fourth step. The final

step involves the computation of the unknown expansion coefficients. Once, the

expansion coefficients are determined, then the other quantities of interest such as

equivalent surface currents on the body, scattered fields in the near- and far-field

regions can easily be computed.

3.1.3.1 Discretization

First the cross-sections S1 and S2 are each approximated by N linear segments

as shown in Fig. 3.6. (At this point number of sections on S1 and S2 do not have
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to be the same. However, later we will specialize S2 to be the mirror image of

S1. Then, the number of segments on S2 must be the same as those on S1). The

number or the lengths of the segments are chosen by the wavelength (λ) in the

medium. While discretizing the surface, the lengths of the segments are chosen

in a manner that there must be a physical similarity to the shape of the object.

For instance, a discretized circle should appear round.

Figure 3.6: Surface S discretized into N linear segments.

3.1.3.2 Expansion Functions

In this step, the unknown surface currents are approximated by known

expansion functions on the discrete segments of the surface S. On each segment,

there are four unknown currents: the z− and the lateral component of the electric

current, and the z− and the lateral component of the magnetic current. In this

work, pulses are used as expansion functions. In other words, we let

J1 = ẑ
N∑
n=1

anP
1
n +

N∑
n=1

t̂1nbnP
1
n (3.5)

53



M1 = ẑ
N∑
n=1

cnP
1
n +

N∑
n=1

t̂1ndnP
1
n (3.6)

J2 = ẑ

2N∑
n=N+1

enP
2
n +

2N∑
n=N+1

t̂2nfnP
2
n (3.7)

M2 = ẑ
2N∑

n=N+1

gnP
2
n +

2N∑
n=N+1

t̂2nhnP
2
n (3.8)

Here, a− h are the unknown expansion coefficients. ẑ denotes the unit vector in

the longitudinal direction, and t̂1n (t̂2n) represents the unit vector tangent to the

nth segment (counter-clockwise in the lateral direction) on surface S1 (S2), and

P 1
n (P 2

n) is the unit pulse function defined on nth segment of S1 (S2).

For instance, an is the unknown expansion coefficient for the pulse current

that exists on the nth segment of the surface S1. This is a constant, z-directed,

electric current of density 1 (A/m). The pulse function is illustrated in Fig. 3.7.

Figure 3.7: The pulse function.

Similarly, bn is the unknown expansion coefficient that exists on the nth segment

of the surface S1 due to a constant, circumferential-directed, electric current of

density 1 (A/m). The charge associated with the lateral current of the mth

segment is approximated by two displaced pulses as shown in Fig. 3.8 [85–87].

These charge pulses are shifted by a half segment with respect to the current

pulses. The nth expansion function associated with the longitudinal and lateral

directed magnetic currents on S1 are cn and dn, respectively.
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Figure 3.8: The charge associated with the pulse currents on the nth segment.

3.1.3.3 Testing Functions and the Moment Matrix

To find the above 8N unknown expansion coefficients, (3.5−3.8) are inserted in

the integral equation (3.1− 3.4) and by using an approximate Galerkin’s method

as in [44], the matrix equation (3.9) is obtained. The 8N×8N matrix on the left-

hand side of (3.9) is known as the Moment Matrix. Each element of this moment

matrix is a N × N sub-matrix. The first letter in the name of the sub-matrices

in (3.9) denotes the component of the field. The second letter denotes the source

of the field, while the subscript of the second letter denotes the component of the

source current. The third number (1 or 2) represents the body where the field

is computed. The fourth number (1 or 2) represents the body where the source

current resides. Finally, the last number denotes the unbounded medium (0, 1,

or 2) in which the source radiates. For instance, an element in the mth row and

the nth column of the sub-matrix ZJZ110 is the z-component of the electric field

on the mth segment of S1, produced by JZ on the nth segment of S1, when this
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JZ radiates in the unbounded medium (ε0, µ0).

ZJZ110 ZJL110 ZMZ110 ZML110 ZJZ120 ZJL120 ZMZ120 ZML120

LJZ110 LJL110 LMZ110 LML110 LJZ120 LJL120 LMZ120 LML120

ZJZ210 ZJL210 ZMZ210 ZML210 ZJZ220 ZJL220 ZMZ220 ZML220

LJZ210 LJL210 LMZ210 LML210 LJZ220 LJL220 LMZ220 LML220

ZJZ111 ZJL111 ZMZ111 ZML111 0 0 0 0

LJZ111 LJL111 LMZ111 LML111 0 0 0 0

0 0 0 0 ZJZ222 ZJL222 ZMZ222 ZML222

0 0 0 0 LJZ222 LJL222 LMZ222 LML222




a

b

c

d

e

f

g

h


=



−Zinc1

−Linc1

−Zinc2

−Linc2

0

0

0

0


(3.9)

Similarly, an element in the mth row and the nth column of the sub-matrix

LJL110 is the lateral component of the electric field on the mth segment of S1,

produced by JL on the nth segment of S1, when this JL radiates in the unbounded

medium (ε0, µ0).

The sub-matrices ZJL110,ZMZ110,ZJL120,ZMZ120, ZJL210,ZMZ210,ZJL220,

and ZMZ220 are identically zero.

The sub-matrices in the 2nd row of (3.9) contain the lateral field on S1,

produced by different sources radiating in the unbounded medium (ε0, µ0).

Therefore, LJZ110,LML110, LJZ120, and LML120 are identically zero. Similarly,

the sub-matrices LJZ210,LML210,LJZ220, and LML220 are identically zero.

An element in the mth row and the nth column of the sub-matrix LML111 is

the lateral component of the electric field on the mth segment of S1, produced by
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ML on the nth segment of S1, when this ML radiates in the unbounded medium

(ε1, µ1, γ1).

The 8N×1 column matrix on the left-hand side of (3.9) contains the unknown

expansion coefficients. The N × 1 sub-matrices a and e contain the expansion

coefficients for JZ on S1 and S2, respectively. Similarly, b and f contain the

expansion coefficients for JL, and c and g contain the expansion coefficients for

MZ, and finally, d and h contain the expansion coefficients for ML.

The mth element of N × 1 sub-matrix −Zinc1 on the right-hand side of (3.9)

is equal to the negative of the z-component of the total incident electric field on

the mth segment of S1. Similarly, the sub-matrix −Zinc2 contains the negative

of the z-component of the total incident electric field on S2. The mth element

of the sub-matrices −Linc1 and −Linc2 represent the lateral component of the

total incident electric field on the mth segment of S1 and S2, respectively.

The computational details of each element of the moment matrix are given in

Appendix C.

3.1.3.4 Near Field Computation

Once (3.9) is solved for the unknown expansion coefficients, all four

components of the equivalent surface currents can be found using (3.5) - (3.8).

With these currents, the internal and external fields can be computed everywhere

using (B.35) and (B.36). Note that these field equations reduce to usual free-

space equations when the value of chiral admittance (γ) is set to zero. A detailed

description of two-dimensional fields in chiral media is presented in Appendix B.

57



3.1.3.5 Radar Cross-Section (RCS)

The scattered width at any point in space in cylindrical coordinates [88] can

be written as

σ(φ) = lim
ρ→∞

2πρ

∣∣∣∣∣ Es

Einc

∣∣∣∣∣
2

(3.10)

Where ρ is the distance from the origin of the surface S to the observation point

and φ is the angle of the observation point. In (3.10), the scattered and incident

fields are denoted by Es and Einc, respectively. In general, the surface currents

(J,M) have both z- and lateral components. Therefore, the scattered field must

have co- and cross-polarized components. The radar cross-section for the two

components can be written as follows.

σz(φ) =
k0
4

∣∣∣∣∣
N∑
n=1

ln1

(
an −

dn
η0
t̂1n·âφ

)
ejk0ρ

n1cos(φ−φn1 )

+
2N∑

n=N+1

ln2

(
en −

hn
η0
t̂2n·âφ

)
ejk0ρ

n2cos(φ−φn2 )

∣∣∣∣∣
2

(3.11)

σφ(φ) =
k0
4

∣∣∣∣∣
N∑
n=1

ln1

(cn
η0

+ bnt̂
1
n·âφ

)
ejk0ρ

n1cos(φ−φn1 )

+
2N∑

n=N+1

ln2

(gn
η0

+ fnt̂
2
n·âφ

)
ejk0ρ

n2cos(φ−φn2 )

∣∣∣∣∣
2

(3.12)

where, σ denotes the bistatic radar scattering width, ln1 (ln2) is the length of

the nth segment on S1 (S2), âφ is the unit vector in the φ-direction at the field

point, ρn1 (ρn2) and φn1 (φn2) are the cylindrical coordinates of the center of

the nth segment on S1 (S2), η0 is the free-space wave impedance, and k0 is the

free-space wavenumber.
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3.1.4 Numerical Results of Two Chiral Cylinders

Consider a system of two circular chiral cylinders as shown in Fig. 3.9. The

cylinders could have completely different cross-sections. However, in this section,

the cylinder in the lower half-space is deliberately chosen to be the mirror image

of the upper cylinder. The radius r of the cylinders is 0.5λ0, and the distance d

from the center of the cylinders to y = 0 plane is λ0. Where, λ0 is the free-space

wavelength and assumed to be 1 meter. Both cylinders have (εr = 4, µr = 1).

Three different values will be assumed for their chiral admittance γ:

(i). γ1 = γ2 = 0.0,

(ii). γ1 = γ2 = 0.0005, and

(iii). γ1 = −γ2 = 0.0005.

Figure 3.9: Two circular chiral cylinders illuminated by two plane waves.

The system is illuminated by two TM plane waves. Einc
R is equal to ẑ1 (V/m)

with incident angle φi = 90o and Einc
I is equal to -ẑ1 (V/m) with incident angle

φi = −90o . To use MoM, each cylinder is approximated by N = 90 segments.

Using MoM, we first computed the equivalent surface currents (which are not

shown here), and then we can find the fields produced by these currents at any

point.
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Figure 3.10 shows the magnitude of the total tangential electric field

(
√
|Ex|2 + |Ez|2) at y = 0 plane of the problem shown in Fig. 3.9. This field

is the sum of the two incident fields and the fields radiated by the equivalent

surface currents on both cylinders, when these currents radiate in the unbounded

medium (ε0, µ0), as suggested by Fig. 3.3. The results in Fig. 3.10 for the case

of γ = 0 are in an excellent agreement for those obtained by the methods used

in [89].

