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Abstract
Let φ �= S ⊆ R be an m-system of a ring R, and let ρ be a special radical. This study
introduces the concept of S-ρ-ideals in noncommutative rings. This notion extends
the previously studied ρ-ideals and can also be seen as a generalization of the right
S-prime ideals. We show how some properties associated with ρ-ideals have evolved
into results within these generalizations. Relationships between S-ρ-ideals and other
types of ideals like ρ-ideals, right S-prime ideals, and S-finite ideals are shown. We
show the behaviour of this notion in related rings. The construction of (S � M)-ρ-
ideals in idealization rings is presented for an R-R-bimodule M . Additionally, we
introduce S-P-ideals using Baer-McCoy radical P and examine their properties.

Keywords prime ideal · S-prime ideal · m-system · Special radical classes ·
Noncommutative ring
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1 Introduction

Let A be a noncommutative ring, and S be an m-system of A.
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Amitsur and Kurosh were the first to independently find that all classical radicals
have some shared characteristics, see [14]. Let ρ be a class of rings satisfying the
following conditions:

(1) If A ∈ ρ and f : A → B is a ring epimorphism then B ∈ ρ.
(2) For each ring A the sum ρ(A) = ∑{P � A : P ∈ ρ} ∈ ρ.
(3) ρ(A/ρ(A)) = 0 for each ring A.

Then, ρ is called a radical class (in the sense of Kurosh and Amitsur). Each radical
class is an idempotent, complete Hoehnke radical, that is:

(i) f (ρ(A)) ⊆ ρ( f (A)) for any ring homomorphism f : A → A′.
(i i) If J � A and ρ(J ) = J then J ⊆ ρ(A).

(i i i) ρ(A/ρ(A)) = 0.
(iv) For each ring A, ρ(ρ(A)) = ρ(A).

According to Andrunakievich, in [10], if M is a class of rings, then it is called a
special class, if M is hereditary (J � A ∈ ρ ⇒ J ∈ ρ) consists of prime rings and
satisfies the condition: If 0 �= J � A, J ∈ M, and A is a prime ring then A ∈ M [14].
The class U(M) = {A: A has no nonzero homomorphic image in M} constitutes a
radical class of rings known as the upper radical class. A radical class ρ is termed
a special radical, if it is the upper radical of a special class. Let ρ = U(M) be a
special radical class, Sρ = {A: ρ(A) = 0}, and K = {A: A is a prime ring}. Then
ρ(A) = ∩{J � A : A/J ∈ K ∩ Sρ}.

Let ρ be a special radical. The concept of ρ-ideals (weakly ρ-ideals) in noncommu-
tative ring is first introduced by Nico Groenewald [1] ([2]). In this context, a ρ-ideal
P of a ring R is a proper ideal satisfying the condition that if aRb ⊆ P and a /∈ ρ(R),
then b ∈ P for all a, b ∈ R. Recently, in [9], this concept has been generalized
by defining right primary ρ-ideals and almost right primary ρ-ideals. The notion of
ρ-ideal is also a generalization of J -ideal and n-ideal which were studied in commuta-
tive rings by Khashan and Bani-Ata [15], and Tekir et al. [3], respectively. In addition,
in [4], ([6]), the concept of n-ideals (pure ideals) has been generalized to S-n-ideals
(S-pure-), by taking S as a multiplicatively closed subset of a commutative ring. Actu-
ally, the study of mathematical concepts within noncommutative rings has captured
considerable attention, especially in areas involving prime ideals, and radicals as seen
in works such [16–23]. Many authors have focused on noncommutative S-versions,
where S is a multiplicatively closed subset of R.

On the other hand, referring to [5], for the m-system S of R, an ideal P of R,
disjoint from S, is called a right S-prime ideal if whenever I J ⊆ P , implies either
I 〈s〉 ⊆ P or J 〈s〉 ⊆ P for some ideals I , J of R and some (fixed) s ∈ S. It is worthy
to note that defining S, in [5], as an m-system is not an option as we demonstrate in
the following. Assume J is a prime ideal of a commutative ring R. Then, S = R − J
becomes amultiplicatively closed set disjoint from J . Using the definitions of S-prime
and prime ideals in commutative rings, it follows that J is an (R − J )-prime ideal.
However, for a prime ideal J of a noncommutative ring, the set S = R− J becomes an
m-system but not a multiplicatively closed set. Consequently, the prime ideal J cannot
be considered (R − J )-prime, as the concept of (R − J )-prime is not applicable in
noncommutative rings where R − J is not necessarily a multiplicatively closed set.
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In this work, we introduce the notion of S-ρ-ideal in noncommutative ring by
taking S as anm-system. This new notion is a generalization of the ρ-ideals, that have
been studied in [1], and also can be considered as a generalization of the concept of
right S-prime ideals that have been studied in [5]. We show in Example 2 that our
generalization is proper. We also discuss the relations between S-ρ-ideals and right
S-prime ideals (Corollary 1, Remark 1 and Example 1). In addition, we show some
connections between S-ρ-ideals and S-finite ideals (in the concept of [5]). In Theorem
12 we construct the (S � M)-ρ-ideal of the idealization ring R � M (Nagata method
of idealization), where M is a unitary R-R-bimodule M . In Section 3, we introduce
the notion of S-P-ideal by taking the special radical ρ as a prime radical P and obtain
many properties of them. The ideal I = Mn (〈12X〉) of the ring R = Mn (Z48 [X ]) is
an S-P-ideal which is not a P-ideal, by taking the m-system S = {

s, s2, s4, s8, ...
}
,

where s = 6(e11 +e22 + ...+enn), see Example 3. Moreover, the illustrative Example
5, shows that the ideal P = M2(〈4〉) of the ring R = M2(Z12) is not a P-ideal, but it
is an SR-P-ideal, where

SR =
{ [

s 0
0 s

]

; s ∈ S = {1, 3, 9}
}

, and s∗ =
[
3 0
0 3

]

.

In Theorems 23, and 24 we study the stability of S-ρ-ideals under the direct product
of rings.

In this paper, unless stated otherwise, by Rwemean an associative, noncommutative
ring without identity. Additionally, when referring to an ideal, we specifically mean
a two-sided ideal. In addition, the notions U (R), P(R), Z(R), J (R), denote the set
of unit elements, Baer-McCoy radical of R, the set of zero divisors of R, Jacobson
radical of R, respectively. Throughout the paper, to avoid repetition and lengthiness,
we will use the symbols S and ρ to represent an m-system and a special radical of a
ring R, respectively, even if it is not explicitly stated each time.

