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Efficient POPS-OFDM Waveform Design for Future
Wireless Communication Systems

Zeineb Hraiech , Mohamed Siala , Fatma Abdelkefi , and Tuncer Baykas

Abstract—Future wireless networks are required to offer new
applications and services, which will experience high dispersions
in time and frequency, incurred mainly by coarse synchronization.
Coarse synchronization is induced by signaling overhead reduction
and dictated by the tremendous optimization of the radio interface
efficiency. It is expected to dramatically damage waveform orthog-
onality in conventional orthogonal frequency-division multiplexing
(OFDM) systems and to result in oppressive intercarrier interfer-
ence (ICI). To alleviate the degradation in performance caused
by ICI, the concept of nonorthogonal multiplexing has been pro-
moted, as a serious alternative to strict orthogonal multiplexing,
for guaranteeing the OFDM benefits without requiring high-level
synchronization. Within this nonorthogonal multiplexing frame-
work, ping-pong optimized pulse shaping-OFDM (POPS-OFDM)
has been introduced as a powerful tool to efficiently design wave-
forms, which withstand future multicarrier systems’ dispersion
impairments. In this paper, we investigate the discrete time version
of the POPS-OFDM approach and study its sensitivity and ro-
bustness against estimation and synchronization errors. Based on
numerical results, we show that POPS-OFDM provides an impor-
tant gain in the signal-to-interference ratio, typically higher than
5 dB, with respect to conventional OFDM. We also demonstrate
that POPS-OFDM brings an increased robustness against synchro-
nization errors and ensures a dramatic reduction in out-of-band
emissions, enabling flexible and improved spectrum utilization.

Index Terms—Intercarrier interference (ICI), intersymbol
interference (ISI), out-of-band (OOB) emissions, ping-pong
optimized pulse shaping-OFDM (POPS-OFDM), signal-to-
interference-plus-noise ratio (SINR), waveform design.

I. INTRODUCTION

TO MEET the future communication services and needs that
are looming on the horizon, the transition to the next fifth

generation (5G) of mobile communication systems is becoming
a must further essential [1]. First and foremost, the trend to offer
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novel applications of wireless communication certainly imposes
new challenges, ranging from reduced latency to high robust-
ness to synchronization errors and misalignments in time and
frequency. Among those applications, Tactile Internet [1]–[3],
which comprises real-time applications with extremely low la-
tency requirements, imposes a time budget on the physical layer
below 100 μs [2]–[4]. In addition, machine-type communica-
tion [3], [5], which generates sporadic traffic and has quite lim-
ited processing capabilities, needs to be coarsely synchronized
to guarantee long battery lifetimes. Unfortunately, orthogonal
frequency-division multiplexing (OFDM), adopted by the 4G
standard, is not suitable for the above applications, since it re-
quires strict synchronism and perfect waveform orthogonality
[5]. To ensure that, the OFDM technique necessitates a huge
overhead in the spectrum and energy resources and leads to a
dramatic increase in latency, which is brought by signaling and
transmission of training sequences [6]. In this framework, coarse
synchronization emerges as a key solution, since it reduces the
signaling load and keeps it within tolerable and acceptable lev-
els. However, relaxing synchronicity can dramatically damage
the OFDM signals and most likely result in unbearable intercar-
rier interference (ICI) and intersymbol interference (ISI). There-
fore, the main focus is to find a system based on nonorthogonal
wireless multicarrier schemes, with well-localized waveforms
in time and frequency domains. These waveforms should be
robust to relaxed time/frequency synchronization requirements
expected in several future 5G applications.

One of the alternative access techniques envisaged for 5G
is referred to as generalized frequency-division multiplexing
(GFDM) [3], [7], [8]. Compared to conventional OFDM, GFDM
offers a low out-of-band (OOB) emissions, thanks to an ad-
justable transmit pulse shaping filter, which is applied to in-
dividual subcarriers. This technique requires the aggregation
of a significant number of transmitting symbols, to which a
single cyclic prefix (CP) insertion overhead is appended, in
order to reduce overhead and increase spectrum and energy
efficiencies. Unfortunately, GFDM, which banks on circular
channel convolution and is brought by CP addition, can only
work over nontime-selective channels and requires a perfect
frequency synchronization at the receiver (Rx). Another can-
didate, under consideration for 5G, is filter bank multicarrier
(FBMC) [9], [10]. FBMC also offers a high-level control of
the OOB emissions, with frequency-localized shaping pulses.
This scheme does not require CP, and hence, it improves the
spectral efficiency [3], [11]. However, neither the low-latency
requirements nor the simplicity of implementation is guaran-
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teed by FBMC [6], [7]. Universal filtered multicarrier [4], [12]
was also introduced as an alternative to OFDM, where a filter-
ing operation is applied to a group of consecutive subcarriers
to reduce the OOB emissions. This scheme does not need the
use of CP [12], which makes it more sensitive to small time
synchronization errors and misalignments than OFDM. Hence,
it is expected to be unsuitable for applications demanding a re-
laxed time/frequency synchronization requirements. Ping-pong
optimized pulse shaping-OFDM (POPS-OFDM) [13] was pro-
posed as an attractive candidate for the optimization of the fu-
ture wireless communication systems. This innovative technique
guarantees more resilience to orthogonality losses incurred by
asynchronism and misalignment, since it has the advantage to
bank on a nonorthogonal wireless multicarrier scheme, which
allows the design of well-localized waveforms in both time and
frequency domains [14], [15]. Through an iterative, yet offline,
maximization of the signal-to-interference-plus-noise ratio
(SINR), POPS-OFDM straightforwardly and promptly gener-
ates the optimized waveforms at the transmitter (Tx)/Rx sides.
In addition to ICI/ISI mitigation, these waveforms are found to
achieve unprecedented robustness against time/frequency syn-
chronization errors. In [14] and [15], a continuous-time version
of the POPS-OFDM algorithm is presented, where the optimized
Tx/Rx waveforms are considered as linear combinations of the
most localized Hermite functions. Hence, POPS algorithm con-
sists of determining a couple of coefficient vectors that maximize
the SINR for a given signal-to-noise ratio (SNR) value and for a
rectangular scattering function. After determining the optimized
vector of the coefficients of each filter, the optimum continuous-
time Tx/Rx waveforms can then be deduced. In this paper, we
analyze several characteristics of the discrete-time version of the
POPS-OFDM and shed light on some of its relevant features.
The main contributions of this work are mainly the following.