The red curve in Fig. 3.10 (for the case γ1 = γ2 = 0) shows that the total

tangential electric field is zero at y = 0 plane.
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Figure 3.10: Magnitude of the total tangential electric field at y = 0 plane of Fig.

3.9.

We also noticed that the currents (not shown here) in the lower cylinder are

the images of those on the upper cylinder. These results are expected and agree

very well with those presented in [89]. Therefore, it is verified that the image of

a dielectric cylinder above a PEC plane is the same dielectric cylinder.

The same results are observed for the dotted black curve in Fig. 3.10 (for the

case γ1 = −γ2 = 0.0005), and therefore we can conclude that the image of a

chiral cylinder through a PEC plane is another chiral cylinder with real chirality

equal to negative of chirality of the original cylinder.
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The blue curve in Fig. 3.10 (for the case γ1 = γ2 = 0.0005) shows that the

total tangential electric field is not zero at y = 0 plane. We also observed that

the currents (not shown here) on the lower cylinder are not the image of those

on the upper cylinder. Therefore, we conclude that the image of a chiral cylinder

through a PEC plane is not another chiral cylinder with the same chirality.

61



3.2 Enhanced Moment Matrix Method

As mentioned before, the moment matrix in (3.9) is unnecessarily large. When

correct image theory is used, the equivalent surface currents on the image cylinder

are the image of the equivalent currents on the real cylinder. Then, the number

of unknowns in (3.9) would reduce to 4N (from 8N).

To further demonstrate the relationship between the equivalent surface

currents on two chiral cylinders, we consider the simple problem shown in Fig.

3.11. Both cylinders have (εr = 4, µr = 1), and the side lengths (Lx and Ly) are

0.2λ0. These cylinders are placed at distance d = 0.5λ0 away from the y = 0 plane.

Here, the cylinders are the mirror image of each other and each is approximated

by N = 3 segments. (Segment-4 is the image of segment-1, segment-5 is the

image of segment-2, and segment-6 is the image of segment-3). The two incident

fields are also the image of each other.

Figure 3.11: Two triangular chiral cylinders illuminated by two plane waves.
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Currents
γ1 = γ2 = 0

Seg-1 (S1) Seg-4 (S2)
JZ 3.4401 - j0.2069 -3.4401 + j0.2069
JL 0 0
MZ 0 0
ML -0.3748 + j0.0208 -0.3748 + j0.0208

(a) Currents on segment-1 and segment-4

Currents
γ1 = γ2 = 0

Seg-2 (S1) Seg-5 (S2)
JZ -0.7328 - j0.1839 0.7328 + j0.1839
JL 0 0
MZ 0 0
ML -0.5655 - j1.3531 -0.5655 - j1.3531

(b) Currents on segment-2 and segment-5

Currents
γ1 = γ2 = 0

Seg-3 (S1) Seg-6 (S2)
JZ 0.5142 - j0.5561 -0.5142 + j0.5561
JL 0 0
MZ 0 0
ML -0.6372 - j1.3132 -0.6372 - j1.3132

(c) Currents on segment-3 and segment-6

Table 3.1: TM excitation, Dielectric Case

The computed results for the surface currents are shown in Table 3.1 for the

case of simple dielectric εr = 4, µr = 1, and γ1 = γ2 = 0. In this case, the

lower body is the correct image of the upper body. Hence, we expect that the

currents on the lower body should be the image of the currents on the upper

body. We see from Table 3.1 that JZ on an image segment is negative of JZ on

the corresponding original segment. That is, JZ4 = −JZ1 = −3.4401 + j0.2069,

JZ5 = −JZ2 = 0.7328 + j0.1839, and JZ6 = −JZ3 = −0.5142 + j0.5561. Therefore,

we can see that for the simple dielectric case the expected relationship

en+N = −an , (n = 1, · · · , N) (3.13)
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Currents
γ1 = −γ2 = 0.0005

Seg-1 (S1) Seg-4 (S2)
JZ 3.2520 - j0.2121 -3.2520 + j0.2121
JL 0.1305 + j0.1165 -0.1305 - j0.1165
MZ 0.0861 + j0.0139 0.0861 + j0.0139
ML -0.3235 + j0.0827 -0.3235 + j0.0827

(a) Currents on segment-1 and segment-4

Currents
γ1 = −γ2 = 0.0005

Seg-2 (S1) Seg-5 (S2)
JZ -0.8314 - j0.1334 0.8314 + j0.1334
JL -0.0490 + j0.0580 0.0490 - j0.0580
MZ 0.0040 + j0.0919 0.0040 + j0.0919
ML -0.4409 - j1.3418 -0.4409 - j1.3418

(b) Currents on segment-2 and segment-5

Currents
γ1 = −γ2 = 0.0005

Seg-3 (S1) Seg-6 (S2)
JZ 0.3985 - j0.4583 -0.3985 + j0.4583
JL 0.0554 + j0.0599 -0.0554 - j0.0599
MZ 0.0643 + j0.0799 0.0643 + j0.0799
ML -0.5091 - j1.3083 -0.5091 - j1.3083

(c) Currents on segment-3 and segment-6

Table 3.2: TM excitation, Chiral Case (Opposite Chiral Admittance)

is satisfied.

Note also that ML4 = ML1 = −0.3748 + j0.0208 in Table 3.1. According to

image theory, the actual ML current on segment-6 must be negative of the ML

current on segment-3. Since, the arrow on segment-6 is in opposite direction to the

arrow on segment-3, we see from Table 3.1 that ML6 = ML3 = −0.6372− j1.3132.

Similarly, we see that ML5 is the image of ML2. Therefore, we can see that for

the simple dielectric case the expected relationship

hn+N = dn , (n = 1, · · · , N) (3.14)
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Currents
γ1 = γ2 = 0.0005

Seg-1 (S1) Seg-4 (S2)
JZ 3.3523 - j0.1889 -3.3523 + j0.1889
JL -0.0863 - j0.1103 -0.0863 - j0.1103
MZ -0.0333 - j0.0031 0.0333 + j0.0031
ML -0.3448 + j0.0461 -0.3448 + j0.0461

(a) Currents on segment-1 and segment-4

Currents
γ1 = γ2 = 0.0005

Seg-2 (S1) Seg-5 (S2)
JZ -0.7711 - j0.1465 0.7711 + j0.1465
JL 0.0707 + j0.0506 0.0707 + j0.0506
MZ 0.0709 + j0.0410 -0.0709 - j0.0410
ML -0.5062 - j1.3663 -0.5062 - j1.3663

(b) Currents on segment-2 and segment-5

Currents
γ1 = γ2 = 0.0005

Seg-3 (S1) Seg-6 (S2)
JZ 0.4771 - j0.4932 -0.4771 + j0.4932
JL 0.0733 + j0.1874 0.0733 + j0.1874
MZ 0.1133 + j0.0516 -0.1133 - j0.0516
ML -0.5765 - j1.3319 -0.5765 - j1.3319

(c) Currents on segment-3 and segment-6

Table 3.3: TM excitation, Chiral Case (Same Chiral Admittance)

is satisfied.

The computed results for the surface currents are shown in Table 3.2 for the

case of two chiral cylinders with εr = 4, µr = 1, and γ1 = −γ2 = 0.0005. In

this case, the lower chiral body is the correct image of the upper chiral body.

Therefore, the equivalent currents on the lower body must be the image of the

currents on the upper body. This is correctly shown in Table 3.2. Therefore,

for the correct image problem, in addition to (3.13) and (3.14), the following

equations are satisfied.

fn+N = −bn , (n = 1, · · · , N) (3.15)
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gn+N = cn , (n = 1, · · · , N) (3.16)

The computed results for the surface currents are shown in Table 3.3 for the

case of two identical chiral cylinders with εr = 4, µr = 1, and γ1 = γ2 = 0.0005.

Without going into the details, we see that (3.15) and (3.16) are not satisfied

in this case. Hence, we can quickly conclude that the lower body with γ1 = γ2

cannot be the correct image of the original body.

Consider Fig. 3.2. Let us assume that it represents the correct image

problem. That is, S2 is the mirror image of S1, the parameters of S2 are equal to

(ε1, µ1,−γ1), and the incident field (Einc
I ,Hinc

I ) is the image field of the original

field (Einc
R ,Hinc

R ). Then, from the proceeding discussions, it was concluded that

the equivalent currents on S2 are the image of currents on S1. Then, knowing

an, n = 1, . . . , N , one knows en, n = N + 1, . . . , 2N . Similarly, knowing bn, one

knows fn, and knowing cn, one knows gn, and finally knowing dn, one knows hn.

With these in mind, we can reduce the eight equations in (3.9) to four equations

as follows.

Remembering that some of the sub-matrices in (3.9) are identically zero, then

by adding the 1st row to the 5th row, and using (3.13− 3.16), we get{
ZJZ110− ZJZ120 + ZJZ111

}
an +

{
ZJL111

}
bn

+
{

ZMZ111
}
cn +

{
ZML110 + ZML120 + ZML111

}
dn

= −Zinc1 (3.17)

Similarly, adding the 2nd row to the 6th row, we get{
LJZ111

}
an +

{
LJL110− LJL120 + LJL111

}
bn

+
{

LMZ110 + LMZ120 + LMZ111
}
cn +

{
LML111

}
dn

= −Linc1 (3.18)
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Adding the 3rd row to the 7th row, we get{
ZJZ210− ZJZ220− ZJZ222

}
an +

{
ZJL222

}
bn

+
{

ZMZ222
}
cn +

{
ZML210 + ZML220 + ZML222

}
dn

= −Zinc2 (3.19)

Finally, adding the 4th row to the 8th row, we get{
LJZ222

}
an +

{
LJL210− LJL220− LJL222

}
bn

+
{

LMZ210 + LMZ220 + LMZ222
}
cn +

{
LML222

}
dn

= −Linc2 (3.20)

The above four equations, can be written in matrix form as follows.
ZJZ1 ZJL1 ZMZ1 ZML1

LJZ1 LJL1 LMZ1 LML1

ZJZ2 ZJL2 ZMZ2 ZML2

LJZ2 LJL2 LMZ2 LML2



a

b

c

d

 =


−Zinc1

−Linc1

−Zinc2

−Linc2

 (3.21)

The square matrix in (3.21) is 4N × 4N , and is called the enhanced moment

matrix. This matrix is much smaller than 8N × 8N moment matrix in (3.9).