2 S-�-ideals

2.1 Properties of S-�-ideals

In the following, we present the definition of S-ρ-ideal.

Definition 1 Let R be a ring. An ideal P of R, that is disjoint from S, is called S-ρ-
ideal if and only if whenever I J ⊆ P , then either I 〈s〉 ⊆ ρ(R) or J 〈s〉 ⊆ P for all
ideals I , J of R, and for some s ∈ S.

If P is a ρ-ideal such that P ∩ S = φ, then it is also an S-ρ-ideal. The classes of
ρ-ideals and S-ρ-ideals coincide when S ⊆ U (R). The following proposition shows
equivalent definitions of the concept of S-ρ-ideal.

Proposition 1 Let P be an ideal of a ring R that has an identity. If P ∩ S = φ, then,
the followings are equivalent:

(1) P is an S-ρ-ideal.
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(2) For all x, y ∈ R with 〈x〉〈y〉 ⊆ P, either 〈x〉〈s〉 ⊆ ρ(R) or 〈y〉〈s〉 ⊆ P for some
s ∈ S.

(3) For all x, y ∈ R with x Ry ⊆ P, either x〈s〉 ⊆ ρ(R) or y〈s〉 ⊆ P for some s ∈ S.

Proof (1) ⇒ (2) Clear by the Definition 1.
(2) ⇒ (3) Let x Ry ⊆ P for some x, y ∈ R. Then, 〈x〉〈y〉 ⊆ P , hence, by (2), either

x〈s〉 ⊆ 〈x〉〈s〉 ⊆ ρ(R), or y〈s〉 ⊆ 〈y〉〈s〉 ⊆ P for some s ∈ S.
(3) ⇒ (1) Suppose I J ⊆ P , for some ideals I , J of R. If I 〈s〉 � ρ(R), then, there

exists a ∈ I such that a〈s〉 � ρ(R). For all b ∈ J , we have aRb ⊆ I J ⊆ P ,
hence, by (3), we have b〈s〉 ⊆ P , and thus, J 〈s〉 ⊆ P . That completes the proof.

�

Corollary 1 Let P � R such that P ∩ S = φ. If P is a right S-prime ideal such that
P ⊆ ρ(R), then, P is an S-ρ-ideal.

Proof Let x Ry ⊆ P and assume x〈s〉 � ρ(R) for x, y ∈ R. Then, x〈s〉 � P . Since
P is a right S-prime ideal, then y〈s〉 ⊆ P . Thus by (3) of Proposition 1, P is an
S-ρ-ideal. �

Remark 1 The condition P ⊆ ρ(R) in Corollary 1 can not be omitted in general. It is
shown by the following example.

Example 1 Let R = Mn (Z48 [X ]) . Then since R is finite, it is an Artinian ring
hence the Jacobson and the Baer-McCoy radicals of R are equal, and by Theorem
10.21 in [8] we know that P(Mn(R)) = Mn(P(R)), also from Theorem 3 of [7],
P(R[X ]) = P(R)[X ]. Hence,

P(R) = P(Mn (Z48 [X ])) = Mn(P((Z48 [X ])) = Mn(P (Z48) [X ])) = Mn(〈6〉[X ])

Consider the m-system: S = {
s, s2, s4, s8, ...

}
, where s = 8(e11 + e22 + ... + enn),

and I = Mn (〈8X〉). It is clear that S ∩ I = φ and I � P(R). Now let N1RN2 ⊆ I ,
for some matrices N1,N2 in R. Then, there exist some matrices I1, I2, such that
either N1 = xI1 or N2 = xI2. Hence, either N1〈s〉 ⊆ I or N2〈s〉 ⊆ I . Thus
I is a right S-prime ideal by Proposition 2.7 of [1]. However, by taking the ideals
A1 = Mn(〈4X〉), A2 = Mn(〈2〉), we have A1A2 ⊆ I , however, A1〈s′〉 � P(R)

and A2〈s′〉 � I , for each s′ ∈ S. Hence, I is not an S-P-ideal. Thus, the condition
I ⊆ ρ(R), in Corollary 1, can not be omitted.

The subsequent examples show that this new notion (S-ρ-ideal) is a proper gener-
alization of the concept of ρ-ideal.

Example 2 Let R be a prime ring, and ρ = P . Notice that the ring Mn(R) is also
prime. Take I = Mn(〈0〉) and let

SMn(R) = {s′; s′ = s (e11 + · · · + enn) ; s ∈ S}.

It is easy to check that SMn(R) is anm-system of the ring Mn(R), and SMn(R) ∩ I = φ.
Suppose J , K �Mn(R) such that J K ⊆ I . Assume J 〈s′〉 � ρ(R) for all s′ ∈ SMn(R).
Then, since I is prime, either J ⊆ I ⊆ ρ(R), contradiction, or K ⊆ I . Thus,
K 〈s′〉 ⊆ I for some s′ ∈ SMn(R), and hence, I is an S-ρ-ideal.
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Remark 2 The zero ideal is an S-ρ-ideal of the prime ring.

Example 3 Let R = Mn (Z48 [X ]) . Then by the explanation in Example 1, we have
P(R) = Mn(〈6〉[X ]). Take the m-system S = {

s, s2, s4, s8, ...
}
, where s = 6(e11 +

e22 + ... + enn). Consider the ideals A1 = Mn(〈4〉), A2 = Mn(〈3X〉), and I =
Mn (〈12X〉), then, A1A2 ⊆ I but A1 � ρ(R), A2 � I . Thus, I is not a P-ideal. If
N1,N2 ∈ R withN1RN2 ⊆ I , then eitherN1 = x I1 orN2 = x I2 for some matrices
I1, I2 of R. Then, eitherN1

〈
s2

〉 ⊆ I orN2
〈
s2

〉 ⊆ I . Hence I is a right S-prime ideal.
Since I ⊆ P(R), then, by Corollary 1, I is an S-P-ideal.

In referring to [10], for an ideal J of any ring R, ρ(R) ⊆ ρ∗(J ) and J ⊆ ρ∗(J ),
where ρ∗(J ) is the radical of the ideal J . Moreover, ρ(R/J ) = ρ∗(J )/J . In fact,
J ⊆ ρ(R) if and only if ρ(R) = ρ∗(J ); i.e. if and only if ρ(R/J ) = ρ(R)/J .

Proposition 2 Let P be an ideal of a ring R with identity, such that (ρ(R) : 〈s〉) =
ρ(R) for some s ∈ S. Then, the followings are equivalent.

(1) P is an S-ρ-ideal of R associated with s ∈ S.
(2) (a) P ⊆ (ρ(R) : 〈s〉).

