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Abstract—Self-localization is of crucial importance to Un-
manned Aerial Vehicle (UAV) industry. Localization systems such
as the Global Positioning System (GPS) are prone to jamming and
spoofing. Localization using the Signal-Of-Opportunity (SoOP)
gained much attention recently as an alternative to typical
localization systems. We consider a general scenario where a
receiver deployed on a mobile UAV finds its location based
on Time Difference Of Arrival (TDOA) measurements with a
number of unsynchronized reference Base Station (BS) receivers
using signals from unsynchronized transmitters. The UAV has
relative time offsets and clock skews with the BSs. We derive
the Cramer-Rao Lower Bound (CRLB) of the UAV location and
relative skews. Then, we plot them for Phase Alternating Line
(PAL) analog TV transmission as SoOP.

Index Terms—TDOA, signals of opportunity, SoOP, UAV,
receiver self-localization, non-GPS, Line-Of-Sight, LOS

I. INTRODUCTION

Self-localization is a primary requirement for UAV systems.
Typically, a GPS receiver allows a UAV to find its location
with high accuracy. However, the UAV GPS receiver needs
to have Line-Of-Sight (LOS) with at least four GPS satellites
[1]. GPS signals are not always available and are susceptible
to jamming and spoofing [2]. A popular alternative is to use
the SoOPs available in the surrounding area. SoOP-based
localization uses measurements of Received Signal Strength
(RSS) such as in [3], TDOA such as in [4], Time Of
Arrival (TOA) such as in [5], Direction Of Arrival (DOA)
such as in [6], or a hybrid combination of two or more
of them [7]. TDOA measurements calculate the difference
in TOA between two different receivers. A typical mobile
receiver positioning system uses a single reference receiver and
several signal transmission sources. Each source transmits a
signal of opportunity, which both the mobile and the reference
receivers receive. Since the receivers have no control over
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the SoOP transmitters and the transmission time of SoOPs
is unknown to the receivers, the reference receiver provides
a common time reference for all receivers. However, it is
not easy to synchronize the clocks of the receivers with
high accuracy, which results in relative clock skews and time
offsets. Alternatively, differential TDOA removes the need
for time synchronization but requires an additional hardware
deployment such as in [8], [9], and [10]. However, differential
TDOA studies propose various measurement schemes and
algorithms. Every study applies a different geometric solution
to find the position. [8] and [10] generate ellipsoids for the
line of positions (LOP)s while [9] generates hyperbola for the
LOPs.

Many studies discuss the TDOA-based algorithms and the
theoretical limits for different localization scenarios, including
the UAV self-localization [11]. However, no study considers
the effect of the velocity of the UAV on the theoretical limits
of the TDOA-based UAV self-localization when acting as a
receiver. Motivated by this, we consider the problem of mobile
UAV TDOA-based localization using the SoOP in the presence
of relative clock offsets and skews with several reference BSs’
receivers. We derive and plot the CRLB of the location of
the UAV and the relative skews in the presence of Doppler
frequency shift. The primary contribution of this work lies in
deriving the CRLB for the moving UAV’s location estimation
and relative clock skews. This analysis provides a theoretical
performance limit for the accuracy of the localization process
in the considered scenario. Furthermore, the paper presents
plots of the CRLB specifically for PAL analog TV transmis-
sion as the SoOP. The rest of the paper is organized as follows:
in Section II, we develop the system model. In Section III, we
derive the CRLB. Finally, we present the figures of the derived
CRLB in Section IV.

II. PROBLEM STATEMENT

In our model, the SoOP is received by two or more separate
stations. One station, the movingUAV, is at an unknown
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Fig. 1. Formulation of system equations.

location, while the rest, the BSs, are reference receivers at
known locations. The SoOP transmitters TxN locations are
assumed to be known. However, their transmission times are
unknown, and their clocks are independent of each other and
the receivers’ clocks. Fixed SoOP transmitters’ locations can
be determined prior through surveying.