However, the elements of the enhanced matrix are more complicated. For

example, the element in the mth row and the nth column of ZJZ1 in (3.21) is

equal to the z-component of the electric field produced on segment mth of S1.

This field consists of three parts. The first part is due to JZ on the nth segment of

S1, when this current radiates in the external medium (ε0, µ0). The second part

is due to the image of this JZ, when this image current radiates in the external

medium (ε0, µ0). Obviously, this image current is equal to the negative of JZ, and

resides on S2. The third part is due to JZ which resides on the mth segment of

S1, when this JZ radiates in the unbounded medium (ε1, µ1, γ1).

First, the expansion coefficients are determined using (3.21). Then, the

scattered fields can easily be computed. The bi-static radar cross section for
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z− and φ− directed scattered fields is defined as

σz(φ) =
k0
4

∣∣∣∣∣
N∑
n=1

ln1

(
an −

dn
η0
t̂1n·âφ

)
ejk0ρ

n1cos(φ−φn1 )

−
2N∑

n=N+1

ln2

(
an +

dn
η0
t̂2n·âφ

)
ejk0ρ

n2cos(φ−φn2 )

∣∣∣∣∣
2

(3.22)

σφ(φ) =
k0
4

∣∣∣∣∣
N∑
n=1

ln1

(cn
η0

+ bnt̂
1
n·âφ

)
ejk0ρ

n1cos(φ−φn1 )

+
2N∑

n=N+1

ln2

(cn
η0
− bnt̂2n·âφ

)
ejk0ρ

n2cos(φ−φn2 )

∣∣∣∣∣
2

(3.23)

where, σ denotes the bistatic radar scattering width, ln1 (ln2) is the length of

the nth segment on S1 (S2), t̂
1
n (t̂2n) represents the unit vector tangent to the

nth segment (counter-clockwise in the lateral direction) on S1 (S2), âφ is the

unit vector in the φ-direction at the field point, ρn1 (ρn2) and φn1 (φn2) are the

cylindrical coordinates of the center of the nth segment on S1 (S2), η0 is the

free-space wave impedance, and k0 is the free-space wavenumber.

The numerical results computed using the enhanced moment matrix

represented by (3.21) are presented in chapter 4.
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Chapter 4

Numerical Results and

Discussion

In this chapter, the numerical results obtained from the formulations

developed in Chapter 3 are presented. For each method, a MATLAB [84] program

is scripted to compute numerical solutions. Using (3.9 and 3.21), first, the

expansion coefficients are determined. Then the other quantities of interest such

as scattered fields can easily be computed.

To demonstrate the flexibility and robustness of the proposed approaches,

cylinders of arbitrary cross-sections such as circular, elliptical, rectangular, and

triangular are analyzed. The setup is assumed to be illuminated by either a TM

or a TE plane wave. Different studies for various material parameters such as

permittivity (ε), permeability (µ), electric (tanδe) and magnetic (tanδm) losses,

and chiral admittance (γ) are presented to understand the characteristics of the

chiral materials when they are placed in front of a PEC plane. The effect of

incident angles (φi) is also investigated. The surfaces are approximated by thirty

segments per wavelength (λ) unless otherwise stated. For all work presented here,

the external medium has free space parameters (ε0, µ0), and the frequency of the

incident wave is assumed to be 300 MHz. Computed results include currents on

the cylinder and the scattered fields.
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4.0.1 Motivation

The scattering behavior of a chiral cylinder above a ground plane can be very

different than the scattering behavior in free-space. Because of the presence of

a cross-polarized component, the scattered field from a chiral cylinder, even in

free-space, is shown to be quite different than the field scattered from a similar

dielectric cylinder [38, 44].

To show the effect of the ground plane consider Fig. 4.1 which shows this

difference in the bi-static scattering width in the backward region (0o < φ < 180o).

This problem setup is shown in the inset of Fig. 4.1. The radius of the cylinder is

0.5λ0. The cylinder is illuminated by a TM plane wave with an angle of incidence

of φi = 90o. Figure 4.1 clearly shows how different the scattering behavior can

be with the presence of a PEC plane. It is seen that the back-scattered co-

polarized field has been increased around 8 dB, and nulls are more pronounced

as compared to when this cylinder is placed in free-space. Similarly, the cross-

polarized component has been increased around 10 dB, and multiple major lobes

are introduced in other directions.

Figure 4.1: Bi-static RCS of a circular chiral cylinder in free-space and when it

is placed above a ground plane, TM excitation, φi = 90o, εr = 4, µr = 1, γ =

0.002, r = 0.5λ0, d = λ0.
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4.0.2 Verification

The results for a chiral cylinder above a ground plane are computed for the

first time in this work. To the best of our knowledge, solution for such a problem

does not exist in the literature. Before presenting results for a chiral cylinder

above a ground plane, this work is validated in various ways.

First, a circular chiral cylinder in free-space is considered. For this problem,

an exact eigenfucntion solution is presented in [44]. The cylinder is characterized

by (εr = 1.5, µr = 4, γ = 0.0005), and is illuminated by a TM plane wave with

incidence angle φi = 180o. The radius of the cylinder is 0.1λ0. Bi-static scattering

width is computed and is compared with the exact results as shown in Fig. 4.2.

From Fig. 4.2, it is evident that the computed results obtained from this work

are in excellent agreement with those obtained from the exact results.

Figure 4.2: Comparison, with the exact solution, of bi-static scattering width of

a circular chiral cylinder in free-space.

Now, we added another circular chiral cylinder with parameters of the vacuum

(ε0, µ0). The center to center distance between two cylinders is d = 0.5λ0. Then,

the results must be the same as those in the previous study. This is achieved as

shown in Fig. 4.3.
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Figure 4.3: Bi-static scattering width of two circular chiral cylinders. One of the

cylinders is the same as the one in Fig. 4.2 and the other is a fictitious cylinder

with parameters of vacuum.

The results for the problem of scattering from a chiral cylinder above a PEC

plane are not available in the literature. Therefore, we used various special

cases to validate our computed results. As an example, consider a circular chiral

cylinder placed above a PEC plane as shown in Fig. 4.4.

Figure 4.4: A circular chiral cylinder above a PEC plane.

The radius r of the cylinder is 0.1λ0. The PEC plane is assumed to be at y = 0.

The distance d between the PEC plane and the center of the cylinder is 0.5λ0. The
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cylinder is characterized by εr = 4, µr = 1.5, and a variable chiral admittance γ. It

is illuminated by a TM plane wave with φi = 90o. Fig. 4.5 and Fig. 4.6 show the

co- and cross-polarized components of the bi-static scattering width for various

values of γ. It is seen from Fig. 4.5 that as γ reduces to zero, the co-polarized

component of the scattering width of the chiral cylinder approaches to that of

a regular dielectric cylinder of εr = 4, µr = 1.5. The results for the dielectric

cylinder above a PEC plane is computed using the approach in [89]. Also, from

Fig. 4.6 we see that as γ approaches zero, the cross-polarized component of the

scattering width vanishes. Based on this example, and various other special cases

that we considered, we have confidence in our computed results.
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Figure 4.5: Co-polarized component of the bi-static RCS of a circular chiral
cylinder placed above a PEC plane. TM excitation, φi = 90o for various γ values.
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Figure 4.6: Cross-polarized component of the bi-static RCS of a circular chiral
cylinder placed above a PEC plane. TM excitation, φi = 90o for various γ values.

73



4.0.3 More Computed Results for the Circular Cylinder

A circular chiral cylinder of radius r is placed above a PEC plane. The

distance from the center of the cylinder to the PEC plane is denoted by d. The

permittivity and permeability of the cylinder are denoted by ε and µ, respectively.

The chiral admittance is represented by γ, and the system is excited by either a

TM or a TE plane wave. This problem is shown in Fig. 4.4.

4.0.3.1 TM-Excitation

In this section, the system shown in Fig. 4.4 is excited by a TM plane wave

with an incidence angle (φi) of 90o. The radius of the cylinder r is 0.5λ0, and the

distance d from the center of the cylinder to the PEC plane is λ0. The relative

permittivity, εr, of the cylinder is 4 and the relative permeability, µr, is assumed to

be 1. The chiral admittance, γ, of the cylinder is 0.002. The computed equivalent

electric and magnetic surface currents on the chiral cylinder are shown in Fig.

4.7 and Fig. 4.8, and the scattering width is given in Fig. 4.9. Results obtained

by two methods are in excellent agreement.
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Figure 4.7: The longitudinal and the lateral components of equivalent surface

electric current on the circular chiral cylinder, TM excitation, φi = 90o, r = 0.5λ0,

d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.8: The longitudinal and the lateral components of equivalent surface

magnetic current on the circular chiral cylinder, TM excitation, φi = 90o, r =

0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.9: Bi-static RCS of a circular chiral cylinder placed above a PEC plane,

TM excitation, φi = 90o, r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

Figure 4.10 and Fig 4.11 show the magnitude and the phase of the electric and

magnetic fields internal to the circular chiral cylinder placed above a PEC plane,

along the y = λ0 line.
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Figure 4.10: The magnitude of the fields internal to the circular chiral cylinder

along the y = λ0 line for the setup shown in Fig. 4.4, TM excitation, φi = 90o,

r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.11: The phase of the fields internal to the circular chiral cylinder along

the y = λ0 line for the setup shown in Fig. 4.4, TM excitation, φi = 90o,

r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

Next, the same configuration (shown in Fig. 4.4) is studied for various different

incident angles. Figures 4.12 and 4.13, respectively, show the effect of incident

angles on the co- and cross-polarized components of the scattering width. The

asymmetric behavior is due to the asymmetric excitation. Also, note that, the

magnitude of the co-polarized component of the scattered far-field has peak at
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emergence angles. For instance, if the incidence angle is 30o, then the emergence

angle will be 150o.
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Figure 4.12: Co-polarized component of bi-static RCS for a circular chiral cylinder

above a PEC plane with different incident angles, φi, TM excitation, r = 0.5λ0,

d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.13: Cross-polarized component of bi-static RCS for a circular chiral

cylinder above a PEC plane with different incident angles, φi, TM excitation,

r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

Bi-static RCS comparison of circular conducting, dielectric, and chiral
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cylinders placed above a PEC plane is shown in Fig 4.14. For these three

cases, the same setup shown in Fig. 4.4 is considered. The dielectric cylinder

is characterized by (εr = 4, µr = 1), and the chiral cylinder is characterized by