1) A discrete-time POPS-OFDM implementation with re-
duced complexity is proposed.

2) An upper bound on the SINR of the POPS-OFDM and an
exact SINR expression of conventional OFDM systems
are derived.

3) The performance evaluation of POPS-OFDM for different
propagation conditions is provided.

4) The sensitivity of POPS-OFDM to estimation errors in
the channel spreading factor and its robustness against
the time and frequency synchronization errors are inves-
tigated.

5) The sensitivity of the POPS algorithm to waveform ini-
tialization is tested.

The rest of this paper is organized as follows. In Section II,
we present the basic system model and specify the main nota-
tions used in this paper. In Section III, we describe the iterative
discrete-time POPS-OFDM technique for the waveform design
and derive the SINR expressions for both POPS-OFDM and
conventional OFDM. In Section IV, we derive the upper bound
of the SINR, which can be achieved by the proposed POPS-
OFDM algorithm. In Section V, POPS-OFDM performances
are evaluated in terms of robustness against time and frequency
synchronization errors and its sensitivity to waveform initializa-
tion. Finally, Section VI is reserved for conclusions.

TABLE I
MATHEMATICAL NOTATIONS

II. SYSTEM MODEL

This section provides preliminary concepts and notations re-
lated to the POPS-OFDM and the channel model used for wave-
form optimization and performance evaluation. The main math-
ematical notations used in this work are shown in Table I. For
the POPS-OFDM at hand, as well as for conventional OFDM
to be used as a benchmark, the symbol period or spacing is
denoted by T , and the frequency spacing between two adja-
cent subcarriers is denoted by F . The transmitted signal is
sampled at a sampling rate Rs = 1

Ts
, where Ts is the sam-

pling period. Due to sampling, the total spanned bandwidth is
equal to 1

Ts
, and the number of subcarriers is finite and equal

to Q = 1
F Ts

, where Q ∈ N. Therefore, adopting [0, 1
Ts

) as the
spanned frequency band, the subcarrier frequencies are given
by mF = m/QTs , m = 0, 1, . . . , Q− 1. We choose the sym-
bol duration as an integer multiple of the sampling period, i.e.,
T = NTs , where N ∈ N. We denote by Δ = 1

F T the time–
frequency lattice density of the studied OFDM system, which is
taken below unity to be robust against impairments like disper-
sions in time and frequency. Hence, Δ = QTs

1
N Ts

= Q
N ≤ 1,

which means that Q is always smaller than or equal to N ,
and that the time–frequency lattice density is always rational.
The difference (N −Q)Ts accounts for the notion of guard
duration in conventional OFDM. The discrete-time version
of the transmitted signal is represented by the infinite vec-
tor e = (. . . , e−2 , e−1 , e0 , e1 , . . .)T = [eq ]q∈Z, where eq is the
transmitted signal sample at time qTs . This signal can be written
as e =

∑
mn amn ϕmn

, where amn is the transmitted symbol
at time nT and frequency mF (see Fig. 1). The vector used for
the transmission of symbol amn , which results from a time shift
of nT = nNTs and a frequency shift of mF = m/QTs of the
transmission prototype vector ϕ, can be written as

ϕ
mn

= [ϕ(q − nN)ej2π
m q
Q ]q∈Z. (1)
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Fig. 1. Time–frequency lattice at the Tx side.

In order to get a reasonable real-time implementation in terms
of processing and latency, we assume that the support duration,
of the transmitted waveform, is denoted byDϕ . The average en-
ergy of the transmitted symbol is denoted byE = E[|a2

mn |]. As-
suming a linear time-varying multipath channel h(p, q), with p
and q standing, respectively, for the sampling-period normalized
versions of the time delay and the normalized observation time,
the discrete-time version of the received signal, r = [rq ]q∈Z, is
expressed as

r =
∑

mn

amn ϕ̃mn
+ n (2)

where ϕ̃
mn

= [
∑

p h(p, q)ϕmn (q − p)]q∈Z is the channel-
distorted version of ϕ

mn
, and n is a discrete-time and zero

mean complex additive white Gaussian noise (AWGN), the sam-
ples of which are centered, uncorrelated with variance N0 . The
channel is assumed compliant with wide-sense stationary un-
correlated scattering assumptions, with a finite paths’ number,
K, such that h(p, q) =

∑K−1
k=0 hke

j2πνk Ts q δ(p− pk ), where
hk , νk , and pk are, respectively, the amplitude, the Doppler
frequency, and the time delay of the kth path. The paths’
amplitudes hk , k = 0, . . . ,K − 1, are supposed to have zero
mean and be independent random complex AWGN variables
with average powers πk = E[|hk |2 ], where

∑K−1
k=0 πk = 1. The

channel scattering function is, therefore, given by S(p, ν) =
∑K−1

k=0 πkδ(p− pk )δ(ν − νk ).At the Rx side, the decision met-
ric on symbol akl is given by

Λkl =
〈
ψ
kl
, r
〉

= ψH
kl
r (3)

whereψ
kl

= [ψ(q − lN)ej2π
k q
Q ]q∈Z is the time- and frequency-

shifted version, by lT in time and kF in frequency domains,
of the reception prototype vector ψ. The duration of the re-
ceive waveform, denoted by Dψ , remains also finite in order
to maintain a feasible and practical real-time implementation
complexity.