We assume that the UAV clock has an independent time
offset and clock skew relative to each BS. Figure 1 represents
the system equations where each black line corresponds to
a signal transmitted from one of the SoOP broadcasters and
received at the UAV or a BS. Each red line corresponds to
a number of TDOAs parameterized by a relative clock offset
and skew. As in [12], we assume that the relation between the
clock of the mth BS, t|bm , and the clock of the UAV, t|u, is

t|u = ϕm + ωmt|bm , (1)

where ϕm and ωm are the relative clock offset and the time-
independent clock skew between the UAV and the mth BS,
respectively. Additionally, we assume that the UAV preserves
line-of-sight with the transmitters and moves with uniform
velocity v as shown in Fig. 2. The velocity vector has a
component in the direction of the nth transmitter, where the
relative motion between the transmitter and the UAV exhibits
a Doppler effect.

If the transmission time of the signal at the nth transmitter
is Ton and c is the speed of light, then the noiseless measured
TOA at the mth BS is

tnm = Ton + dtnbm/c, (2)

where dtnbm is the distance between the nth transmitter and
the mth BS given by

dtnbm =

√
(xtn − xbm)

2
+ (ytn − ybm)

2
+ (ztn − zbm)

2
,
(3)

where xtn = [xtn ytn ztn ]
T and xbm = [xbm ybm zbm ]T

are the known transmitter and BS coordinates, respectively.
The noiseless measured TOA at UAV of the signal from the
nth transmitter relative to the mth receiving BS, tunm, can be
modeled as follows:

tunm = ϕm + ωm(Ton + dtn/c), (4)

Fig. 2. UAV in motion (the z-direction is not shown).

where dtn is the distance between the UAV and the nth
transmitter, and is given by

dtn =
√
(x− xtn)

2 + (y − ytn)
2 + (z − ztn)

2

= ∥(xtn − x)∥, (5)

where x = [x y z]T are the coordinates of the UAV. Since
the UAV is moving as shown in Fig. 2, the frequency of the
received signal from the nth transmitter exhibits a doppler
frequency shift:

∆fn =
fn
c

vT (xtn − x)

dtn
, (6)

where fn is the carrier frequency of the signal from the
nth transmitter, and v = [vx vy vz]

T is the velocity vector.
Considering the relation between the carrier frequency of the
nth transmitted signal, fn, and that of the arriving signal, f ′

n:

f ′
n = fn(1 +

vT (xtn − x)

cdtn
). (7)

The corresponding change in the signal period is:

1

f ′
n

=
1

fn
(1− vT (xtn − x)

cdtn + vT (xtn − x)
). (8)

The corresponding Doppler shift affecting the TOA:

∆TOAn = − 1

fn

vT (xtn − x)

cdtn + vT (xtn − x)
. (9)

This Doppler shift affects the TOA measurements as follows:

tunm = ϕm + ωm(Ton + dtn/c)−
1

fn

vT (xtn − x)

cdtn + vT (xtn − x)
.

(10)
The noisy measured TDOA between the UAV and the mth BS
using the signal from the nth transmitter can be found by:

δnm = tunm − tnm = ϕm + ωm

(
Ton +

dtn
c

)
− 1

fn

sn
cdtn + sn

− Ton − dtnbm
c

+ ϵnm, (11)

where the measurement noise ϵnm is independent Additive
White Gaussian Noise (AWGN), ϵnm ∼ N (0, σ2

nm), and sn =
vT (xtn − x).
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III. CRLB CALCULATION

Let (x, y, z) be the coordinates of the UAV, then, the vector
of unknown parameters is given as

θ = [x y z ω1 ...ωM ]
T ∈ RM+3 (12)

We consider the transmission times as nuisance parameters
that appear in the final CRLB. The vector form of the TDOAs
between the UAV and the mth BS is as follows:

δm = [δ1m δ2m ... δNm]T ∈ RN (13)