(εr = 4, µr = 1, γ = 0.002). The radius of the cylinders is r = 0.5λ0, and the

distance from the center of the cylinder to the ground plane is d = λ0. The system

is illuminated by a TM plane wave with φi = 90o. Figure 4.14 shows the bi-static

scattering width of a conducting, dielectric, or chiral cylinder placed above a

PEC plane. The three cylinders behave entirely different from each other. From

Fig. 4.14, it was observed that the magnitude of the side lobes of a conducting

cylinder is comparable to the magnitude of the main lobe, and the magnitude of

the main lobe of the dielectric cylinder is 5 dB smaller than the side lobes. For

chiral cylinder, the magnitude of the co-polarized component of the scattering

width has maximum amplitude at φ = 90o, and deep nulls are also introduced in

other directions. For the sake of completeness, cross-polarized component of the

scattered far-field is also given, and it is noted that the cross-polar component for

the chiral cylinder is comparable with the scattering width of PEC or dielectric

at certain angles. Such results make the numerical analysis of chiral materials

important because of their complex scattering properties.
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Figure 4.14: Bi-static RCS for circular conducting, dielectric, and chiral cylinders

placed above a PEC plane, TM excitation, φi = 90o, r = 0.5λ0, d = λ0.
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4.0.3.2 TE-Excitation

The same system (given in Fig. 4.4) maybe excited by a TE plane wave with

φi = 90o. The radius of the cylinder r is 0.5λ0, while the distance d from the

center of the cylinder to PEC plane is λ0.
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Figure 4.15: The magnitude of the longitudinal and the lateral components of

equivalent surface electric current on the circular chiral cylinder, TE excitation,

φi = 90o, r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

The relative permittivity, εr, of the cylinder is 4 and the relative permeability,

µr, is assumed to be 1. The chiral admittance, γ, of the cylinder is 0.002. The

computed equivalent electric and magnetic surface currents on the chiral cylinder

are shown in Fig. 4.15 and Fig. 4.16, and the scattering width is given in Fig.

4.17.
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Figure 4.16: The magnitude of the longitudinal and the lateral components of

equivalent surface magnetic current on the circular chiral cylinder, TE excitation,

φi = 90o, r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.17: Bi-static RCS of a circular chiral cylinder placed above a PEC plane,

TM excitation, φi = 90o, r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

Figure 4.18 and Fig 4.19 show the magnitude and the phase of the electric and

magnetic fields internal to the circular chiral cylinder placed above a PEC plane,

along the y = λ0 line.
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Figure 4.18: The magnitude of the fields internal to the circular chiral cylinder

along the y = λ0 line for the system shown in Fig. 4.4, TE excitation, φi = 90o,

r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.
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Figure 4.19: The phase of the fields internal to the circular chiral cylinder along

the y = λ0 line for the system shown in Fig. 4.4, TE excitation, φi = 90o,

r = 0.5λ0, d = λ0, εr = 4, µr = 1, γ = 0.002.

Next, a study is presented to understand the effect of chirality on the scattering

characteristics of a circular chiral cylinder when it is placed above an infinite PEC

plane. The same configuration (given in Fig. 4.4) is illuminated by a TE plane

wave with φi = 120o. The chiral admittance γ is varied from 0.0 to 0.002 with a

step of 0.0005. The co- and cross-polarized component of the scattering width are

shown in Fig. 4.20 and Fig. 4.21. Note that, the magnitude of the co-polarized

component of the scattering has maximum value at emergence angle (60o). It was

fascinating to see that the cross-polarized component is significantly dropped from
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5 dB to -5 dB at 90o, by an increase of 0.0005 in the chiral admittance and then

jumps back to 5 dB with another increase of 0.0005. It is difficult to explain this

behavior and the phenomenon in terms of simple theory. However, from this we

can conclude that change in chirality effects the bi-static scattering width in a

complex manner.
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Figure 4.20: The effect of chiral admittance, γ, on the co-polarized component of

bi-static RCS for the setup shown in Fig. 4.4, TE excitation, φi = 120o, r = 0.5λ0,

d = λ0, εr = 4, µr = 1.
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Figure 4.21: The effect of chiral admittance, γ, on the cross-polarized component

of bi-static RCS for the setup shown in Fig. 4.4, TE excitation, φi = 120o,

r = 0.5λ0, d = λ0, εr = 4, µr = 1.

Next, circular PEC, dielectric, and chiral cylinders above a ground plane are
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studied. The system is illuminated by a TE plane wave with φi = 90o. The

dielectric cylinder is characterized by (εr = 4, µr = 1), and the chiral cylinder

is characterized by (εr = 4, µr = 1, γ = 0.002). The radius of the cylinders is

r = 0.5λ0, and the distance from the center of the cylinder to the ground plane is

d = λ0. Bi-static RCS is given in Fig. 4.22. For a chiral cylinder, it was observed

that the magnitude of the co-polarized component of the scattering width has

smaller amplitude as compared to the other cylinders (PEC and dielectric), and

it also has deep nulls at around 30o and 150o. For the sake of completeness,

cross-polarized component of the scattered far-field is also given, and it is noted

that the cross-polar component for the chiral cylinder is comparable with the

scattering width of PEC or dielectric at certain angles.
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Figure 4.22: Bi-static RCS for circular PEC, dielectric, and chiral cylinders placed

above a PEC plane, TE excitation, φi = 90o, r = 0.5λ0, d = λ0.
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4.0.4 The Elliptical Cylinder

In this section, an elliptical cylinder is studied. This problem is shown in Fig.

4.23. The setup is excited by a TM plane wave with φi = 90o. The major radius

of the cylinder a is 0.4λ0, while the minor radius of the cylinder b is 0.5a.

Figure 4.23: An elliptical chiral cylinder above a PEC plane.

The effect of the distance d between the cylinder and the PEC plane is studied.

The distance is varied from 0.5λ0 to 0.8λ0 with a step of 0.1λ0. The relative

permittivity, εr, of the cylinder is 3.1 and the relative permeability, µr, is assumed

to be 1. The chiral admittance, γ, of the cylinder is 0.002. The effect of distance

d on the co- and cross-polarized components of the scattering width are shown

in Fig. 4.24 and Fig. 4.25, respectively. It is observed that as the cylinder

moves away from the half-space, two nulls start to appear in the co-polarized

component. In cross-polarized component, two deep nulls can be seen at around

70o and 110o by increasing distance d from 0.7λ0 to 0.8λ0. However, this behavior

may not continue and might be completely different at higher distance values not

considered here.
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Figure 4.24: The effect of distance d on the co-polarized component of bi-static

RCS for the setup shown in Fig. 4.23, TM excitation, φi = 90o, a = 0.5λ0,

b = 0.5a, εr = 3.1, µr = 1, γ = 0.002.
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Figure 4.25: The effect of distance d on the cross-polarized component of bi-

static RCS for the setup shown in Fig. 4.23, TM excitation, φi = 90o, a = 0.5λ0,

b = 0.5a, εr = 3.1, µr = 1, γ = 0.002.

Next, the effect of permittivity on the scattering width is studied. The same

configuration (given by Fig. 4.23) is considered. The system is excited by a

known TE plane wave with φi = 90o. The cylinder is characterized by µr = 1

and γ = 0.005. The major and minor radius of the cylinder are 0.4λ0 and 0.2λ0,
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respectively. The distance d between the center of the cylinder and the PEC

plane is 0.8λ0. The relative permittivity is varied from 2 to 3.5 with a step of 0.5.

The co- and cross-polarized components of bi-static scattering width are shown

in Figs. 4.26 and 4.27. Once again, it is observed that it is difficult to explain

the behavior by simple theory and the scattered fields vary in a complex manner.
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Figure 4.26: The effect of relative permittivity, εr, of the cylinder on the co-

polarized component of bi-static RCS for the setup shown in Fig. 4.23, TE

excitation, φi = 90o, a = 0.4λ0, b = 0.5a, d = 0.8λ0, µr = 1, γ = 0.005.
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Figure 4.27: The effect of relative permittivity, εr, of the cylinder on the cross-

polarized component of bi-static RCS for the setup shown in Fig. 4.23, TE

excitation, φi = 90o, a = 0.4λ0, b = 0.5a, d = 0.8λ0, µr = 1, γ = 0.005.
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4.0.5 The Rectangular Cylinder

To demonstrate the flexibility of the proposed work, a chiral cylinder of

rectangular cross-section (Lx × Ly) is studied. This problem is illustrated in

Fig. 4.28. The setup is excited by a known TM plane wave with φi = 45o.

The cross-section of the cylinder is 0.3λ0 × 0.15λ0, and is placed at a distance

d = 0.65λ0 away from the PEC plane. The cylinder is characterized by εr = 2,

and γ = 0.005. In this section, the effect of relative permeability, µr, is studied.

The relative permeability is varied from 1 to 2.5 with a step of 0.5.

Figure 4.28: A rectangular chiral cylinder above a PEC plane.

Figure 4.29 and Fig. 4.30 show the scattering width for the same problem. In

co-polarized component of the scattered field, a null is seen at around 30o. Note

that the cross-polarized component has higher amplitude than the co-polarized

component for φ = 90o.
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Figure 4.29: The effect of relative permeability, µr, on the co-polarized component

of bi-static RCS for the setup shown in Fig. 4.28, TM excitation, φi = 45o,

Lx = 0.3λ0, Ly = 0.15λ0, d = 0.65λ0, εr = 2, γ = 0.005.
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Figure 4.30: The effect of relative permeability, µr, on the cross-polarized

component of bi-static RCS for the setup shown in Fig. 4.28, TM excitation,

φi = 45o, Lx = 0.3λ0, Ly = 0.15λ0, d = 0.65λ0, εr = 2, γ = 0.005.

Next, a lossy square was analyzed. The same configuration (given in Fig. 4.28)

is considered. The side lengths (Lx = Ly) of the square are 0.3λ0. The cylinder

is illuminated by a TE plane wave with φi = 300. The cylinder is placed at a

distance d = 0.5λ0 away from the PEC plane. The relative permittivity (εr) and
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the permeability (µr) of the cylinder are 3.1 and 1.5, respectively. The chiral

admittance, γ, of the cylinder is 0.0005. Both, the electric (tanδe) and magnetic

(tanδm) loss tangents of the cylinder are taken to be 0.05. Figure 4.31 show the

co- and cross-polarized components of the scattering width. From Fig. 4.31, it is

seen that the co-polarized component has higher magnitude than cross-polarized

component, which is expected.
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Figure 4.31: Co- and cross-polarized components of bi-static RCS of a lossy

square chiral cylinder above a PEC plane, for the setup shown in Fig. 4.28, TE

excitation, φi = 30o, Lx = Ly = 0.3λ0, d = 0.5λ0, εr = 3.1, µr = 1.5 γ = 0.0005,

tanδe = tanδm = 0.05.