III. SINR DERIVATION FOR POPS AND

CONVENTIONAL OFDM

In this section, the discrete-time POPS-OFDM algorithm,
enabling the design of optimal waveforms at the Tx/Rx sides
through the SINR maximization, is presented. POPS-OFDM is
an iterative algorithm, which alternates between an optimization
of the receive waveformψ, for a given transmit waveformϕ, and
an optimization of the transmit waveform ϕ for a given receive
waveform ψ. The optimization is performed offline in order to

create a new waveform dictionary depending on the different
channel statistics. In the practice, the suitable waveform will
be selected from this dictionary to guarantee a high SINR level.
Without loss of generality, we will focus on the SINR evaluation
for the symbol a00 . Referring to (3), the decision variable on
a00 can be expanded into three additive terms as

Λ00 = a00

〈
ψ

00
, ϕ̃

00

〉

︸ ︷︷ ︸
U0 0

+
∑

(m,n) �=(0,0)

amn

〈
ψ

00
, ϕ̃

mn

〉

︸ ︷︷ ︸
I0 0

+
〈
ψ

00
, n
〉

︸ ︷︷ ︸
N0 0

(4)

where U00 results from the symbol to be detected, I00 is the ISI,
accounting for both ISI and ICI, and N00 is the noise term. The
following section will be dedicated to derive the exact closed-
form expression of the SINR, which depends on the powers of
U00 , I00 , and N00 .

A. Average Power From the Target Symbol

For a given realization of the channel, the average power from
the target symbol, a00 , is given by Ph

S = E
||ϕ ||2 | < ψ

00
, ϕ̃

00
>

|2 . Therefore, the average of the useful power over all possible
channel realizations isPS = E[Ph

S ]. Under the previous notions,
we deduce that

PS = E
ψHKS

ϕ

S (p,ν )ψ

||ϕ||2 (5)

where KS refers to the Kernel matrix of the target symbol, and
it has the following expression:

KS
ϕ

S (p,ν ) =
K−1∑

k=0

πk σpk (ϕ00
ϕH

00
) � Φ

νk

=
K−1∑

k=0

πk σpk (ϕϕ
H ) � Φ

νk
. (6)

Given that PS > 0, we can state that the Kernel matrix is a
positive Hermitian matrix. POPS-OFDM is conceived as an
iterative algorithm, where ψ and ϕ have to alternately exchange

their roles, within KS
ϕ

S (p,ν ) and KS
ψ

S (−p,−ν ) or KS
� (ϕ)
S (p,ν ) . Its

principle will be detailed in the next section. We remind that

ϕHKS
ψ

S (p,ν )ϕ = ψHKS
ϕ

S (−p,−ν )ψ = �(ψ)H KS
� (ϕ)
S (p,ν )�(ψ)

(7)

where�(ψ) and�(ϕ) are the time-reversal versions ofψ andϕ,
respectively. The above equalities indicate that the useful signal
power can be expressed as a quadratic form on ψ for a given
ϕ and vice versa, in two ways. The first one results from the
inversion of the scattering function in time and frequency and
the interchange of the Tx/Rx waveforms roles. The second one
keeps the scattering function, S(p, ν), unchanged but requires
the interchange of the Tx/Rx waveforms along with their time
inversion.



174 IEEE SYSTEMS JOURNAL, VOL. 13, NO. 1, MARCH 2019

B. Average Interference Power

The interference term within the decision variable Λ00 , given
by I00 =

∑
(m,n) �=(0,0) amn < ψ

00
, ϕ̃

mn
>, results from the

contribution of all other transmitted symbols amn , such that
(m,n) �= (0, 0). The mean power of Ph

I , taken over channel
realizations, is given by

PI = E[Ph
I ] =

E

||ϕ||2
∑

(m,n) �=(0,0)

E[| < ψ
00
, ϕ̃

mn
> |2 ].

By reiterating the same derivation as the previous section, PI ,
is equal to

PI = E
ψHKI

ϕ

S (p,ν )ψ

||ϕ||2 (8)

where the interference Kernel matrix is expressed as

KI
ϕ

S (p,ν ) =
K−1∑

k=0

πk

⎛

⎝
∑

(m,n) �=(0,0)

σpk (ϕmn
ϕH
mn

)

⎞

⎠� Φ
νk
.

(9)

Since PI > 0, the interference Kernel KI
ϕ

S (p,ν ) is also a

Hermitian positive-semidefinite matrix, where KI
ϕ

S (p,ν ) and

KI
ψ

S (−p,−ν ) verify also the similar identities

ψHKI
ϕ

S (p,ν )ψ = ϕHKI
ψ

S (−p,−ν )ϕ = �(ψ)H KI
� (ϕ)
S (p,ν )�(ψ).

When combined with (7), the above identities enable us to opti-
mize the Tx vector ϕ through a maximization of the SINR, for
any arbitrary choice of the Rx vector ψ.

C. Average Noise Power

The correlation between the two noise samplesNmn andNkl

can be expressed as

E[N ∗
mnNkl ] = E[< ψ

mn
, r >∗ < ψ

kl
, r >]

= ψH
kl

E[n nH ] ψ
mn

= N0 < ψ
kl
, ψ

mn
> . (10)

We point out that the noise correlation is a very critical param-
eter, since it induces an important error in small packets, which
will complicate the channel decoding and, hence, degrade the
transmission quality. Consequently, when there are more than
one optimal waveform, which maximize the SINR, it is wise to
choose the waveform, which minimizes the noise correlation.
Taking (k, l) = (m,n) in the previous equation, the average
power of the noise term, Nkl , has the following expression:

PN = N0

∥
∥
∥ψ

kl

∥
∥
∥

2
= N0

∥
∥ψ
∥
∥2
. (11)