(b) For all x, y ∈ R with x Ry ⊆ P, either x ∈ (ρ∗(P) : 〈s〉) or y ∈ (P : 〈s〉).
Proof (1) ⇒ (2) (a) Suppose P � (ρ(R) : 〈s〉), then, for all x ∈ P\(ρ(R) : 〈s〉)
and any y ∈ R we have 〈x〉〈y〉 ⊆ P , hence, by (1), we obtain y ∈ (P : 〈s〉) for
some s ∈ S, and thus, R = (P : 〈s〉), which implies 1〈s〉 ⊆ P , a contradiction since
P ∩ S = φ. Thus, P ⊆ (ρ(R) : 〈s〉).

(b) Now assume x Ry ⊆ P for some x , y of R. By (3) of Proposition 1, either
x ∈ (ρ(R) : 〈s〉) ⊆ (ρ∗(P) : 〈s〉) or y ∈ (P : 〈s〉) for some s ∈ S.

(2) ⇒ (1) Assume A1A2 ⊆ P for some ideals A1, A2 of R. Assume that A1〈s〉 �

ρ(R) and A2〈s〉 � P for all s ∈ S. Then, there is a1 ∈ A1\(ρ(R) : 〈s〉) and
a2 ∈ A2\(P : 〈s〉). Hence, a1Ra2 ⊆ A1A2 ⊆ P , and by (b) we obtain either
a1 ∈ (ρ∗(P) : 〈s〉) or a2 ∈ (P : 〈s〉). Now since P ⊆ (ρ(R) : 〈s〉) = ρ(R), then,
ρ∗(P) = ρ(R). Thus, either a − 1 ∈ (ρ(R) : 〈s〉) or a2 ∈ (P : 〈s〉), a contradiction
in both cases. Hence, P is an S-ρ-ideal of R. �

Corollary 2 If {Ji : i ∈ �} is a nonempty set of S-ρ-ideals of a ring R. Then

⋂
Ji is

S-ρ-ideal.

Proof Let x Ry ⊆ ⋂

i∈�

Ji with x〈s〉 � ρ(R) for x, y ∈ R. Then x Ry ⊆ Ji for each

i ∈ �. Because Ji is an S-ρ-ideal, we get y〈s〉 ⊆ Ji for each i ∈ �. Thus y〈s〉 ⊆ ⋂

i∈�

Ji

that completes the proof. �

Proposition 3 Let R be a ring with identity and P � R such that S ∩ P = φ.

(1) If P is an S-ρ-ideal, then, P ⊆ (ρ(R) : 〈s〉) for some s ∈ S.
(2) ρ(R) is an S-ρ-ideal if and only if ρ(R) is a right S-prime ideal.

Proof (1) Assume P is an S-ρ-ideal. For all a ∈ P , 〈a〉〈s1〉 ⊆ P , for some s1 ∈ S.
Hence, either 〈a〉〈s〉 ⊆ ρ(R) or 〈s1〉〈s〉 ⊆ P for some s ∈ S. If 〈s1〉〈s〉 ⊆ P , then,
for some r ∈ R, s2 = s1rs ∈ S, hence, 〈s2〉 ⊆ 〈s1〉〈s〉 ⊆ P , contradiction because
S ∩ P = φ. Hence, 〈a〉〈s〉 ⊆ ρ(R) for all a ∈ P , and thus, P ⊆ (ρ(R) : 〈s〉).

(2) The proof is routine. �
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Corollary 3 [Proposition 1.5 of [1]] If P is a ρ-ideal, then, P ⊆ ρ(R).

Proof The proof follows by (1) of Proposition 3, by taking S = {1}. Recall that
(P : R) = P . �

Corollary 4 [(1) of Corollary 1.14 of [1]] For a ring R we have that ρ(R) is a ρ-ideal
if and only if ρ(R) is a prime ideal.

Proof The proof follows by (2) of Proposition 3, by taking S = {1}. �

Corollary 5 Let ρ1 and ρ2 be two special radicals such that ρ1 ≤ ρ2, then each S-ρ1-
ideal is an S-ρ2-ideal.

Proof Let P be an S-ρ1-ideal and aRb ⊆ P and a〈s〉 � ρ2(R). Since ρ1 ≤ ρ2 we get
ρ1(R) ⊆ ρ2(R) so a〈s〉 � ρ1(R). Since P is an S-ρ1-ideal then by Proposition 1 (3)
we obtain b〈s〉 ⊆ P . Hence, P is an S-ρ2-ideal. �

Theorem 4 Let R be a ring with identity and P � R such that P ∩ S = φ. Then,
(P : 〈s〉) is an S-ρ-ideal, if and only if, P is an S-ρ-ideal, for some s ∈ S.

Proof Suppose (P : 〈s〉) is an S-ρ-ideal, and let x Ry ⊆ P for some x, y ∈ R, then,
x Ry ⊆ (P : 〈s〉), hence by assumption, either x〈s1〉 ⊆ ρ(R) or y〈s1〉 ⊆ (P : 〈s〉)
for some s1 ∈ S. If y〈s1〉 ⊆ (P : 〈s〉), then, y〈s1〉〈s〉 ⊆ P , hence there exists
s′ = s1rs for some r ∈ R such that y〈s′〉 ⊆ y〈s1〉〈s〉 ⊆ P . If x〈s1〉 ⊆ ρ(R), then
similarly, we find x〈s′〉 ⊆ ρ(R). Thus, P is an S-ρ-ideal. Conversely, suppose P is
an S-ρ-ideal, and let x Ry ⊆ (P : 〈s〉) for some x, y ∈ R, then, 〈x〉〈y〉〈s〉 ⊆ P ,
hence, by assumption, either 〈x〉〈s1〉 ⊆ ρ(R) or 〈y〉〈s〉〈s1〉 ⊆ P for some s1 ∈ S. If
〈y〉〈s〉〈s1〉 ⊆ P , then, 〈y〉〈s〉〈s1〉 ⊆ (P : 〈s〉), hence there exists s′ = srs1 for some
r ∈ R such that y〈s′〉 ⊆ 〈y〉〈s〉〈s1〉 ⊆ (P : 〈s〉). If 〈x〉〈s1〉 ⊆ ρ(R), then similarly, we
find x〈s′〉 ⊆ ρ(R). Thus, (P : 〈s〉) is an S-ρ-ideal. �


Lemma 2.1 of [5] states that if S is an m-system of a ring R, then for some ring
epimorphism f : R → f (R), f (S) is an m-system of f (R). In addition, the set
S̄ = {s̄ = s+A : s ∈ S}, is anm-system of R/A for any ideal A of R. In the following,
we showhow the property of being S-ρ-ideal ismaintainedwhen transferring to related
rings.