All the TDOA measurements can be formulated as a single
vector ∆ as follows:

∆ =
[
δ1

T ... δM
T
]T

∈ RN×M (14)

The mean of the TDOA between the UAV and the mth
reference receiver for the signal from the the nth transmitter
is

µnm = E[δnm] = ϕm + ωm

(
Ton +

dtn
c

)
− 1

fn

sn
cdtn + sn

− Ton − dtnbm
c

(15)

The mean vector of the TDOAs between the mth BS and the
UAV for all transmitters is as follows:

µm = [E{δ1m} E{δ2m} ... E{δNm}]T ∈ RN (16)

The means of all TDOAs in a single vector can be written as:

µ =
[
µT

1 µ
T
2 ...µ

T
M

]T ∈ RNM (17)

The covariance matrix for the TDOAs of the mth BS is:

Cm = diag(σ2
1m, σ2

2m, ..., σ2
Nm) ∈ RN×N (18)

where diag is the diagonal matrix. Then, the covariance matrix
of all TDOAs is:

C = blkdiag(C1,C2, ...,CM ). (19)

The noise variance of the TDOA measurement is distance-
dependent and can be modeled as a function of Signal-to-Noise
Ratio (SNR) and bandwidth β such as in [13]:

σ2
nm =

1

β2

(
1

SNRn
+

1

SNRnm

)
, (20)

where SNRn and SNRnm are the SNR of the signal from
the nth transmitter received at the UAV and the mth BS,
respectively. The SNR at a receiving node is:

SNR =
PT

Pn

1

PL
, (21)

where PT , PN , and PL are the transmitted power, thermal
noise power, and the corresponding path loss, respectively. The
free space path loss for isotropic antennae depends on the
distance d between the transmitter and the receiver such that:

PL =

(
4πdf

c

)2

, (22)

where f is the frequency carrier. The noise variance can then
be defined as follows:

σ2
nm =

1

c2
PN

PT

(
4πf

β

)2 (
d2tn + d2tnbm

)
, (23)

where dtnbm is the distance between the nth transmitter and
the mth BS.
The element of the Fisher Information Matrix (FIM) located
at the ith row and j column can be expressed as in [14]:

[Iθ]ij =

[
∂µ(θ)

∂θi

]T
C−1(θ)

[
∂µ(θ)

∂θj

]
+

1

2
tr

[
C−1(θ)

∂C(θ)

∂θi
C−1(θ)

∂C(θ)

∂θj

]
.

(24)

The derivative of the mean TDOA of nth transmitter and mth
reference receiver with respect to x is:

∂E{δnm}
∂x

=
ωm∆xn

cdtn
+

c

dtnfn

sn∆xn + vxd
2
tn

(cdtn + sn)2
, (25)

where ∆xn = (x − xtn). The derivative of the mean TDOA
of nth transmitter and mth reference receiver with respect to
y is:

∂E{δnm}
∂y

=
ωm∆yn
cdtn

+
c

dtnfn

sn∆yn + vyd
2
tn

(cdtn + sn)2
, (26)

where ∆yn = (y − ytn). Similarly,

∂E{δnm}
∂z

=
ωm∆zn
cdtn

+
c

dtnfn

sn∆zn + vzd
2
tn

(cdtn + sn)2
, (27)

where ∆zn = (z − ztn). The derivative of the mean TDOA
of nth transmitter and mth reference receiver with respect to
ωm is:

∂E{δnm}
∂ωm

= Ton +
dtn
c

(28)

∂µ

∂ωm
=

[
0T
(m−1)N

[ ∂µm

∂ωm

]
T 0T

(M−m)N

]T
, (29)

where 0m is the zero vector of size m. The derivative of the
variance with respect to x is:

∂σ2
nm

∂x
=

2

c2
PN

PT

(
4πf

β

)2

(∆xn) =
2σ2

nm

d2tn + d2tnbm
∆xn. (30)

The derivative of the variance with respect to y is:

∂σ2
nm

∂y
=

2

c2
PN

PT

(
4πf

β

)2

(∆yn) =
2σ2

nm

d2tn + d2tnbm
∆yn. (31)

Similarly,

∂σ2
nm

∂z
=

2

c2
PN

PT

(
4πf

β

)2

(∆zn) =
2σ2

nm

d2tn + d2tnbm
∆zn. (32)

The derivative of the variance with respect to ωm is:

∂σ2
nm

∂ωm
= 0. (33)

Assuming that the UAV maximum speed is 500Km/h, the
TV transmission is using the UHF band, and the region of
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operation has a radius lower than 50Km, then the elements of
FIM can be approximated to:

[Iθ]11 =

M∑
m=1

N∑
n=1

∆x2
n

{ 2

(d2tn + d2tnbm)2
+

ω2
m

c2d2tnσ
2
nm

[
1 + 2

c2

ωmfn

sn∆xn + vxd
2
tn

(cdtn + sn)2∆xn

]}
. (34)

[Iθ]22 =

M∑
m=1

N∑
n=1

∆y2n

{ 2

(d2tn + d2tnbm)2
+

ω2
m

c2d2tnσ
2
nm

[
1 + 2

c2

ωmfn

sn∆yn + vyd
2
tn

(cdtn + sn)2∆yn

]}
. (35)

[Iθ]33 =

M∑
m=1

N∑
n=1

∆z2n

{ 2

(d2tn + d2tnbm)2
+

ω2
m

c2d2tnσ
2
nm

[
1 + 2

c2

ωmfn

sn∆zn + vzd
2
tn

(cdtn + sn)2∆zn

]}
. (36)

[Iθ]44 =

N∑
n=1

1

σ2
n1

(
Ton +

dtn
c

)2

. (37)

[Iθ]12 = [Iθ]21 =

M∑
m=1

N∑
n=1

∆xn∆yn

{
ωm

σ2
nm[ ωm

(cdtn)
2
+

1

fn(cdtn + sn)2

(
2sn
d2tn

+
vx
∆xn

+
vy
∆yn

)]
+

2

(d2tn + d2tnbm)2

}
. (38)

[Iθ]13 = [Iθ]31 =

M∑
m=1

N∑
n=1

∆xn∆zn

{
ωm

σ2
nm[ ωm

(cdtn)
2
+

1

fn(cdtn + sn)2

(
2sn
d2tn

+
vx
∆xn

+
vz
∆zn

)]
+

2

(d2tn + d2tnbm)2

}
. (39)

[Iθ]23 = [Iθ]32 =

M∑
m=1

N∑
n=1

∆yn∆zn

{
ωm

σ2
nm[ ωm

(cdtn)
2
+

1

fn(cdtn + sn)2

(
2sn
d2tn

+
vy
∆yn

+
vz
∆zn

)]
+

2

(d2tn + d2tnbm)2

}
. (40)

[Iθ]14 = [Iθ]41 =

N∑
n=1

1

σ2
n1

(
Ton +

dtn
c

)
(ω1∆xn

cdtn
+

c

dtnfn

sn∆xn + vxd
2
tn

(cdtn + sn)2
)
. (41)

[Iθ]24 = [Iθ]42 =

N∑
n=1

1

σ2
n1

(
Ton +

dtn
c

)
(ω1∆yn

cdtn
+

c

dtnfn

sn∆yn + vyd
2
tn

(cdtn + sn)2
)
. (42)

[Iθ]34 = [Iθ]43 =

N∑
n=1

1

σ2
n1

(
Ton +

dtn
c

)
(ω1∆zn

cdtn
+

c

dtnfn

sn∆zn + vzd
2
tn

(cdtn + sn)2
)
. (43)

This can be extended to any number of BSs with the
conditions i > 3 and j > 3 as follows:

[Iθ]1i = [Iθ]i1 =

N∑
n=1

1

σ2
n(i−3)