D. SINR Expressions

1) SINR Expressions for POPS-OFDM: Based on the el-
ementary expressions obtained in the previous sections, we

deduce that the SINR can be expressed as follows:

SINR =
PS

PI + PN
=

ψH KS
ϕ

S (p,ν ) ψ

ψH (KI
ϕ

S (p,ν ) +
||ϕ ||2
SNR I) ψ

(12)

where SNR = E
N0

. This expression is valid for a general channel
model. We notice that, by interchanging ϕ and ψ roles, i.e., by
letting ψ to be the transmit waveform and ϕ to be the receive
waveform, the resulting SINR remains unchanged, where the
scattering function is inverted in time and frequency domains.
In fact, using the previous identities in (12), the SINR can be
written as

SINR =
ϕH KS

ψ

S (−p,−ν ) ϕ

ϕH (KI
ψ

S (−p,−ν ) +
||ϕ ||2
SNR I) ϕ

. (13)

The above equation allows the optimization of the transmit
waveform, given a particular choice of the receive waveform.
Also, while maintaining the initial scattering function, S(p, ν),
interchanging the transmitting and receiving waveforms and
taking their time-inversed versions, �(ψ) and �(ϕ), we can
express the SINR as

SINR =
�(ϕ)H KS

� (ψ )
S (p,ν ) �(ϕ)

�(ϕ)H (KI
� (ψ )
S (p,ν ) +

||� (ψ )||2
SNR I) �(ϕ)

. (14)

While (12) is used in the optimization of ψ, given ϕ, both (13)
and (14) could be used interchangeably in the optimization ofϕ,
given ψ. Nevertheless, from an implementation point of view,
(14) is more tractable, since it preserves the same form of the
scattering function as in (16), without recourse to inversions in
time delay and Doppler frequency. Indeed, in the implemen-
tation code, the same piece of code, used for (12), could be
employed to implement (14), where the roles of ψ and ϕ are
interchanged, with �(ψ) injected instead of ψ, to obtain �(ϕ),
the time reverse of the optimized transmit waveform ϕ. Be-
sides reducing programming complexity, when combined with
(12), the alternative expression of the SINR in (14) implies
that if a couple of Tx/Rx waveforms, (ϕ,ψ), achieves a given
SINR, then the dual couple, (�(ψ),�(ϕ)), obtained by inter-
changing and time-reversing the Tx and Rx waveforms, achieves
the same SINR value. Additionally, if the couples (ϕ,ψ) and
(�(ψ),�(ϕ)) are different, the couple leading to the least noise
correlation at the Rx is preferable from an error correction point
of view and should be adopted in practice. This observation
also holds for the dual versions, CP-OFDM and zero-padding
OFDM (ZP-OFDM), of conventional OFDM, where CP-OFDM
is preferred to ZP-OFDM, since it is alone to offer a noise-
correlation-free communication. When the pair (ϕ,ψ) offers a
unique global maximum of the SINR, then the dual pairs, (ϕ,ψ)
and (�(ψ),�(ϕ)), are identical, up to a pure complex multi-
plicative phase coefficient. Hence, up to an arbitrary phase shift,
we have �(ϕ) = ψ, which means that the transmit waveform
ϕ and the receive waveform ψ are reversed time of each other.
This behavior will be confirmed in the numerical results sec-
tion, where all found pairs of optimized waveforms exhibit this
time-reversal symmetry.



HRAIECH et al.: EFFICIENT POPS-OFDM WAVEFORM DESIGN 175

2) SINR Expression for Conventional OFDM: In the previ-
ous section, we derived the general expression of the SINR of
any multicarrier system, including conventional OFDM, with
its CP-OFDM and ZP-OFDM versions. This expression is next
used to derive the achievable SINR by any dual forms of con-
ventional OFDM. We recall that the transmit waveform ϕc and
receive waveform ψc for CP-OFDM have rectangular forms
with respective supports [−(N −Q), . . . , 0, . . . , (Q− 1)] and
[0, . . . , (Q− 1)], and amplitudes 1√

N
and 1√

Q
. We also re-

call that the transmit waveform ϕz and receive waveform ψz

for ZP-OFDM have rectangular forms with respective supports
[0, . . . , (N − 1)] and [0, . . . , (Q− 1)], and amplitudes 1√

N
and

1√
Q

. With respect to (14), we emphasize that CP-OFDM and
ZP-OFDM are duals of each other and lead to the same SINR,
while, with respect to noise correlation, it is preferable to use
CP-OFDM, since it guarantees zero correlation compared to
ZP-OFDM.

As the receive waveforms of the CP-OFDM and ZP-OFDM,
excluding the CP and ZP, respectively, constitute orthonormal
bases, it results that the sum of the useful power (5) and the
interference power (8) is equal to

Pc
S +Pc

I =
E

||ϕc ||2
∑

(m=0,...,Q−1,n)

E[| < ψc
00
, ϕ̃c

mn
> |2 ] = E

Q

N
.

Consequently, the resulting SINR for CP-OFDM, denoted by
SINRc , is expressed as follows:

SINRc =
P c
S

E
Q
N − P c

S

E + 1
SNR

. (15)

By injecting ϕc in (6), KS
ϕc

S (p,ν ) is expressed as

KS
ϕc

S (p,ν ) =
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
N

· · · ∑K−1
k=0 γk (N − pk − 1)

∑K−1
k=0 γk (−1) · · · ∑K−1

k=0 γk (N − pk − 2)

...
. . .

...

∑K−1
k=0 γk (−N + pk + 1) · · · 1

N

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

where γk (x) = πk
N e

j2πνk Ts x . Hence, the power of the symbol
of interest, Pc

S , is equal to (16) shown at the bottom of this page.