Theorem 5 Let f : R1 → R2 be a ring epimorphism, and P be an S-ρ-ideal of R1
contains the kernel of f . Then, f (P) is an f (S)-ρ-ideal of R2.

Proof Let x R2y ⊆ f (P) and x〈 f (s)〉 � ρ(R2) for x, y ∈ R2. Since f is an
epimorphism, there exist c, d ∈ R1 such that f (c) = x and f (d) = y. Thus,
x R2y = f (c) f (R1) f (d) = f (cR1d) ⊆ f (P). Since Ker( f ) ⊆ P we obtain
cR1d ⊆ P . Since P is an S-ρ-ideal of R1, then, either c〈s〉 ⊆ ρ(R1) or d〈s〉 ⊆ P for
some s ∈ S. If c〈s〉 ⊆ ρ(R1), then, since ρ is a complete, idempotent Hoehnke radical,
we have f (ρ(R1)) ⊆ ρ(R2). Hence, x〈 f (s)〉 = f (c)〈 f (s)〉 ⊆ f (ρ(R1)) ⊆ ρ(R2)

that is a contradiction. Hence, c〈s〉 � ρ(R1) and thus, d〈s〉 ⊆ P . Since y = f (d),
then y〈 f (s)〉 ⊆ f (P), consequently, f (P) is an f (S)-ρ-ideal of R2. �
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Corollary 6 For a ring epimorphism f : R1 → R2, and an ideal J of R2. If f −1(J )

is an S-ρ-ideal of R1, then, J is an f (S)-ρ-ideal of R2.

Proof Because the preimage of any ideal of R2 under f is an ideal of R1 contains the
kernel of f , the proof follows from Theorem 5. �

Theorem 6 Let S be an m-system of R1, f : R1 → R2 be a rings epimorphism, and
P � R such that Ker( f ) ⊆ P ∩ ρ(R) and P ∩ S = φ. If f (P) is an f (S)-ρ ideal of
R2, then P is an S-ρ-ideal of R1.

Proof Suppose that A1B1 ⊆ P for ideals A1, B1 of R. Then, f (A1) f (B1) =
f (A1B1) ⊆ f (P). Since f (P) is an f (S)-ρ ideal of R2, then either

f (B1)〈 f (s)〉 ⊆ f (P),

for some s ∈ S, or f (A1)〈 f (s)〉 ⊆ ρ(R2).
If f (B1)〈 f (s)〉 ⊆ f (P), then B1〈s〉 ⊆ f −1( f (B1〈s〉) ⊆ f −1( f (P)) = P , since

Ker( f ) ⊆ P . If f (A1)〈 f (s)〉 ⊆ ρ(R2), in this case we show that A1〈s〉 ⊆ ρ(R1)

as the following. Let J be an ideal of R1 with R1/J ∈ Sρ ∩ K, then ρ(R1) ⊆ J ,
thus Ker( f ) ⊆ J . Hence, f (R1)/ f (J ) ∼= (R1/ Ker( f ))/(J/ Ker( f )) ∼= R1/J , so
R2/ f (J ) = f (R1)/ f (J ) ∈ Sρ ∩ K, and thus f (A1)〈 f (s)〉 ⊆ ρ(R2) ⊆ f (J ), thus
A1〈s〉 ⊆ f −1( f (A1〈s〉)) ⊆ f −1( f (J )) = J , for each J in∩{I �R : R/I ∈ Sρ ∩K},
and hence A1〈s〉 ⊆ ρ(R1). Thus, P is an S-ρ-ideal of R1. �

Corollary 7 Let f : R1 → R2 be a ring epimorphism, and A be an f (S)-ρ ideal of
R2. If Ker( f ) ⊆ ρ(R), then f −1(A) is an S-ρ-ideal of R1.

Proof Let J = f −1(A). Then, J is an S-ρ-ideal of R1. by Theorem 6, since Ker( f ) ⊆
J ∩ ρ(R) and f (J ) = f ( f −1(A)) = A is a an f (S)-ρ ideal of R2. �

Theorem 7 Let A, B � R such that A ⊆ B. Then, we get the followings:

(1) If B is an S-ρ-ideal of R, then, B/A is an S-ρ-ideal of R/A.
(2) If B/A is an S-ρ-ideal of R/A, and A ⊆ ρ(R), then, B is an S-ρ-ideal of R.
(3) If B/A is an S-ρ-ideal of R/A, and A is a ρ-ideal of R, then, B is an S-ρ-ideal

of R.
(4) If R1 is a subring of R2 and I2 is an S-ρ-ideal of R2, then I2 ∩ R1 is an S-ρ-ideal

of R1.

Proof (1) Suppose B is an S-ρ-ideal of R. Since A ∩ S = φ, then it is easy to show
that (B/A) ∩ S = φ. Take the canonical epimorphism f : R → R/A, since,
Ker( f ) = A ⊆ B, then, by Theorem 5 we obtain that f (B) = B/A is an
S-ρ-ideal of R/A.

(2) Assume A ⊆ ρ(R) and B/A is an S-ρ-ideal of R/A. Notice that A ∩ S = φ,
because (B/A) ∩ S = φ. By Theorem 6, B is an S-ρ-ideal.

(3) Since A is a ρ-ideal, then, by Proposition 1.5 of [1], A ⊆ ρ(R). Hence, by item
(2), B is an S-ρ-ideal of R.

(4) Consider the canonical injection. i : R1 → R2, then, Ker(i) = 0 ⊆ ρ(R), hence,
by Corollary 7, i−1(I2) = I2 ∩ R1 is an S-ρ-ideal of R1.

�
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Let S1 and S2 be two m-systems of R with S1 ⊆ S2, then, clearly, every S1-ρ-ideal
of R disjoint from S2, is an S2-ρ-ideal. However, the converse is not true in general.
The converse holds under special conditions and we show that as follows.

Proposition 8 Let S1, S2 be two m-systems of R with S1 ⊆ S2, and for every a ∈ S2
there exists b ∈ S2 such that arb ∈ S1 for some r ∈ R. If P is an S2-ρ-ideal of R,
then P is an S1-ρ-ideal.