(
Ton +

dtn
c

)
(ωi−2∆xn

cdtn
+

c

dtnfn

sn∆xn + vxd
2
tn

(cdtn + sn)2
)
. (44)

[Iθ]2i = [Iθ]i2 =

N∑
n=1

1

σ2
n(i−3)

(
Ton +

dtn
c

)
(ωi−2∆yn

cdtn
+

c

dtnfn

sn∆yn + vyd
2
tn

(cdtn + sn)2
)
. (45)

[Iθ]3i = [Iθ]i3 =

N∑
n=1

1

σ2
n(i−3)

(
Ton +

dtn
c

)
(ωi−3∆zn

cdtn
+

c

dtnfn

sn∆zn + vzd
2
tn

(cdtn + sn)2
)
. (46)

[Iθ]ij =


N∑

n=1

1

σ2
(i−3)(j−3)

(
Ton +

dtn
c

)2

i = j

0 i ̸= j
(47)

The FIM can be expressed in terms of its submatrices as
follows:

I =

[
A B

BT D,

]
, (48)

where

A =

[Iθ]11 [Iθ]12 [Iθ]13
[Iθ]21 [Iθ]22 [Iθ]23
[Iθ]31 [Iθ]32 [Iθ]33

 ,

B =

[Iθ]14 .. [Iθ]1(M+3)

. . .
[Iθ]34 .. [Iθ]3(M+3)

 ,

D =

 [Iθ]44 ... [Iθ]4(M+3))

. . .
[Iθ](M+3)4 ... [Iθ](M+3)(M+3)

 (49)
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TABLE I
SIMULATION PARAMETERS OF ANALOG TV

β 8MHz
ωm 1.0001
N 3
M 1
v 500Km/h

f1, f2, f3 470MHz, 478MHz, 486MHz
PT 150KW ≈ 81.76dBm

The inverse of this matrix can be found as in [14]:[
I−1
θ

]
11

= (A−BD−1BT )−1 (50)[
I−1
θ

]
12

= −(A−BD−1BT )−1BD−1 (51)[
I−1
θ

]
21

= −(D −BTA−1B)−1BTA−1 (52)[
I−1
θ

]
22

= (D −BTA−1B)−1 (53)

IV. CRLB FIGURES

We apply the derived CRLBs on the analog PAL TV signal.
We show the position of each node alongside its number
on the map (z-direction is removed for the sake of clarity).
Then, we show the CRLB for different values of transmission
parameters such as the SNR at the UAV and the BS, the
bandwidth, the velocity, the number of transmitters, and the
number of BSs. The generated map for the TV signal is shown
in Fig. 3. The simulation parameters are as shown in Table I.
The CRLB of the UAV estimated position and its relative skew
for different values of SNR at UAV and BS is as shown in
Figs. 4 and 5, respectively. The figures indicate that having an
acceptable SNR at both receivers can attain better performance
than having a high SNR at one receiver and a low SNR at the
other. The dependence of CRLBs on the signal bandwidth,
and UAV velocity is as shown in Figs. 6 and 7. The effect
of velocity on the CRLBs is minor compared to the effect
of the bandwidth. This is due to the practical limited speed
range used in the simulation. The effect of the number of
transmitters N and the number of BSs on the CRLBs is as
shown in Figs. 8 and 9. Using N = 5 and M = 3 can achieve
almost the minimum localization variance. Increasing M and
N decreases the attainable variance marginally.

V. CONCLUSION

We considered the problem of UAV TDOA-based self-
localization with the help of reference receiver(s). We derived
and plotted the CRLB of the 2-dimensional position and the
relative clock skew of the UAV with imperfect or no time
synchronization. The achieved results agree with previous
studies where lower CRLBs are attained using higher SNR,
larger bandwidth, more SoOPs, and more reference BSs. It
is found that the effect of the UAV velocity is minor on the
position and the skew estimation. The attained CRLBs can
be applied to different transmission types as long as a frame
structure exists.
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