IV. POPS-OFDM OPTIMIZATION ALGORITHM

As previously mentioned, the POPS-OFDM principle con-
sists of alternating between an optimization of the transmit

waveform ϕ, given the receive waveform ψ, and the optimiza-
tion of the receive waveform ψ, given the transmit waveform
ϕ. Precisely, this principle recalls in many respects the behav-
ior of the famous Lloyd–Max algorithm [16], [17], which is
used in optimum scalar or vector quantization design. Indeed,
the Lloyd–Max algorithm iteratively alternates between an opti-
mization of the codebook of representative vectors (in the multi-
dimensional case) or points (in the unidimensional case), given
all quantization regions, and vice versa. As the ping-pong key-
word recalls, such a behavior is also observed in POPS-OFDM,
which also alternates between two steps.

1) The ping step: This step starts the kth iteration by assum-
ing the transmit waveform, ϕ(k−1) , to be available from
the previous (k − 1)th iteration. It optimizes the receive
waveform ψ at the kth iteration according to

ψ(k) = arg max
ψ

ψH KS
ϕ (k −1 )

S (p,ν ) ψ

ψH KIN
ϕ (k −1 )

S (p,ν ) ψ
(17)

with KIN
ϕ

S (p,ν ) = KI
ϕ

S (p,ν ) +
||ϕ ||2
SNR I .

SinceKS
ϕ

S (p,ν ) andKI
ϕ

S (p,ν ) are Hermitian and positive-
semidefinite matrices, the optimization in (17) amounts to
a maximization of a generalized Rayleigh quotient prob-
lem [18]. Consequently, sinceKIN

ϕ

S (p,ν ) is invertible for
finite values of the SNR, as can be figured out from its
expression above, the optimization problem becomes a
maximization one, where the solution corresponds to the
eigenvector of (KIN

ϕ

S (p,ν ))
−1 KS

ϕ

S (p,ν ) with the maxi-
mum eigenvalue.

2) The pong step: At this second and last step of the kth
iteration, the optimized receive waveform ψ(k) resulting
from the ping step, is assumed to be available. Then, a
time reversal transformation,�(ψ(k)), ofψ(k) is deduced.
After that, based on (14), at the kth iteration, an optimiza-
tion of �(ϕ) leading to �(ϕ(k)), and consequently to
the transmit waveform, ϕ(k) , by time inversion, is carried
according to

�(ϕ)(k) = arg max
� (ϕ)

�(ϕ)H KS
� (ψ (k ) )
S (p,ν ) �(ϕ)

�(ϕ)H KIN
� (ψ (k ) )
S (p,ν ) �(ϕ)

(18)

with KIN
� (ψ (k ) )
S (p,ν ) = KI

� (ψ (k ) )
S (p,ν ) +

||� (ψ )||2
SNR I . Here too,

KS
� (ψ (k ) )
S (p,ν ) and KI

� (ψ (k ) )
S (p,ν ) are Hermitian and positive-

semidefinite matrices. Consequently, the optimization
considerations in the ping step hold, and the opti-
mization problem in (18) amounts to a maximiza-
tion of another generalized Rayleigh quotient problem,

Pc
S = E

⎧
⎪⎪⎨

⎪⎪⎩

∑K−1
k=0 γk (0) +

∑K−1
k=0

∑Q−1
l=1

2(Q− l)
Q

�(γk (l)), if maxk=0,...,K−1 pk ≤ N −Q

∑K−1
k=0

N − pk
Q

γk (0) +
∑K−1

k=0
∑N−pk −1

l=1
2(N − pk − l)

Q
�(γk (l)), if maxk=0,...,K−1 pk ≤ N.

(16)
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where the solution corresponds to the eigenvector of

(KIN
� (ψ (k ) )
S (p,ν ) )−1 KS

� (ψ (k ) )
S (p,ν ) with the maximum eigen-

value.

V. UPPER BOUND OF THE POPS-OFDM SINR

As we mentioned before, POPS-OFDM is an iterative al-
gorithm permitting a systematic construction of the optimal
waveforms at Tx/Rx sides. Unfortunately, the POPS-OFDM al-
gorithm may be trapped in a local maximum, if the initialization
waveform is not carefully chosen. Hence, an initialization step
becomes necessary to guarantee a high SINR value. However,
it is crucial to get an idea about the maximum SINR value. In
order to derive the SINR upper bound, we reformulate the SINR
expression (12) as follows:

SINR =
(ϕ⊗ ψ)H A

S (p,ν )
(ϕ⊗ ψ)

(ϕ⊗ ψ)H B
S (p,ν )

(ϕ⊗ ψ
) (19)

where A
S (p,ν )

=
∑K−1

k=0 Ω(00)
k

and B
S (p,ν )

=
∑

(m.n) �=(0,0)
∑K−1

k=0 Ω(mn)
k

, with ∀ m,n ∈ Z, Ω(mn)
k

= Um
pk +nN

T

Πm
k
Um
pk +nN

, Πm
k

= [πk ej2π (νk Ts + m
Q )(q−q ′) ]q ,q ′∈Z and

[Um
d

]qq ′ =

{
1, if q mod (d+mDN) = 0 ∀ q′ ∈ Z

0, else.

In order to determine the SINR upper bound, SINR, we have to
maximize the SINR expression (19) over the Kronecker product
between ψ and ϕ, denoted by χ = ϕ⊗ ψ = [ϕqψ]q∈Z. By re-
moving the restriction on χ from the Kronecker product and
letting freely span the whole space, an SINR maximization
leads to

SINR = max
χ

χH A
S (p,ν )

χ

χH B
S (p,ν )

χ
. (20)

Since A
S (p,ν )

and B
S (p,ν )

are Hermitian and positive semidef-
inite, the maximization problem in (20) becomes a straight-
forward maximization of a generalized Rayleigh quotient.
Hence, SINR corresponds to the maximum eigenvalue of
B−1
S (p,ν )

A
S (p,ν )

.