Proof Assume x Ry ⊆ P . Then x〈s1〉 ⊆ ρ(R) or y〈s1〉 ⊆ P for some s1 ∈ S2. By
assumption, there exists some s2 ∈ S2 such that s = s1rs2 ∈ S1 for some r ∈ R.
Hence, x〈s〉 ⊆ x〈s1〉〈s2〉 ⊆ ρ(R) or y〈s〉 ⊆ y〈s1〉〈s2〉 ⊆ P . �

Proposition 9 Let P be an S-ρ-ideal of R. If I is an ideal of R meets S, then the
following holds:

(1) I ∩ P is an S-ρ-ideal of R.
(2) P I is an S-ρ-ideal of R.

Proof (1) Let A1A2 ⊆ (P ∩ I ) for some ideals A1, A2 of R. Then, A1A2 ⊆ P ,
hence, either A1〈s〉 ⊆ ρ(R) or A2〈s〉 ⊆ P for some s ∈ S. If A2〈s〉 ⊆ P , then for
some x ∈ (I ∩ S), A2RsRx R ⊆ (P ∩ I ). Since s, x in the m-system S, there exists
r ∈ R such that s1 = sr x , and hence A2〈s1〉 = A2Rs1R ⊆ A2RsRx R ⊆ (P ∩ I ).
If A1〈s〉 ⊆ ρ(R), then similarly, we obtain A1〈s1〉 ⊆ ρ(R). Hence, (P ∩ I ) is an
S-ρ-ideal associated with s1 ∈ S, since (P ∩ I ) ∩ S = φ.

(2) Similar to (1). �

Theorem 10 Let P � R with S ∩ P = φ, and P ⊆ ρ(R).

(1) P is an S-ρ-ideal.
(2) For P1, P2, ..., Pn � R, with P1P2 · · · Pn ⊆ P, Pi 〈s〉 ⊆ ρ(R) for some s ∈ S,

and i ∈ {1, ..., n}.
(3) If for elements x1, x2, ..., xn ∈ R, x1Rx2R...Rxn ⊆ P, then xk〈s〉 ⊆ ρ(R) for

k ∈ {1, ..., n}. Then, (1) ⇒ (2) ⇒ (3).

Proof (1) ⇒ (2) Assume P1P2 · · · Pn ⊆ P , for P1, P2, ..., Pn � R. Since P is an S-
ρ-ideal then either P1〈s〉 ⊆ ρ(R) or P2, ...Pn〈s〉 ⊆ P . If P1〈s〉 ⊆ ρ(R), then, nothing
to prove. If P2 · · · Pn〈s〉 ⊆ P , then either P2〈s〉 ⊆ ρ(R) or P3 · · · Pn〈s〉〈s〉 ⊆ P .
If P2〈s〉 ⊆ ρ(R), then, nothing to prove. If P3 · · · Pn〈s〉〈s〉 ⊆ P , then, by repeating
the process above, we obtain either Pn〈s〉 ⊆ ρ(R) or 〈s〉n ⊆ P . If 〈s〉n ⊆ P , then,
s1 = sr1sr2s · · · rn−1s ∈ S, for some rk ∈ R where k ∈ {1, 2, · · · , n − 1}, hence,
〈s1〉 ⊆ 〈s〉n ⊆ P , a contradiction since P ∩ S = φ.

(2) ⇒ (3) If we take x1Rx2R...Rxn ⊆ 〈x1〉...〈xn〉 ⊆ P , then taking Pi = 〈xi 〉 in
the condition (2) we get the result. �


2.2 S-finite and S-�-ideals

Recall that Definition 3.1 (1) of [5], states that an ideal P of a ring R is called S-finite,
if there exists a finitely generated ideal I such that P〈s〉 ⊆ I ⊆ P for some s ∈ S. In
the following, we show some connections between S-ρ and S-finite ideals.
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Corollary 8 Let J be an ideal of R with J � (ρ(R) : 〈s〉) for all s ∈ S. If P is an
ideal of R such that J P is a finitely generated S-ρ-ideal of R, then, P is S-finite.

Proof Since J P ⊆ J P , J � (ρ(R) : 〈s〉), and J P is an S-ρ-ideal, then, P〈s1〉 ⊆
J P ⊆ P for some s1 ∈ S. Thus, P is S-finite. �

Corollary 9 Let J be an ideal of R with J � (ρ(R) : 〈s〉) for all s ∈ S, and let P1, P2
be ideals of R such that J P1 = J P2. If P1 ∩ P2 is finitely generated, and Pi is an
S-ρ-ideal of R for i ∈ {1, 2}, then, Pj is S-finite for i �= j ∈ {1, 2}.
Proof Without loss of generality, suppose that P2 is an S-ρ-ideal. Since J P1 ⊆ P2,
J � (ρ(R) : 〈s〉), and P2 is an S-ρ-ideal, then, P1〈s1〉 ⊆ P2 for some s1 ∈ S. Hence,
P1〈s1〉 ⊆ P1 ∩ P2 ⊆ P1. Thus, P1 is S-finite. Similarly, we show P2 is S-finite, if P1
is an S-ρ-ideal. �


In referring to [13], the pseudo radical of an ideal J of a ring R (
√
J ), equals to the

sum of all idealsU of R such thatUk ⊆ J for some k ∈ Z
+. Notice that

√
J ⊆ P∗(J ).

Corollary 10 Let P1, P2 be ideals of R such that P1 � (ρ(R) : 〈s〉) for all s ∈ S. If√
P1P2 is a finitely generated S-ρ-ideal, then,

√
P2 is S-finite.

Proof Suppose that
√
P1P2 is an S-ρ-ideal. Then, by Lemma 1.2 of [13],

√
P1

√
P2 ⊆√

P1 ∩ √
P2 = √

P1 ∩ P2 = √
P1P2. Thus, by assumption, either

√
P1〈s〉 ⊆ ρ(R),

which implies P1 ⊆ (ρ(R) : 〈s〉), a contradiction, or √
P2〈s〉 ⊆ √

P1P2 = √
P1 ∩√

P2 ⊆ √
P2, hence

√
P2 is S-finite. �


Proposition 11 Let P � R such that R/P ∈ Sρ ∩ K. Then, the followings hold:

(1) If P be an S-ρ-ideal, and ρ(R) is finitely generated, then P is S-finite.
(2) If P = (ρ(R) : 〈s〉), then, P is an S-ρ-ideal.

Proof (1) Since R/P ∈ Sρ ∩ K, and ρ(R) = ∩{J � R : R/J ∈ K ∩ Sρ} then,
ρ(R) ⊆ P . In addition, by (1) of Proposition 3, we get P ⊆ (ρ(R) : 〈s〉) for some
s ∈ S. Thus, P〈s〉 ⊆ ρ(R) ⊆ P , consequently, P is S-finite.