Figure 4.32 and Fig 4.33 show the magnitude and the phase of the electric and

magnetic fields internal to the lossy rectangular chiral cylinder placed above a

PEC plane, along the y = 0.65λ0 line.
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Figure 4.32: The magnitude of the fields internal to the lossy rectangular chiral

cylinder along the y = 0.65λ0 line, TE excitation, φi = 30o, Lx = Ly = 0.3λ0,

d = 0.5λ0, εr = 3.1, µr = 1.5 γ = 0.0005, tanδe = tanδm = 0.05.
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Figure 4.33: The phase of the fields internal to the lossy rectangular chiral cylinder

along the y = 0.65λ0 line, TE excitation, φi = 30o, Lx = Ly = 0.3λ0, d = 0.5λ0,

εr = 3.1, µr = 1.5 γ = 0.0005, tanδe = tanδm = 0.05.

Next, a lossy chiral cylinder (εr = 2.5, µr = 1, tanδe = tanδm = 0.05) of

rectangular cross-section (0.2λ0 × 0.4λ0) is studied. The cylinder is illuminated

by a TE plane wave with φi = 75o. The cylinder is placed close (d = 0.2λ0) to

the interface. The chiral admittance γ is varied from 0.001 to 0.004 with a step

of 0.001. Figure 4.34 and Fig. 4.35 show the co- and cross-polarized components

of the bi-static scattering width. It was seen that as the chirality is increased

two deep nulls started to appear in the co-polarized component around 30o and
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150o, while the behavior of the cross-polarized component is difficult to explain

by simple theory. In summary, the change in chirality effects the scattering width

in a complex manner.
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Figure 4.34: The effect of chirality, γ, on the co-polarized component of bi-static

RCS for the setup shown in Fig. 4.28, TE excitation, φi = 75o, Lx = 0.2λ0,

Ly = 0.4λ0, d = 0.2λ0, εr = 2.5, µr = 1.
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Figure 4.35: The effect of chirality, γ, on the cross-polarized component of bi-

static RCS for the setup shown in Fig. 4.28, TE excitation, φi = 75o, Lx = 0.2λ0,

Ly = 0.4λ0, d = 0.2λ0, εr = 2.5, µr = 1.
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4.0.6 The Triangular Cylinder

Figure 4.36 shows the cross-section of a triangular chiral cylinder. First,

an equilateral triangle with height ‘b’ is illuminated by a TM plane wave with

φi = 60o is analyzed. The height of the triangle is 0.2λ0 and it is placed at a

distance d = 0.5λ0 away from the PEC plane. The triangular cylinder has relative

permittivity, εr = 3.5, and relative permeability, µr = 1. The chiral admittance

is assumed to be γ = 0.0004. Figure 4.37 show the bi-static scattering width.

Figure 4.36: A triangular chiral cylinder above a PEC plane.
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Figure 4.37: Co- and cross-polarized components of bi-static RCS of a triangular

chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36, TM

excitation, φi = 60o, b = 0.2λ0, d = 0.5λ0, εr = 3.5, µr = 1 γ = 0.0004.
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Next, a lossy equilateral triangle is studied. The same setup (given in Fig.

4.36) is considered, and maybe excited by a TE plane wave with φi = 60o. The

cylinder is characterized by (εr = 3.5, µr = 1, and γ = 0.0033, tanδe = tanδm =

0.05). The cylinder is placed d = 0.5λ0 away from the PEC plane. The computed

results for co- and cross-polarized components of the bi-static scattering width

are shown in Fig. 4.38.

0 20 40 60 80 100 120 140 160 180

 [Deg]

-40

-35

-30

-25

-20

-15

-10

-5

0

5

/
o
 [

d
B

]

X-Polarization

Co-Polarization

Figure 4.38: Co- and cross-polarized components of bi-static RCS of a triangular

chiral cylinder above a PEC plane, for the setup shown in Fig. 4.36, TE

excitation, φi = 60o, b = 0.3λ0, d = 0.5λ0, εr = 3.5, µr = 1, γ = 0.0033,

tanδe = tanδm = 0.05.

It is very interesting to see that for this particular study, the cross-polarized

component of scattering width has higher magnitude than the co-polarized

component, which is unexpected. As a conclusion, one can not explain this

unpredictable complex characteristics of chiral materials. In other words, it is a

complex problem that can not be understood from simple theory.
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4.0.7 Discussion

4.0.7.1 Surface Formulation Versus Volume Formulation

This work is based on the surface equivalence principle. The formulation used

in this work is computationally efficient as compared to the volume equivalence

principle [38]. In surface formulation, the cross-section of the surface of the

body is approximated by linear segments. Then, currents are expanded on

these segments. The fields produced by these expansion functions are tested

by weighting functions. However, in volume formulation, the cross-sectional area

of the body is meshed. This results in more unknowns. For instance, in the

surface formulation, the unknowns are 4N , where N is the number of linear

segments. The same problem if solved by volume formulation will have 6M

unknowns, where M is the number of mesh cells. The volume formulation can

be used to solve inhomogeneous cylinders while the surface formulation fails to

handle inhomogeneity. In addition, the moment matrix obtained from volume

formulation is less complex than the one obtained from the surface formulation. It

is due to fact that the volume formulation uses simple free-space Green’s function.

In summary, the surface formulation presented here is computationally efficient as

compared to volume formulation, however, it can not be used when the scatterer

is inhomogeneous.

4.0.7.2 Specular Optical Activity of Chiral Materials

Since its conception, chiral materials have been a topic of keen interest for

many researchers. Due to optical activity in these materials, the plane of a

linearly polarized light ray is rotated. Therefore, specular optical activity appears

at interfaces. This specular phenomenon can be very strong for surface such as

ground plane, and usually observed for oblique incidence. This is due to the fact

that the reflected waves with a different handedness may have different reflectivity

levels. To demonstrate this, a circular chiral cylinder of radius r = 0.5331λ0

placed at a height d = 0.05λ0 above a ground plane similar to the one in Fig.
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4.4 is considered. The cylinder is characterized by (εr = 2.1316, µr = 1, γ). The

setup is illuminated by a TM plane wave with φi = 120o. Figure 4.39 shows the

scattered normalized far-field pattern above the ground plane for various values

of the chiral admittance γ. Note that setting γ = 0 changes the chiral material

into regular dielctric in which case the cross-polarized component is zero. As

the chirality decreases, the scattered fields of the chiral cylinder approach those

of a regular dielectric. Furthermore, it is interesting to see that the specular

angle for the cross-polar field is in a different direction which is due to chirality.

Finally, note that the scattered field for the highest chirality is the lowest which

shows that chiral materials can be used as EM absorbers. However, both these

observations may not hold true for scatterers with different parameters. Such

results make the numerical analysis of chiral materials important because their

scattering properties vary in a complex manner.

Figure 4.39: Far-field amplitude of a chiral cylinder placed above a ground plane.

TM excitation at φi = 120o for different γ values.

4.0.7.3 Non-Uniqueness of the EFIE Formulation

It is known that the EFIE formulation used here fails to give a unique solution

when a cylinder is of a spurious “resonant size” [90]. In such cases the moment

matrix is highly ill-conditioned and the results computed using such matrices may

not be accurate. Therefore, to tell whether the computed results are accurate or
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not, the condition number of the moment matrix must be monitored.

To demonstrate the behavior of the condition number, consider Fig. 4.40

below, where a rectangular cylinder (0.3λ0 × 0.15λ0) is placed at a distance of

0.65λ0 above a PEC plane.

Figure 4.40: A rectangular chiral cylinder above a ground plane.

First, assume that this cylinder to be free-space (i.e. we let ε = ε0, µ = µ0,

and γ = 0) and it is excited by a TM plane wave with incidence angle φi = 90o.

Then, we know the exact values of the equivalent surface currents on the cylinder

(J = n̂ ×H, and M = E × n̂, where n̂ is the unit vector normal to the surface

of the cylinder and E and H are the total fields at the surface of the cylinder).

Figure 4.41 shows the variation of the condition number of the moment matrix

with k0Lx. Note that, when k0Lx = 3.1762, the moment matrix is highly ill-

conditioned.
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Figure 4.41: Variation of the condition number of the moment matrix with k0Lx,

for a dielectric cylinder above a ground plane.

Figure 4.43 shows the computed surface currents when the matrix is ill-

conditioned (log(Condition Number) = 5.19802). It is clearly seen that the

computed results do not agree with the exact results. Figure 4.42 shows the

computed currents when the matrix is well-conditioned (log(Condition Number)

= 3.51502). It is seen that the computed results are in excellent agreement with

the exact ones.
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Figure 4.42: Comparison of the exact solution with those computed with an

ill-conditioned matrix, TM excitation, φi = 90o, εr = 1, µr = 1, γ = 0.
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Figure 4.43: Comparison of the exact solution with those computed with a well-

conditioned matrix, TM excitation, φi = 90o, εr = 1, µr = 1, γ = 0.

Next, let us assume that the rectangular cylinder shown in Fig. 4.40 is above a

PEC plane with the parameters εr = 4, µr = 2, and γ = 0.0005, and is illuminated

by a TM plane wave with incidence angle φi = 60o. The exact results for this

problem are unknown. However, when the condition number is large we are sure

that our results would be questionable. We can demonstrate that as follows.

Figure 4.44 shows the condition number of the moment matrix versus frequency.

Figure 4.44: Variation of the condition number of the moment matrix with k0Lx,

for a chiral cylinder above a ground plane.
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Figure 4.45 shows the equivalent surface currents for three very similar

cylinders (k0Lx = 3.15164, 3.15165, and 3.15166), when the condition number

of the moment matrix is large (log(Condition Number) = 4.6695). It is seen that

the computed results for the surface currents are quite different although the

cylinders are almost identical. This is not acceptable. This demonstrates the fact

mentioned above: the results obtained with an ill-conditioned matrix may not be

trusted.
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Figure 4.45: Computed surface currents on the cylinder for three different values

of k0Lx, when the condition number of the moment matrix is large, TM excitation,

φi = 60o, εr = 4, µr = 2, γ = 0.0005.