VI. CHARACTERIZATION OF POPS WAVEFORMS

For the characterization of the waveforms, a radio channel,
where the scattering function S(p, ν) has a multipath power
profile with an exponential truncated decaying model and clas-
sical Doppler spectrum, is considered. Let 0 < b < 1 be the
decaying factor, such that the paths powers can be expressed
as πk = 1−b

1−bK b
k . Since sampled signals used at the Rx, a sam-

pled channel in the time domain is also used, and therefore, the

Doppler spectral density, denoted by α(ν), is periodic in the fre-
quency domain with period 1

Ts
. This scattering function follows

the Jakes model that is decoupled from the dispersion in the
time domain denoted as β(p). As a result, S(p, ν) = β(p)α(ν),
such as β(p) =

∑K−1
k=0 πkδK (p− pk ) and

α(ν) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2
πBd

1
√

1 −
(

2ν
Bd

)2
, if |ν| < Bd

2

0, if
Bd

2
≤ |ν| ≤ 1

2Ts

(21)

where Bd is the Doppler spread. Hence, the useful and the
interference Kernel matrices, derived in (6) and (9), will be
expressed, respectively, as follows:

KS
ϕ

S (p,ν ) =
K−1∑

k=0

πkσpk (ϕϕ
H ) � Φ (22)

KI
ϕ

S (p,ν ) =

(
∑

n

σnN

(
K−1∑

k=0

πkσpk (ϕϕ
H )

)

� Ω

)

−KSϕS (p,ν )

(23)

where Φ and Ω are the Hermitian matrices for the useful and the
interference Kernel matrices expressed, respectively, as follows:

Φ =
[∫

ν

α(ν)ej2πνTs (q−p)
]

pq

= [J0(πBdTs(p− q))]pq

(24)

and Ω = [Ωpq ]pq with

Ωpq =

{
QJ0(πBdTs(p− q)), if (p− q) mod Q = 0

0, else.

Hence, for the same context, the SINR expression for the con-
ventional OFDM remains identical to (15), where the useful
power, Pc

S , is equal to (25) shown at the bottom of this page.

A. Implementation of the POPS-OFDM Algorithm

In this section, we put emphasis on the main added values
of the POPS-OFDM algorithm, related to the implementation
aspects.

1) Discrete-time versions of the transmit and receive wave-
forms are considered from the start, avoiding any further
discretization step, which, otherwise, typically occurs a
degradation in the original optimized performance.

2) Finite duration supports of the transmit and receive wave-
forms are used in the optimization process, avoiding any
need for truncation prior to any actual implementation
step, circumventing any SINR degradation.

In the following, it will become clear for the reader that the
use of finite duration supports for the Tx and Rx waveforms will

Pc
S =

E

NQ

⎧
⎨

⎩

Q+
∑Q−1

l=1 2(Q− l)J0(πBdTsl), if maxk=0...K−1 pk ≤ N −Q

∑K−1
k=0 πk (N − pk ) +

∑K−1
k=0 πk

∑N−pk −1
l=1 2(N − pk − l)J0(πBdTsl), if maxk=0...K−1 pk ≤ N.

(25)
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lead to an exact computation of the Kernel matrices involved in
the optimization process.

1) POPS-OFDM With Equal Tx/Rx Waveform Durations:
Typically, the same duration for both transmit and receive wave-
forms is used in practice, i.e., Dψ = Dϕ = D. In this case,
the implementations of the ping and pong steps are the same.
Therefore, only the case of the ping step is explained next. As
illustrated in Fig. 2, given the transmit waveform vector ϕ, the
search for the optimum receive waveform vectorψ only requires

finite D ×D submatrices of the interference Kernel, KI
ϕ

S (p,ν ) ,

and the useful Kernel, KS
ϕ

S (p,ν ) . As such, only a finite number

of time shifts of the matrix ϕϕH is involved in the full specifi-
cation of this submatrix, and consequently, the summation (23)
could be restricted to a finite number of terms. This restriction
allows the exact computation of the SINR, with reduced com-
plexity, and without any recourse to approximations. According
to Fig. 2, matrix ϕϕH is first shifted according to the multipath
power profile. Then, the resulting aggregate matrix is, in turn,
repeatedly shifted by integer multiples of the normalized sym-
bol duration, N . As partially shown in Fig. 2, the useful and
interference kernels needed in the optimization of ϕ and ψ are
delimited by two square selection windows. Nevertheless, since
the channel is dispersive and causal, the selection window for
ψ should be diagonally shifted by around the average incurred
delay, with respect to the selection window ofϕ, to capture most
of the achievable SINR.

2) POPS-OFDM With Different Tx/Rx Waveform Durations:
When optimizing Tx/Rx waveforms, using POPS-OFDM, we
should not forget about the possible use of these waveforms
in a multiple access fashion. In this practical framework, in-
terferences incurred by other simultaneous transmission should
be kept at minimum, especially in the uplink, where power
unbalance and frequency and time misalignment are common-
place [19], [20]. These interferences could be caused by the
cumulative effects of amplification nonlinearities and nonideal
filtering, at the Tx side, and nonideal filtering, at the Rx side
[19]. Contribution to these interferences, from the Tx side, are
measured by the adjacent channel leakage power ratio (ACLR)
[19], which is defined as the ratio of the in-band transmitted
power to the power measured in an adjacent channel. From
the Rx side, these contributions are measured by the adjacent
channel selectivity (ACS) [20], which is a measure of the Rx’s
ability to filter out the power transmitted on an adjacent channel
band. A poor ACS performance may lead to dropped calls in
certain areas of the cells, also called dead zones [19]. To achieve
an increased immunity to both Tx and Rx sources of multiple
access interference, it is recommended to use large Tx and Rx
waveform durations to increase as much as possible the ACLR
and the ACS, respectively. Unfortunately, any increase in the
waveform duration at any side not only incurs an increase in
processing complexity, but also leads to an increase in latency,
which could turn to be harmful for some applications and ser-
vices. Nevertheless, the transmit and receive waveforms dura-
tions could still be taken different to better adapt to the disparity
in computational capabilities between Tx and Rx sides, while
reducing as much as possible multiple access interference. The

POPS-OFDM paradigm can easily be extended to the optimiza-
tion of Tx and Rx waveforms with different durations. However,
its implementation is slightly different compared to the case of
equal waveforms durations. For the illustration sake, we next
consider the case where Dψ > Dϕ . The case where Dψ < Dϕ

could be treated in the same way. The ping and pong steps for
Dψ > Dϕ are implemented as follows.