(2) Let aRb ⊆ P for some a, b ∈ R. If a〈s〉 � ρ(R) for all s ∈ S, then, a〈s〉 � P ,
however P is prime, and hence, b ∈ P consequently, b〈s〉 ⊆ P , and P is an S-ρ-ideal.

�


2.3 Idealization

Let R be a ring, for a unitary R-R-bimodule M , the idealization of M in R is the ring
R � M = {(r ,m) : r ∈ R,m ∈ M}, with the usual addition and the multiplication
defined as:

(r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1),

for all (r1,m1), (r2,m2) ∈ R � M . Therefore, one can easily check that if S is an m-
system of R, then SM = S� M is anm-system of R� M . Moreover, it is well-known
fact that if P is an ideal of R and N is an R-R-bisubmodule of M , then, P � N is an
ideal of R � M if and only if PM + MP ⊆ N . In addition, in referring to [11], if ρ

is a special radical, then, ρ(R � M) = ρ(R) � M .
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Theorem 12 Let M be an R-R-bimodule, and J � R. Then, J � M is an (S � M)-ρ-
ideal of R � M if and only if J is an S-ρ-ideal of R.

Proof First notice that (J � M) ∩ (S � M) = φ, if and only if, S ∩ J = φ. Now
assume J � M is an (S � M)-ρ-ideal of R � M , and let aRb ⊆ J for some a, b ∈ R,
then, (a, 0)R � M(b, 0) ⊆ J � M , thus, by assumption,

either (a, 0)〈(s,m)〉 ⊆ ρ(R) � M or (b, 0)〈(s,m)〉 ⊆ J � M,

for some (s,m) ∈ S � M . Hence, either a〈s〉 ⊆ ρ(R) or b〈s〉 ⊆ J , consequently, J
is an S-ρ-ideal of R.

Conversely, suppose J is an S-ρ-ideal of R, and let (a,m)R � M(b, n) ⊆ J � M
for some (a,m), (b, n) ∈ (R) � M . Then, aRb ⊆ J , hence, by assumption, either
a〈s〉 ⊆ ρ(R) or b〈s〉 ⊆ J for some s ∈ S, and thus,

either (a,m)〈(s, 0)〉 ⊆ ρ(R) � M = ρ(R � M) or (b, n)〈(s, 0)〉 ⊆ J � M .

Hence, J � M is an (S � M)-ρ-ideal of R � M . �


3 S-P-ideals

In this section, the special radical will be the prime radical, i.e., the (Baer’s) lower
nilradical or the Baer-McCoy radical of R, and we will denote it by P . It is a well-
known fact that the prime radical of R is the intersection of all prime ideals of R.
While the Jacobson radical is denoted by J .

Let R be a commutative ring with identity, and S be a multiplicatively closed subset
of R. In referring to [4], Definition 1, states that an ideal I of R disjoint from S is
called an S-n-ideal of R if there exists an (a fixed) s ∈ S such that for all x, y ∈ R
with xy ∈ I either sx ∈ √

0 or sy ∈ I . Here
√
0 is the set of nilpotent elements of the

ring R, which is also the intersection of its prime ideals, i.e., the prime radical of the
ring R. In the following, we present our definition of the noncommutative case.

Definition 2 Let P be the prime radical of R. An ideal P of R, that is disjoint from
S, is said to be S-P-ideal if and only if whenever I J ⊆ P , then either I 〈s〉 ⊆ P(R)

or J 〈s〉 ⊆ P for all ideals I , J of R, and for some s ∈ S.

Let S be an m-system of a ring R. It is easy to check that every P-ideal, disjoint
from S is an S-P-ideal, and the classes of P-ideals and S-P-ideals coincide when
S ⊆ U (R).

Proposition 13 Let R be a ring with an identity and P � R with P ∩ S = φ. The
followings are equivalent:

(1) P is an S-P-ideal.
(2) For all x, y ∈ R with 〈x〉〈y〉 ⊆ P, either 〈x〉〈s〉 ⊆ P(R) or 〈y〉〈s〉 ⊆ P for some

s ∈ S.
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(3) For all x, y ∈ R with x Ry ⊆ P, either x〈s〉 ⊆ P(R) or y〈s〉 ⊆ P for some
s ∈ S.

Proof By taking ρ to be the prime radical, the proof follows from Proposition 1. �

Remark 3 If the ring R is commutative and unitary, then, the definition of S-n-ideal
(Definition 1 of [4]) is equivalent to our definition of S-P-ideal (item (3) of Proposition
13), when considering S as a multiplicatively closed subset of R, as we show in the
following:

Suppose I � R, which is disjoint from the multiplicatively closed subset S. If for
all x, y ∈ R with xy ∈ I either sx ∈ √

0 or sy ∈ I for some s ∈ S, then, suppose
that x Ry ⊆ I , hence, xy ∈ I , which implies either sx ∈ √

0 or sy ∈ I , thus,
x〈s〉 ⊆ √

0 = P(R) or y〈s〉 ⊆ I , by (3) of Proposition 13.
Conversely, if for all x, y ∈ R with x Ry ⊆ I , either x〈s〉 ⊆ P(R) or y〈s〉 ⊆ I

for some s ∈ S, then, suppose xy ∈ I , it follows x Ry ⊆ I , which implies, either
x〈s〉 ⊆ P(R) or y〈s〉 ⊆ I , consequently, either sx ∈ √

0 or sy ∈ I .

In the following we give more examples of S-P-ideals, which are not P-ideals.

Example 4 The ideal I = Mn (〈12X〉), in Example 3, is an S-P-ideal, but not a
P-ideal.

Example 5 Let R = M2(Z12). Let

SR =
{[

s 0
0 s

]

; s ∈ S = {1, 3, 9}
}

, and s∗ =
[
3 0
0 3

]

.

Then, SR is an m-system of the ring R. Consider the ideal P = M2(〈4〉). Then,
P(R) = Mn(〈6〉), and P ∩ SR = φ. Since

[
2 0
0 2

]

R

[
2 0
0 2

]

⊆ P and

[
2 0
0 2

]

/∈ P(R),

[
2 0
0 2

]

/∈ P,

then, P is not a P-ideal. Now assumeM1RM2 ⊆ P , for some matricesM1,M2 ∈
R. If M2〈s∗〉 ⊆ P , then, P is an SR-P-ideal. Thus, assume M2〈s∗〉 � P . Then,
M1RM2 ⊆ M2(〈2〉) = J , and since J is prime, then either M1 ∈ J or M2 ∈ J ,
now we discuss two cases as the following.