On the other hand, Fig. 4.46 shows the surface currents on cylinders of again

very similar sizes (k0Lx = 1.88494, 1.88495, and 1.88496), when the condition

number of the moment matrix is small (log(Condition Number) = 3.22025). It is

seen that the currents are indistinguishable. This is expected because the sizes

of the three cylinders are basically indistinguishable.
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Figure 4.46: Computed surface currents on the cylinder for three different

values of k0Lx, when the condition number of the moment matrix is small, TM

excitation, φi = 60o, εr = 4, µr = 2, γ = 0.0005.

In summary, it is well known that the results obtained with an ill-conditioned

matrix is questionable. Therefore, we did not present any results for such cases.

Also, for the cases considered, no abnormality was observed in the value of the

condition number. Therefore, we are confident that these results are accurate.
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Chapter 5

Conclusion

A simple moment solution is presented to compute the electromagnetic fields

scattered from a chiral cylinder of arbitrary cross-section above a PEC plane.

The image theory is used to replace the PEC plane with an image chiral cylinder

and an image source. Then, the method of moments is used to formulate the

solution to this two-body problem. It was shown that when the image body is

legitimate, the two-body problem can be reduced to a one-body problem with

a more complicated moment matrix. It was also observed that the computed

results for the γ = 0 case were in excellent agreement with the results obtained

by other researchers for the case of a dielectric cylinder.

Before solving the numerical problem of cylinders of arbitrary cross-sections

above a PEC plane, three canonical problems are solved exactly using analytical

techniques. The purpose here was to verify that the chirality of the image of a

chiral cylinder is negative of the chirality of the actual cylinder.

The condition number of the moment matrix was monitored to ensure the

accuracy of the computed results. Also, some advantages and drawbacks for the

proposed formulation and their solutions are briefly discussed.
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Appendix A

Plane Waves in a Chiral Medium

In this appendix, a brief introduction to plane waves in a chiral medium will

be given. Then, the plane waves produced by an infinite electric current sheet

will be introduced.

A.0.1 General Plane Waves

The source-free Maxwell’s equations are as follows (ejwt time dependence

assumed);

∇× E = −jωB (A.1)

∇×H = jωD (A.2)

For a chiral material, there exists a few different set of constitutive relations.

Here, the following two equations will be used.

D = εE− jγB (A.3)

B = µH + jγµE (A.4)

Where, γ is known as chiral admittance. Using (A.3) and (A.4) in (A.1) and

(A.2) gives the following source-free Maxwell’s equations in a chiral medium.

∇× E = ω(γµE− jµH) (A.5)
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∇×H = ω
[
j(ε+ µγ2)E + γµH

]
(A.6)

Lets us find that for which real values of h, a plane wave exists as follows

E(z) =
(
x̂Ex + ŷEy

)
e−jhz (A.7)

H(z) =
(
x̂Hx + ŷHy

)
e−jhz (A.8)

Then (A.7) and (A.8) in (A.5) gives:

x̂jhEy − ŷjhEx = −jωµ
(
x̂Hx + ŷHy

)
+ ωµγ

(
x̂Ex + ŷEy

)
(A.9)

x̂jhHy − ŷjhHx = jω
(
ε+ µγ2

)(
x̂Ex + ŷEy

)
+ ωµγ

(
x̂Hx + ŷHy

)
(A.10)

(A.9) and (A.10) gives;

jhEy + jωµHx − ωµγEx = 0 (A.11)

−jhEx + jωµHy − ωµγEy = 0 (A.12)

jhHy − jω
(
ε+ µγ2

)
Ex − ωµγHx = 0 (A.13)

−jhHx − jω
(
ε+ µγ2

)
Ey − ωµγHy = 0 (A.14)

Equations (A.11)− (A.14) can be written in matrix form as;
−ωµγ jh jωµ 0

−jh −ωµγ 0 jωµ

−jω
(
ε+ µγ2

)
0 −ωµγ jh

0 −jω
(
ε+ µγ2

)
−jh −ωµγ



Ex

Ey

Hx

Hy

 =


0

0

0

0

 (A.15)

To find h, the determinant of the matrix must be zero. By solving the matrix we

obtained;

h1 = ωµγ +
√
ω2µε+ (ωµγ)2 (A.16)

h2 = −ωµγ +
√
ω2µε+ (ωµγ)2 (A.17)

It can be shown that h3 = −h1 and h4 = −h2 are also solutions. Note that

h1 and h2 are wave numbers for +z traveling waves. Similarly, h3 and h4 are

corresponding wave numbers for −z traveling waves.
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Replacing h1 in eqns. (A.11)− (A.14) gives;

jh1Ey + jωµHx − ωµγEx = 0 (A.18)

−jh1Ex + jωµHy − ωµγEy = 0 (A.19)

jh1Hy − jω
(
ε+ µγ2

)
Ex − ωµγHx = 0 (A.20)

−jh1Hx − jω
(
ε+ µγ2

)
Ey − ωµγHy = 0 (A.21)

Rearranging eqns. (A.18) and (A.19) give:

Hx =
ωµγEx − jh1Ey

jωµ
(A.22)

Hy =
ωµγEy + jh1Ex

jωµ
(A.23)

Replacing the values of Hx and Hy in eqn. (A.20) gives:

Ey = −jEx (A.24)

Replacing Ey in (A.23) reveals that

Hy =
Ex
ηc

(A.25)

Similarly, one can show that

Hx = jHy (A.26)

With these new definitions, eqns. (A.7) and (A.8) can be rewritten as:

E+
R = A(x̂− jŷ)e−jh1z (A.27)

H+
R =

A

ηc
(jx̂+ ŷ)e−jh1z (A.28)

It can be shown that the following (E+
R,H

+
R) is a solution to (A.5) and (A.6).

Where, A is an arbitrary constant, and the wavenumber (h1) and the wave

impedance (ηc) are given by;

h1 = ωµγ +
√
k2 + (ωµγ)2 (A.29)

ηc =
η√

1 + (ηγ)2
(A.30)
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here, k = ω
√
µε and η =

√
µ/ε.

The (E+
R,H

+
R) in (A.27) and (A.28) represent a right-hand circularly polarized

(RHCP) uniform ( ∂
∂x

= 0 = ∂
∂y

) plane wave travelling in +z direction with the

wave number h1.

Similar procedure can be followed, and it can be demonstrate that by replacing

h2 in eqns. (A.11)− (A.14) gives

Ey = jEx (A.31)

Hy =
Ex
ηc

(A.32)

and

Hx = −jHy (A.33)

Similarly, it can be shown that the following (E+
L ,H

+
L) is also a solution to (A.5)

and (A.6).

E+
L = C(x̂+ jŷ)e−jh2z (A.34)

H+
L =

C

ηc
(ŷ − jx̂)e−jh2z (A.35)

Where, C is an arbitrary constant, and the wavenumber (h2) is given by;

h2 = −ωµγ +
√
k2 + (ωµγ)2 (A.36)

The (E+
L ,H

+
L) in (A.34) and (A.35) represent a left-hand circularly polarized

(LHCP) uniform ( ∂
∂x

= 0 = ∂
∂y

) plane wave travelling in +z direction with the

wave number h2.

Note that if h1 in (A.27) and (A.28) is replaced with h2, the resulting fields

will not satisfy (A.5) and (A.6). Similarly, if h2 in (A.34) and (A.35) is replaced

with h1, the resulting fields will not satisfy (A.5) and (A.6). In other words, h1

is the wave number for a RHCP wave and h2 is the wave number for a LHCP

wave. Note also that a uniform plane wave of the following form with arbitrary

Ex and Ey and h = h1 or h = h2 will not satisfy (A.5) and (A.6).

E(z) =
(
x̂Ex + ŷEy

)
e−jhz (A.37a)
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H(z) =
(
x̂Hx + ŷHy

)
e−jhz (A.37b)

In other words, the uniform plane wave cannot be linearly or elliptically polarized.

It has to be circularly polarized.

Since (A.5) and (A.6) are homogeneous the sum of (E+
R,H

+
R) and (E+

L ,H
+
L)

given below will be the general form of a uniform plane wave traveling in a chiral

medium (ε, µ, γ) in +z direction.

E+ = A(x̂− jŷ)e−jh1z + C(x̂+ jŷ)e−jh2z (A.38)

H+ =
A

ηc
(ŷ + jx̂)e−jh1z +

C

ηc
(ŷ − jx̂)e−jh2z (A.39)

Similarly, (E−,H−) given below is the general form a plane wave traveling in −z
direction in a chiral medium (ε, µ, γ).

E− = F (x̂+ jŷ)ejh1z +G(x̂− jŷ)ejh2z (A.40)

H− =
F

ηc
(−ŷ + jx̂)ejh1z +

G

ηc
(−ŷ − jx̂)ejh2z (A.41)

Note that the first terms (with wave number h1) in (A.40) and (A.41) represent

a RHCP wave and the second terms (with wave number h2) represent a LHCP

wave traveling in −z direction.

Since the RHCP wave and LHCP wave in (A.38) and (A.39) travel with

different velocities, the polarization of the total wave rotates as the wave travels

in +z direction. Similarly, polarization rotation exists for the fields in (A.38) and

(A.39). For details and much more the reader is referred to elegant papers [80–82].

A.0.2 Plane Waves Produced By an Electric Current

Sheet in a Chiral Medium

Figure A.1 shows an infinite current sheet

J = −4J0x̂ (A.42)

placed at z = −d plane in an unbounded chiral medium (ε, µ, γ). Where J0 is a

constant. The field produced by this source, for z < −d is given by;
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Figure A.1: An infinite current sheet in an unbounded chiral medium.

E−(J) = ηcJ0

{
(x̂+ jŷ)ejh1(z+d) + (x̂− jŷ)ejh2(z+d)

}
(A.43)

H−(J) = J0

{
(−ŷ + jx̂)ejh1(z+d) + (−ŷ − jx̂)ejh2(z+d)

}
(A.44)

The superscript − represents the field traveling in −z direction. Similarly, the

fields for z > −d is given by;

E+(J) = ηcJ0

{
(x̂− jŷ)e−jh1(z+d) + (x̂+ jŷ)e−jh2(z+d)

}
(A.45)

H+(J) = J0

{
(ŷ + jx̂)e−jh1(z+d) + (ŷ − jx̂)e−jh2(z+d)

}
(A.46)

Note that the pairs (A.43) and (A.44), and (A.45) and (A.46) satisfy (A.5)

and (A.6). Furthermore,

E+(J) = E−(J) at z = −d, (A.47)

and

ẑ ×
[
H+(J)−H−(J)

]
= J at z = −d. (A.48)
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Appendix B

Two-Dimensional Fields in Chiral

Media

In a chiral medium, a uniform plane wave cannot be linearly or elliptically

polarized. It has to be circularly polarized. Since the RHCP wave and LHCP

wave travel with different velocities, the polarization of the total wave rotates

as the wave travels in a chiral medium. Here, a simple and elegant procedure

is followed to derive expressions for the fields produced by sources in a chiral

medium. For a chiral material, there exists a few different sets of constitutive

relations. Here, the following two equations will be used.