1) The ping step: Since, in the kth iteration, ϕ(k−1) is avail-
able, ψ is optimized according to (17). As depicted in
Fig. 3(a), matrix ϕϕH is shifted, according to the channel
multipath power profile. Afterward, the obtained matrix
is shifted repetitively, every normalized symbol duration,
N [see Fig. 3(a)]. Then, the useful and interference ker-
nels for the optimization of ψ are extracted according to
the square selection window of ψ. Again, to achieve the
best maximized SINR, the selection window for ψ should
roughly be shifted with respect to that of ϕ by the average
channel delay.

2) The pong step: At this step, ψ(k) is available from the

ping step. First, a time-reversal transformation, �(ψ(k)),
ofψ(k) is deduced. Then, based on (14), an optimization of
�(ϕ) is accomplished, leading to�(ϕ(k)) and, therefore,
to ϕ(k) by time inversion. We notice that the pong step
has the same principle as the ping one. However, here,
the square selection windows, specifying the useful and
interference Kernels of ϕ and ψ, areDϕ ×Dϕ andDψ ×
Dψ , respectively, and could therefore be different [see
Fig. 3(b)].

It should also be noted that this diagonal shift is of utmost
importance for reduced duration Tx and Rx waveforms (com-
parable to the symbol period), since the SINR is strongly de-
pendent on, due to reduced degrees of freedom in the waveform
design. For Tx and Rx waveforms, with large durations (several
times larger than the symbol period), variations of the achievable
SINR around the optimum window shift are of less importance,
since there is room for an additional artificial correction shift
that could be achieved within the support of ψ, thanks to the
higher degrees of freedom offered for the waveform design.

B. POPS-OFDM Performance

In this section, we consider multiple metrics to illustrate the
performance of POPS-OFDM. As mentioned before, the chan-
nel is characterized by the Doppler spread (Bd ) and the delay
spread (Tm ). The sensitivity of the multicarrier system to the
Doppler spread is measured by the normalized Doppler spread
factor (Bd

F ). In fact, when the subcarrier spacing, F , is big for
a given Doppler spread value, Bd , the system is less sensitive
to Doppler dispersion. Likely, the sensitivity of the multicarrier
system to the delay spread is measured by the normalized de-
lay spread factor (TmT ), where T is the symbol period. Yet, the
product (FT ), which is the inverse of the time-frequency lattice
density, is fixed for a given spectral efficiency. Hence, we can-
not increase simultaneously and freely both F and T values in
order to reduce system sensitivity to Doppler and delay spreads.
Consequently, a compromise between the normalized frequency
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Fig. 2. POPS-OFDM implementation methodology, taking into account the channel Doppler spread and the lattice periodic structure in time.

Fig. 3. POPS-OFDM implementation methodology, taking into account the lattice periodic structure and repetitive structure in time and the channel Doppler
spread. (a) Ping step (Dψ > Dϕ ). (b) Pong step (Dψ > Dϕ ).

spread factor (Bd

F ) and the normalized time spread factor (TmT )
should be found. If this is the case, we can say that the system is
balanced. To do so, we illustrate in Fig. 4 the SINR versus (Bd

F ),
and then, we determine the adequate values of (Bd

F ), for a given
values of BdTm = 0.01 and for both FT = 1.0625 (N = 136)
and FT = 1.25 (N = 160), that correspond to the optimum
balancing. In this figure, we also compare the performance of

POPS-OFDM and conventional OFDM, with CP of eight or 32
samples. The obtained results prove that POPS-OFDM outper-
forms conventional OFDM systems.

Fig. 5 illustrates the evolution of the signal-to-interference
ratio (SIR) versus FT , for both conventional OFDM and POPS-
OFDM, for different waveform durations. As expected, we note
that whatever the support duration of the Tx/Rx waveforms,
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Fig. 4. Doppler spread-delay spread balancing (Q = 128 and D = 3N ).

Fig. 5. Performance and gain in the SIR. Identical Tx/Rx waveform durations.

the proposed system always outperforms conventional OFDM
for a large range of channel dispersions, especially for a highly
frequency dispersive channel. This figure reveals a significant
SIR increase, reaching as much as 8 dB, as the support dura-
tion increases. Furthermore, it represents a mean to deduce the
adequate couple, (T, F ), which ensures the best compromise
between Doppler and delay spreads. We note that for a lattice
density equivalent to FT = 1.25, corresponding to a conven-
tional OFDM system with a CP having a one-quarter of the
time symbol duration, the SIR achieved by POPS-OFDM, for
D = N , exceeds 4 dB the one obtained by conventional OFDM.

The optimized Tx/Rx waveform shapes are illustrated in
Fig. 6 for FT = 1.25 and BdTm = 0.01. We remark that the
Tx/Rx waveform shapes are different from those of conventional
OFDM.

Fig. 7 shows that the obtained Tx waveform reduces the OOB
emissions, by about 80 dB, contrarily to conventional OFDM,
and it avoids the need of large guard bands. In this figure, we
observe that the optimal prototype waveforms are well localized
in the frequency domain, and the gain becomes less pronounced
when D ≥ 5N .