IfM1 ∈ J , then, M1〈s∗〉 ⊆ P(R), and again P is an SR-P-ideal.
If M1 /∈ J , then at least one of the entries of M1 is an odd number and M2 ∈ J ,

hence,

M2 =
[
2l1 2l2
2l3 2l4

]

, where li ∈ Z
+ for i ∈ {1, 2, 3, 4}.

But by the initial assumption M2〈s∗〉 � P , thus there exists

I =
[
3β1 3β2
3β3 3β4

]

∈ 〈s∗〉,

where βi ∈ Z
+, for i ∈ {1, 2, 3, 4}, such that M2I /∈ P = M2(〈4〉), which means

that at least one of the entries of M2I is not a multiple of 4 in Z12. Without loss of
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generality, suppose that 6(l1β1 + l2β3) is not a multiple of 4, then, either l1 or/and
l2 is/are odd. Thus, at least one of ki must be odd for i ∈ {1, 2, 3, 4}, consequently,
at least one of the even entries of M2 is not a multiple of 4. By considering all the
cases of the positions of the odd entries of M1 and the non multiple of 4 entries of
M2, we can find, in each case, an element M of R, such that M1MM2 /∈ P , i.e.,
M1RM2 � P , which is a contradiction. That is why M1 must be an element of J ,
and thus, M1〈s∗〉 ⊆ P(R).

Theorem 14 Let R be a ring with identity and I � R with I ∩ S = φ. Then, for some
s ∈ S, (I : 〈s〉) is an S-ρ-ideal, if and only if, I is an S-P-ideal, if and only if, I is an
S-P-ideal.

Proof By taking ρ to be the prime radical, the proof follows from Theorem 4. �

Proposition 15 Let R be a ring with identity and I � R such that I ∩ S = φ. If for
some s ∈ S, (I : 〈s〉) is a P-ideal, then, I is an S-P-ideal.

Proof Suppose (I : 〈s〉) is a P-ideal, and let x Ry ⊆ I for some x, y ∈ R, then,
x Ry ⊆ (I : 〈s〉), hence by assumption, either x ∈ P(R) or y ∈ (I : 〈s〉). If x ∈ P(R),
then x〈s〉 ⊆ P(R). If y ∈ (I : 〈s〉), then, y〈s〉 ⊆ I . Thus, by (3) of Proposition 13, I
is an S-P-ideal. �


The following proposition, shows the converse of the above proposition holds when
S is contained in the center of the ring R (C(R)), and (P(R) : 〈s〉) is a P-ideal, for
some s ∈ S.

Proposition 16 Let P be an ideal of a ring R with identity, S be an m-system of R
such that S ⊆ C(R), and (P(R) : 〈s〉) is a P-ideal, disjoint from S, for some s ∈ S.
If P is an S-P-ideal, then, (P : 〈s〉) is a P-ideal.

Proof Since (P(R) : 〈s〉) is a P-ideal, then, by Proposition 1.5 of [1], (P(R) : 〈s〉) ⊆
P(R), and hence, (P(R) : 〈s〉) = P(R). Let x Ry ⊆ (P : 〈s〉) for some x, y ∈ R,
then, 〈x〉〈y〉〈s〉 ⊆ P , and by assumption, either 〈x〉〈s〉 ⊆ P(R) or 〈y〉〈s〉〈s〉 ⊆
P . If 〈x〉〈s〉 ⊆ P(R), then, x ∈ (P(R) : 〈s〉) = P(R). If 〈y〉〈s〉〈s〉 ⊆ P , then,
〈s〉〈s〉〈y〉 ⊆ P , and again either 〈s〉3 ⊆ P(R), which implies for some r ∈ R,
s′ = srs ∈ 〈s〉2 ⊆ (P(R) : 〈s〉) = P(R), a contradiction, or 〈y〉〈s〉 ⊆ P , which
implies y ∈ (P : 〈s〉). Thus, (P : 〈s〉) is a P-ideal. �


In the following, we denote the set of the right zero divisors of a ring R by Zr (R).

Corollary 11 Let Zr (R) ∩ S = φ. If P ∩ S = φ for each prime ideal P of R, then, the
zero ideal is a P-ideal, if and only if, it is an S-P-ideal.

Proof Suppose the zero ideal is aP-ideal, then, clearly, it is an S-P-ideal. Conversely,
suppose the zero ideal is an S-P-ideal, x Ry = 0, and x〈s〉 � P(R) for some x, y ∈ R,
and all s ∈ S. Then, by assumption, y〈s〉 = 0. Since s /∈ Zr (R), then, y = 0,
consequently, the zero ideal is a P-ideal. �

Theorem 17 Let f : R1 → R2 be a ring epimorphism, and P be an S-P-ideal of R1
such that Ker( f ) ⊆ P. Then f (P) is an f (S)-P-ideal of R2.
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Proof By taking ρ to be the prime radical, the proof follows from Theorem 5. �

Theorem 18 Let S be an m-system of R1. Let f : R1 → R2 be a ring epimorphism,
and P be an ideal of R such that Ker( f ) ⊆ P ∩P(R) and P ∩ S = φ. If f (P) is an
f (S)-P ideal of R2, then P is an S-P-ideal of R1.

Proof By taking ρ to be the prime radical, the proof follows from Theorem 6. �

Proposition 19 Let R be a ring with identity, P � R and (P(R) : 〈s〉) = P(R) for
some s ∈ S. Then, the following statements are equivalent.

(1) P is an S-P-ideal of R associated with s ∈ S.
(2) (i) P ⊆ (P(R) : 〈s〉).

(ii) For all x, y ∈ R with x Ry ⊆ P, either x ∈ (P∗(P) : 〈s〉) or y ∈ (P : 〈s〉).
Proof By taking ρ to be the prime radical, the proof follows from Proposition 2. �

Proposition 20 Let R be ring with identity and P � R such that S ∩ P = φ.

(1) If P is an S-P-ideal, then, P ⊆ (P(R) : 〈s〉) for some s ∈ S.
(2) P(R) is an S-P-ideal if and only if P(R) is a right S-prime ideal.

Proof By taking ρ to be the prime radical, the proof follows from Proposition 3. �

Recall that an ideal P of a ring R is called superfluous if A + B = R for some

ideal B of R, then, B = R.

Corollary 12 For a local ring R with unique maximal ideal M, if (P(R) : 〈s〉) is a
P-ideal of R, then K is a superfluous ideal for any S-P-ideal K of R.