D = εE− jγB (B.1)

H =
1

µ
B− jγE (B.2)

where ε represents the permittivity and µ represents the permeability of the

medium, respectively. The γ is known as chiral admittance. It provides an

extra degree of freedom. The positive chiral admittance (γ > 0) specifies right-

handedness while the negative chiral admittance (γ < 0) defines left-handedness.

When γ is zero, the medium is simply dielectric or achiral.

The Maxwell’s equations are as follows (ejωt time dependence assumed):
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−∇× E = jωB + M (B.3)

∇×H = jωD + J (B.4)

Where the electric and magnetic currents are denoted by J and M, respectively.

Maxwell’s equation for a chiral medium can be obtained by substituting (B.1)

and (B.2) into (B.3) and (B.4):

−∇× E = jωµH− ωµγE + M (B.5)

∇×H = jω(ε+ µγ2)E + ωµγH + J (B.6)

These equations can be expressed in matrix form as:

∇×
[

E

H

]
= K

[
E

H

]
+

[
−M

J

]
(B.7)

where

K =

[
ωµγ −jωµ

jω(ε+ µγ2) ωµγ

]
(B.8)

The coupling caused by K in the wave equations can be removed by diagonalising

such that

K = A

[
h1 0

0 −h2

]
A−1 (B.9)

where

A =

[
1 1
j
ηc
− j
ηc

]
(B.10)

A−1 =
1

2

[
1 −jηc
1 jηc

]
, (B.11)

and the chiral admittance of the chiral medium is given by;

ηc =
η√

1 + (ηγ)2
(B.12)

with

η =
√
µ/ε , (B.13)
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and h1 and h2 are the right- and left-handed wave numbers and are given by,

h1 = ωµγ +
√
k2 + (ωµγ)2 (B.14)

h2 = −ωµγ +
√
k2 + (ωµγ)2 (B.15)

where k = ω
√
µε. Premultiplying both sides of B.7 by A−1, we obtain

∇× A−1
[

E

H

]
= A−1KAA−1

[
E

H

]
+ A−1

[
−M

J

]
(B.16)

The RHCP (+) and LHCP (−) fields and currents in a chiral medium are given

by; [
E+

E−

]
= A−1

[
E

H

]
(B.17)

[
M+

M−

]
= −A−1

[
−M

J

]
(B.18)

H± = ±jE
±

ηc
(B.19)

J± = ∓jM
±

ηc
(B.20)

Substituting (B.11) into (B.17) yields;

E± =
1

2
(E∓ jηcH) (B.21)

Substituting (B.21) into (B.19) gives;

H± =
1

2
(H± j

ηc
E) (B.22)

Similarly, for right-handed and left-handed currents, substituting (B.11) into

(B.18), we obtain

M± =
1

2
(M± jηcJ) (B.23)

Substituting (B.23) into (B.20) gives;

J± =
1

2
(J∓ j

ηc
M) (B.24)
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To express Maxwell’s equations (B.7) in terms of E± and H±, we obtain

∇× E± = −jωµH± −M± (B.25)

∇×H± = jωεE± + J± (B.26)

With these new definitions for fields and currents, Maxwell’s equations must be

satisfied. In Maxwell’s equations (B.3) and (B.4) replacing E by

E = E+ + E− (B.27)

and replacing H by

H = H+ + H− (B.28)

and replacing J by

J = J+ + J− (B.29)

and replacing M by

M = M+ + M− (B.30)

gives the following equations:

∇× (E− jηcH)

2
+ ∇× (E + jηcH)

2

= −jωµ
(H + j

ηc
E)

2
− (M + jηcJ)

2
− jωµ

(H− j
ηc

E)

2
− (M− jηcJ)

2
(B.31)

∇×
(H + j

ηc
E)

2
+ ∇×

(H− j
ηc

E)

2

= jωε
(E− jηcH)

2
+

(J− j
ηc

M)

2
+ jωε

(E + jηcH)

2
+

(J + j
ηc

M)

2
(B.32)

Rearranging the above equations give:

−∇× E = jωµH− ωµγE + M (B.33)

∇×H = jω(ε+ µγ2)E + ωµγH + J (B.34)

The equations (B.33) and (B.34) are obtained using RHCP and LHCP fields

(E±,H±) and currents (J±,M±), and are identical to the Maxwell’s equations in
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a chiral medium given by (B.5) and (B.6). It is now clear that only a circularly

polarized wave of two opposite handedness exists in a chiral medium. These waves

have different phase velocities, wavenumbers, and attenuation rates. In other

words, a linearly or elliptically polarized wave cannot exist in a chiral medium.

By using two-dimensional Green’s functions with some algebraic manipulations,

one can find the electric and magnetic fields due to electric and magnetic sources

radiating in an unbounded chiral medium [44]. For the sake of completeness,

the electric and magnetic fields due to the electric and magnetic current sources,

radiating in an unbounded chiral region are given by;

E(J,M) = −ηc
8

∫
C

{
h1H

(2)
0 (h1|ρ− ρ

′ |) + h2H
(2)
0 (h2|ρ− ρ

′ |)
}

J(ρ
′
)dl
′

− ηc
8

∫
C

{
∇H

(2)
0 (h1|ρ− ρ

′ |)−∇H
(2)
0 (h2|ρ− ρ

′ |)
}
× J(ρ

′
)dl
′

− ηc
8
∇
∫
C

{
h−11 H

(2)
0 (h1|ρ− ρ

′ |) + h−12 H
(2)
0 (h2|ρ− ρ

′ |)
}
∇′ · J(ρ

′
)dl
′

+
j

8

∫
C

{
h1H

(2)
0 (h1|ρ− ρ

′ |)− h2H(2)
0 (h2|ρ− ρ

′ |)
}

M(ρ
′
)dl
′

+
j

8

∫
C

{
∇H

(2)
0 (h1|ρ− ρ

′ |) + ∇H
(2)
0 (h2|ρ− ρ

′ |)
}
×M(ρ

′
)dl
′

+
j

8
∇
∫
C

{
h−11 H

(2)
0 (h1|ρ− ρ

′ |)− h−12 H
(2)
0 (h2|ρ− ρ

′ |)
}
∇′ ·M(ρ

′
)dl
′

(B.35)

H(J,M) = −j
8

∫
C

{
h1H

(2)
0 (h1|ρ− ρ

′ |)− h2H(2)
0 (h2|ρ− ρ

′|)
}

J(ρ
′
)dl
′

− j

8

∫
C

{
∇H

(2)
0 (h1|ρ− ρ

′|) + ∇H
(2)
0 (h2|ρ− ρ

′ |)
}
× J(ρ

′
)dl
′

− j

8
∇
∫
C

{
h−11 H

(2)
0 (h1|ρ− ρ

′ |)− h−12 H
(2)
0 (h2|ρ− ρ

′ |)
}
∇′ · J(ρ

′
)dl
′

− 1

8ηc

∫
C

{
h1H

(2)
0 (h1|ρ− ρ

′ |) + h2H
(2)
0 (h2|ρ− ρ

′ |)
}

M(ρ
′
)dl
′

− 1

8ηc

∫
C

{
∇H

(2)
0 (h1|ρ− ρ

′|)−∇H
(2)
0 (h2|ρ− ρ

′ |)
}
×M(ρ

′
)dl
′

− 1

8ηc
∇
∫
C

{
h−11 H

(2)
0 (h1|ρ− ρ

′ |) + h−12 H
(2)
0 (h2|ρ− ρ

′ |)
}
∇′ ·M(ρ

′
)dl
′

(B.36)
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The equations derived in (B.35) and (B.36) are the two dimensional field

equations for an unbounded chiral medium. Here, C denotes the contour

describing a cross-section of the surface in the xy−plane, |ρ− ρ
′| is the distance

between the field and source point, and H
(2)
0 is the Hankel function of zeroth

order and second kind. These equations reduce to achiral medium field equations

for γ = 0.
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Appendix C

Detailed Computation of Some

Moment Matrix Elements

The moment matrix in (3.9) is 8N × 8N square matrix. Each element in

a moment matrix is N × N sub-matrice. The purpose of this appendix is to

understand typical elements of different sub-matrices, and obtain expression to

compute these elements.

Consider a surface S with constant cross-section in the z-direction. Let C

be the contour describing a cross−section of S. The electric field produced by

currents J and M residing on S in an unbounded medium is given by:

E(J,M) = E(J, 0) + E(0,M) (C.1)

where,

E(J, 0) = −jωµA (C.2)

and,

E(0,M) = −∇× F. (C.3)

Here,

A(ρ) =
1

4j

∫
C

J(ρ′)H
(2)
0 (kρ|ρ− ρ′|)dl′ (C.4)
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and,

F(ρ) =
1

4j

∫
C

M(ρ′)H
(2)
0 (kρ|ρ− ρ′|)dl′ (C.5)

ZJZ110:

An element in the mth row and the nth column of the sub-matrix ZJZ110

is the z-component of the electric field on the mth segment of S1, produced by

JZ on the nth segment of S1, when this JZ radiates in the unbounded medium

(ε0, µ0). This element is given by

ZJZ110(m,n) =
−η0k0lm1

4

∫
Cn1

H
(2)
0 (k0|ρcm1

− ρ
′ |)dl′ (C.6)

Here, η0 and k0 denote the wave impedance and the wave number of free space

respectively. Cn1 represents the nth segment on S1, and lm1 represents the length

of the mth field segment on S1. The position vector ρ
′

represents an arbitrary

point on Cn1 and the position vector ρcm represents the center of the field segment

Cm1 on S1, and H
(2)
0 is the zeroth order Hankel function of the second kind.