Fig. 8 presents the behavior of the SIR with respect to FT
for different Tx/Rx waveform durations, where we proceed by

Fig. 6. POPS optimized waveforms. (a) D = 5N . (b) D = 7N .

fixing the Tx waveform duration and increasing gradually the
Rx waveform duration. As expected, this figure shows that an
increase of Rx waveform durations with respect to the Tx wave-
form duration leads to a slight increase in the SIR.

C. SIR Dependence to Waveform Initialization

We emphasize that POPS-OFDM banks on an iterative algo-
rithm, and as a matter of fact, it is very sensitive to waveform
initialization. Nevertheless, this issue should not make question-
able, in any way, the significance and usefulness of the POPS
algorithm. Indeed, vulnerability to initialization is encountered
in several iterative, yet very useful and very famous, algorithms,
such as the Lloyd–Max iterative algorithm, which can also con-
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Fig. 7. Normalized power spectral density of POPS-OFDM compared to CP-OFDM. (a) Spectrum of one subcarrier. (b) Spectrum of 64 subcarriers.

Fig. 8. Performance in SIR. Different Tx/Rx waveform durations. (a) Dϕ = N . (b) Dϕ = 3N .

verge to local minima of the quantization distortion cost function
[16]. Motivated by the fact that the Hermite functions form an or-
thonormal base of the Hilbert space, l2(R), of square summable
functions and offer the best localization in time and frequency
domains in decreasing order, we initialize the POPS-OFDM
algorithm with different linear combinations of time-sampled
versions of the eight most localized Hermite functions. Further-
more, we consider Gaussian waveforms with various standard
deviation values, in addition to the root-raised cosine wave-
forms, with different roll-off factors, during the initialization
step [see Fig. 9(a)]. Other initialization waveforms could be en-
visaged, such as discrete prolate spheroidal sequences, Slepian
sequences, and Mirabbasi–Martin waveforms based on cosine
waveform expansions. Fig. 9 reveals the existence of local max-
ima in the SINR cost function to be maximized. Nevertheless,
it also reveals that, most of the time, the POPS algorithm con-
verges to SINR values larger than the one reached by conven-
tional OFDM. Moreover, as expected, the best achieved SINR

stays always below the SINR upper bound [see Fig. 9(b)]. For
large values of D, the Kernel matrices involved in the expres-
sion of the upper bound, in (19), of sizeD2 ×D2 , become very
large, thus preventing any possible numerical evaluation. Con-
sequently, in Fig. 9(b), only the SINR upper bound for Q = 64
and D = N = 80 is considered.

D. Robustness Characterization

So far, the performance of POPS-OFDM has been assessed
for a perfect transmission conditions. Unfortunately, these per-
fect conditions are never met in practice, where some imper-
fections could seriously hamper the achieved SINR gains. This
section precisely assesses the POPS-OFDM robustness to time
and frequency synchronization errors, as well as to estimation
errors in the channel statistics, characterized by the channel
spreading factor, BdTm . Fig. 10(a) compares the robustness of
POPS-OFDM and conventional OFDM in terms of time syn-
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Fig. 9. Impact of different waveforms’ prototype initializations. (a) Q = 128, D = 3N . (b) Q = 64, D = N .

Fig. 10. Sensitivity to synchronization errors. (a) Time. (b) Frequency.

chronization errors, when CP = 32 and CP = 16. This figure
confirms that POPS-OFDM is less sensitive to time synchroniza-
tion errors than conventional OFDM. With regard to sensitivity
to frequency synchronization errors, it could be noticed, from
Fig. 10(b), that POPS-OFDM and conventional OFDM have
practically the same behaviors. The computation of the Kernel
matrices in the POPS algorithm assumes a perfect knowledge
of the scattering function of the actual propagation channel.
In practice, an indirect parametric estimation of this scattering
function, through its channel spread factor, BdTm , should be
carried during effective transmission. As a matter of fact, the
optimized waveforms that are used during transmission cannot
exactly be matched to the actual transmission statistical pa-
rameters. Fig. 11 quantifies the degradation in POPS-OFDM
performance due to a mismatch between the values of BdTm
characterizing the actual channel, on the one hand, and used for
offline waveform optimization, on the other hand. This figure
reveals that if BdTm varies in the range from 0.001 to 0.01, a
wise choice is to use optimal Tx/Rx waveforms optimized for

Fig. 11. POPS-OFDM sensitivity to estimation errors on BdTm .

BdTm = 0.005 to guarantee a slow SINR degradation. Accord-
ing to our cumulated experience, this observation is valid for
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other ranges ofBdTm , meaning that, in practice, we only need a
finite codebook of optimized Tx/Rx waveform pairs, to be used
in an adaptive way, to guarantee an insignificant degradation in
the SINR performance.

VII. CONCLUSION

In this paper, we analyzed in detail the performance of the
discrete-time POPS-OFDM optimum waveform design tech-
nique. We showed that POPS-OFDM allows an offline iterative
waveform optimization at the Tx/Rx sides, which guarantees
an important SINR increase compared to conventional OFDM.
Moreover, we unveiled the capacity of POPS-OFDM waveforms
to offer a dramatic reduction in OOB emissions, leading to a bet-
ter use of the spectral resources, in multiple access scenarios.
Furthermore, we have tested the robustness of POPS-OFDM
waveforms against time synchronization errors and imperfect
knowledge of the scattering function of the actual propagation
channel. These benefits make POPS-OFDM waveforms com-
petitive candidates for 5G systems. We believe that, thanks to
the POPS paradigm, adaptive waveform communications will
become part of 5G systems, side-by-side with other link adapta-
tion techniques, such as fast power control and adaptive modula-
tion and coding. A perspective of our research work could be an
extension of the POPS optimization technique to multiple-input
multiple-output systems. Another potential perspective could be
the design of OFDM waveforms optimized for partial equaliza-
tion, carrier aggregation, or low latency, with tolerance to bursty
communications and relaxed synchronization.
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