Proof Suppose K + J = R for some ideal J of R, then, there exist i ∈ K and j ∈ J
such that i + j = 1, hence, 1 − j = i ∈ K . Now since K is an S-P-ideal of R, then,
by Proposition 19, K ⊆ (P(R) : 〈s〉), and since (P(R) : 〈s〉) is a P-ideal, then, by
Proposition 1.5 of [1], (P(R) : 〈s〉) = P(R). Consequently,

1 − j = i ∈ K ⊆ (P(R) : 〈s〉) = P(R) ⊆ J (R) = M.

Thus, j is a unit, and hence, J = R, and K is superfluous. �

Theorem 21 Let A, B � R such that A ⊆ B, and S be an m-system of R. Then, we
have the followings:

(1) If B is an S-P-ideal of R, then, B/A is an S-P-ideal of R/A.
(2) If B/A is an S-P-ideal of R/A, and A ⊆ P(R), then, B is an S-P-ideal of R.
(3) If B/A is an S-P-ideal of R/A, and A is a P-ideal of R, then, B is an S-P-ideal

of R.
(4) If R1 is a subring of R2 and I2 is an S-P-ideal of R2, then I2∩ R1 is an S-P-ideal

of R1.

Proof By taking ρ to be the prime radical, the proof follows from Theorem 7. �
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Corollary 13 Let S ⊆ R be an m-system of a ring R. Let I and J be S-P-ideals of R
such that (I + J ) ∩ S = φ, and I ⊆ P(R). Then, I + J is an S-P-ideal of R.

Proof Since I is an S-P-ideal of R, then, I/(J ∩ I ) is an S̄-P-ideal of R/(J ∩ I ) by
Theorem 21. Since (J + I )/I ∼= I/(J ∩ I ), then (J + I )/I is an S̄-P-ideal of R/I .
Thus, by Theorem 21, J + I is an S-P-ideal of R. �

Theorem 22 Let R be a ring, M an R-R-bimodule, and P an ideal of R. Then, P�M
is an (S � M)-P-ideal of R � M if and only if P is an S-P-ideal of R.

Proof By taking ρ to be the prime radical, the proof follows from Theorem 12. �

It is well known that if the rings R1, R2 are with identities, then any ideal of R1×R2

has the form I × J , where I and J are ideals of R1 and R2, respectively. In addition,
P(R1 × R2) = P(R1)×P(R2), see Lemma 3 of [12]. Moreover, if S1 is anm-system
of R1 and S2 is an m-system of a ring S2, then, S1 × S2 is an m-system of the ring
R1 × R2. It is easy to check that for an ideal I of R1, (I × R2) ∩ (S1 × S2) = φ, if
and only if I ∩ S1 = φ.

Theorem 23 Let R = R1 × R2, where R1 and R2 are rings with identities, and let
S = S1 × S2, where S1 and S2 are m-systems of R1 and R2, respectively. If P1 is an
ideal of R1, then, P1 × R2 is an S-P-ideal, if and only if, P1 is an S1-P-ideal and
P(R2) ∩ S2 �= φ.

Proof By the remark in the above paragraph (P1 × R2) ∩ S = φ, if and only if
P1∩S1 = φ. Assume that P = P1×R2 is an S-P-ideal of R. Since (0, 1)R(1, 0) ⊆ P ,
then, either (0, 1)〈(s1, s2)〉 ⊆ P(R1 × R2) = P(R1) ×P(R2) or (1, 0)〈(s1, s2)〉 ⊆ P
for some (s1, s2) ∈ S, hence, either 〈s2〉 ⊆ P(R2), and hence, P(R2) ∩ S2 �= φ,
or 〈s1〉 ⊆ P1, which is a contradiction. Let I J ⊆ P1 for some ideals I , J of R1,
then, (I × 0)(J × 0) ⊆ P , and hence, by assumption, either (I × 0)〈(s1, s2)〉 ⊆
P(R1) × P(R2) or (J × 0)〈(s1, s2)〉 ⊆ P , consequently, either I 〈s1〉 ⊆ P(R1) or
J 〈s1〉 ⊆ P1. Since P ∩ S = φ, then we get P1 ∩ S1 = φ. Thus, P1 is an S1-P-ideal
of R1.

Conversely, suppose P1 is an S1-P-ideal and P(R2) ∩ S2 �= φ. Let (I1 × J1)(I2 ×
J2) ⊆ P for some ideals I1, I2 of R1 and some ideals J1, J2 of R2, then, (I1 I2) ×
(J1 J2) ⊆ P1 × R2, hence, I1 I2 ⊆ P1, consequently, either I1〈s1〉 ⊆ P(R1) or
I2〈s1〉 ⊆ P1 for some s1 ∈ S1. In addition, let s2 ∈ P(R2)∩ S2, in this case we obtain,

either I1〈s1〉 × J1〈s2〉 ⊆ P(R1) × P(R2) or I2〈s1〉 × J2〈s2〉 ⊆ P1 × R2.

Hence,

either (I1 × J1)〈(s1, s2)〉 ⊆ P(R1 × R2) or (I2 × J2)〈(s1, s2)〉 ⊆ P1 × R2.

Thus, P = P1 × R2 is an S-P-ideal of R. �
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Theorem 24 Let R = R1 × R2, where R1 and R2 are rings with identities, and let
S = S1 × S2, where S1 and S2 are m-systems of R1 and R2, respectively. If P2 is an
ideal of R2, then, R1 × P2 is an S-P-ideal, if and only if, P2 is an S2-P-ideal and
P(R1) ∩ S1 �= φ.

Proof Similar to the proof of Theorem 23. �

The condition P(R2) ∩ S2 �= φ (P(R1) ∩ S1 �= φ) in Theorem 23 (in Theorem 24)

is not superfluous, as we show in the following example.

Example 6 Let R = M2(Z12), and let

SR =
{ [

s 0
0 s

]

; s ∈ S = {1, 3, 9}
}

.

Then, we show in Example 5 that the ideal P = M2(〈4〉) is an SR-P-ideal, and
P(R) = Mn(〈6〉). Now in the ring R′ = R× R, we have them-system S′ = SR × SR ,
and P(R) ∩ SR = φ, then the ideal P × R is not an S′-P-ideal, because, for the
matrices:

I =
[
1 0
0 1

]

,M1 =
[
2 0
0 2

]

, and M2 =
[
6 0
0 6

]

,

we have (M1, I)R′(M2, I) ⊆ P × R, however, (M1, I)〈(s1, s2)〉 � P(R′) and
(M2, I)〈(s1, s2)〉 � P × R, for all (s1, s2) ∈ S′, because I〈s2〉 � P(R) and
M2〈s1〉 � P .
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