When field and source are on the same segment (m = n), the small argument

approximation for the Hankel function given by

H
(2)
0 (R) ∼= 1− j 2

π
ln
γR

2
(C.7)

is used. Here, ln(γ) = 0.5772..., is the Euler constant.

To compute the mnth element of ZJZ120(m,n), we replace Cn1 in (C.6) with

Cn2 . Similarly, when we replace in (C.6), lm1 , Cn1 ,ρcm1
with lm2 , Cn2 ,ρcm2

respectively, we obtain ZJZ220(m,n). The elements of ZJZ210 contain the fields

on S2 produced by the sources on S1.

The sub-matrices ZJL110,ZMZ110,ZJL120,ZMZ120, ZJL210,ZMZ210,ZJL220,

and ZMZ220 are identically zero.

The sub-matrices in the 2nd row of (3.9) contain the lateral field on S1,

produced by different sources radiating in the unbounded medium (ε0, µ0).

Therefore, LJZ110,LML110, LJZ120, and LML120 are identically zero. Similarly,

the sub-matrices LJZ210,LML210,LJZ220, and LML220 are identically zero.

124



ZML110:

An element in themth row and the nth column of the sub-matrix ZML110

is the z-component of the electric field on the mth segment of S1, produced by

ML on the nth segment of S1, when this ML radiates in the unbounded medium

(ε0, µ0). This element is given by

ZML110(m,n) = −j k0lm1

4

∫
Cn1

n̂1.
(ρcm1

− ρ
′
)

|ρcm1
− ρ′ |

×H(2)
1 (k0|ρcm1

− ρ
′ |)dl′ (C.8)

Here, n̂1 = t̂n1 × ẑ is the unit vector normal to the source segment Cn1 on S1,

and t̂n1 is the unit vector tangent to the same segment, and H
(2)
1 is the first order

Hankel function of the second kind. The typical elements of the sub-matrices

ZML120,ZML210, and ZML220 have similar form as (C.8).

The charge associated with the lateral current of the mth segment is

approximated by two displaced pulses as shown in Fig. C.1.

Figure C.1: The lateral current on the mth segment of surface S and the charge
associated with it.
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LJL110:

An element in the mth row and the nth column of the sub-matrix LJL110

is the lateral component of the electric field on the mth segment of S1, produced

by JL on the nth segment of S1, when this JL radiates in the unbounded medium

(ε0, µ0). This element is approximately given by

LJL110(m,n) = −k0η0
4

(t̂m1 · t̂n1)lm1

∫
Cn1

H
(2)
0 (k0|ρcm1

− ρ
′ |)dl′

− η0
4k0ln1

{∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (k0|ρcm1+ − ρ

′ |)dl′

−
∫[

C
n1−

1
2
+C

n1+
1
2

]H(2)
0 (k0|ρcm1− − ρ

′|)dl′
}

(C.9)

Where, Cn1− 1
2

+Cn1+
1
2

shows the domain of the two charge pulses (shown by the

dotted lines) as in Fig. C.1. In (C.9), ρcm1− and ρcm1+, respectively denote the

beginning and the end of nth segment on S1 as shown in Fig. C.1. The typical

elements of the sub-matrices LJL120,LJL210, and LJL220 have similar form as

(C.9).

LMZ110:

An element in themth row and the nth column of the sub-matrix LMZ110

is the lateral component of the electric field on the mth segment of S1, produced

by MZ on the nth segment of S1, when this MZ radiates in the unbounded medium

(ε0, µ0). This element is approximately given by

LMZ110(m,n) = j
k0lm1

4

∫
Cn1

n̂f ·
(ρcm1

− ρ
′
)

|ρcm1
− ρ

′ |
×H(2)

1 (k0|ρcm1
− ρ

′|)dl′ (C.10)

Where n̂f is the unit vector normal to the field segment. The typical elements of

the sub-matrices LMZ120,LMZ210, and LMZ220 have similar form as (C.10).
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ZJZ111:

An element in the mth row and the nth column of the sub-matrix ZJZ111

is the z-component of the electric field on the mth segment of S1, produced by

JZ on the nth segment of S1, when this JZ radiates in the unbounded medium

(ε1, µ1, γ1). This element is given by

ZJZ111(m,n) = −ηc1lm1

8

{
h1

∫
Cn1

H
(2)
0 (h1|ρcm1

− ρ
′|)dl′

+ h2

∫
Cn1

H
(2)
0 (h2|ρcm1

− ρ
′|)dl′

}
(C.11)

Where, ηc1 is the wave impedance associated with the chiral medium (ε1, µ1, γ1)

and is given by the following

ηc1 =
η1√

1 + (η1γ1)2
. (C.12)

Here, η1 =
√

µ1
ε1

. The two wave number h1 and h2 associated with the chiral

material (ε1, µ1, γ1) are given by the following

h1 = ωµ1γ1 +
√

(k1)2 + (ωµ1γ1)2 (C.13)

h2 = −ωµ1γ1 +
√

(k1)2 + (ωµ1γ1)2 (C.14)

Where,

k1 = ω
√
ε1µ1. (C.15)

ZJL111:

An element in the mth row and the nth column of the sub-matrix ZJL111

is the z-component of the electric field on the mth segment of S1, produced by

JL on the nth segment of S1, when this JL radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

ZJL111(m,n) =
ηc1lm1

8

{
h1

∫
Cn1

(
n̂1 ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′|

)
H

(2)
1 (h1|ρcm1

− ρ
′ |)dl′

− h2
∫
Cn1

(
n̂1 ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h2|ρcm1

− ρ
′|)dl′

}
(C.16)
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ZMZ111:

An element in themth row and the nth column of the sub-matrix ZMZ111

is the z-component of the electric field on the mth segment of S1, produced by

MZ on the nth segment of S1, when this MZ radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

ZMZ111(m,n) =
jlm1

8

{
h1

∫
Cn1

H
(2)
0 (h1|ρcm1

− ρ
′|)dl′

− h2
∫
Cn1

H
(2)
0 (h2|ρcm1

− ρ
′|)dl′

}
(C.17)

ZML111:

An element in themth row and the nth column of the sub-matrix ZML111

is the z-component of the electric field on the mth segment of S1, produced by

ML on the nth segment of S1, when this ML radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

ZML111(m,n) = −jlm1

8

{
h1

∫
Cn1

(
n̂1 ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h1|ρcm1

− ρ
′|)dl′

+ h2

∫
Cn1

(
n̂1 ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h2|ρcm1

− ρ
′|)dl′

}
(C.18)

LJZ111:

An element in the mth row and the nth column of the sub-matrix LJZ111

is the lateral component of the electric field on the mth segment of S1, produced

by JZ on the nth segment of S1, when this JZ radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

LJZ111(m,n) = −ηc1lm1

8

{
h1

∫
Cn1

(
n̂f ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h1|ρcm1

− ρ
′|)dl′

− h2
∫
Cn1

(
n̂f ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h2|ρcm1

− ρ
′|)dl′

}
(C.19)
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LJL111:

An element in the mth row and the nth column of the sub-matrix LJL111

is the lateral component of the electric field on the mth segment of S1, produced

by JL on the nth segment of S1, when this JL radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

LJL111(m,n) = −ηc1lm1

8
(t̂n1 · t̂m1)

×
{
h1

∫
Cn1

H
(2)
0 (h1|ρcm1

− ρ
′ |)dl′ + h2

∫
Cn1

H
(2)
0 (h2|ρcm1

− ρ
′|)dl′

}
− ηc1

8ln1

{
h−11

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h1|ρcm1+ − ρ

′ |)dl′

+ h−12

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h2|ρcm1+ − ρ

′ |)dl′
}

+
ηc1
8ln1

{
h−11

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h1|ρcm1− − ρ

′ |)dl′

+ h−12

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h2|ρcm1− − ρ

′|)dl′
}

(C.20)

LMZ111:

An element in themth row and the nth column of the sub-matrix LMZ111

is the lateral component of the electric field on the mth segment of S1, produced

by MZ on the nth segment of S1, when this MZ radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

LMZ111(m,n) =
jlm1

8

{
h1

∫
Cn1

(
n̂f ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h1|ρcm1

− ρ
′|)dl′

+ h2

∫
Cn1

(
n̂f ·

(ρcm1
− ρ

′
)

|ρcm1
− ρ′ |

)
H

(2)
1 (h2|ρcm1

− ρ
′|)dl′

}
(C.21)
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LML111:

An element in themth row and the nth column of the sub-matrix LML111

is the lateral component of the electric field on the mth segment of S1, produced

by ML on the nth segment of S1, when this ML radiates in the unbounded medium

(ε1, µ1, γ1). This element is approximately given by

LML111(m,n) = −jlm1

8
(t̂n1 · t̂m1)

{
h1

∫
Cn1

H
(2)
0 (h1|ρcm1

− ρ
′|)dl′

− h2
∫
Cn1

H
(2)
0 (h2|ρcm1

− ρ
′ |)dl′

}
+

j

8ln1

{
h−11

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h1|ρcm1+ − ρ

′ |)dl′

+ h−12

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h2|ρcm1+ − ρ

′ |)dl′
}

− j

8ln1

{
h−11

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h1|ρcm1− − ρ

′ |)dl′

+ h−12

∫[
C

n1−
1
2
+C

n1+
1
2

]H(2)
0 (h2|ρcm1− − ρ

′|)dl′
}

(C.22)

The elements in the sub-matrices in the last two rows of the moment matrix

of (3.9) contain the fields computed in the unbounded chiral medium (ε2, µ2, γ2),

when these fields are radiated by surface currents (J2,M2). The expressions for

such elements are similar to those in (C.11− C.22). For example,

ZJZ222(m,n) = −ηc2lm2

8

{
h3

∫
Cn2

H
(2)
0 (h3|ρcm2

− ρ
′|)dl′

+ h4

∫
Cn2

H
(2)
0 (h4|ρcm2

− ρ
′|)dl′

}
(C.23)

Where, ηc2 is the wave impedance associated with the chiral medium (ε2, µ2, γ2)

and is given by the following

ηc2 =
η2√

1 + (η2γ2)2
. (C.24)

Here, η2 =
√

µ2
ε2

. The two wave number h3 and h4 associated with the chiral
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material (ε2, µ2, γ2) are given by the following

h3 = ωµ2γ2 +
√

(k2)2 + (ωµ2γ2)2 (C.25)

h4 = −ωµ2γ2 +
√

(k2)2 + (ωµ2γ2)2 (C.26)

Where,

k2 = ω
√
ε2µ2. (C.27)
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