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Abstract
This paper presents a formulation based on higher-order shear deformation functions in both normal and binormal directions 
on the cross section to include the influence of in-plane shear stresses in the case of curved beams subjected to out-of-plane 
forces. Besides, another distinctive feature is the introduction of accuracy elements at the stress concentration zones to widen 
the range of St. Venant principle. Within this scope, a two-noded curved mixed finite element formulation with twenty-eight 
degree of freedoms (DOFs) in total is derived. The curved axial geometry is defined over the exact functions of the gradient 
of arch length and curvature. The volume fraction of functionally graded (FG) material constituents is based on the power-
law distribution and the rule of mixture. The functional including the coupling effects is derived via the Hellinger Reissner 
formulation. The normal/shear stresses are determined over the curvatures on the section and stress equilibrium condition. 
Quite satisfactory converged results with respect to the solid finite elements are obtained via advantageous DOFs for the bi-
directional higher-order shear deformable mixed finite elements which reduces the computational time and space. Besides, 
in order to increase the precision at the stress concentration zones, the length ratios of the mixed finite elements at these 
zones are related to the geometric features and material parameters. Finally, the influences of geometric features, material 
constituents and the power-law index on the stress distribution of FG spatial/planar curved beams are presented both via the 
bi-directional higher-order mixed finite elements and the solid finite elements.
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1  Introduction

1.1 � Review

FG materials have been used in broad application fields 
over the last decades such as biological, aeronautical, 
naval, automotive, nuclear, military, civil engineering, 
etc., thanks to their physical performance. Therefore, their 
structural characteristics have aroused increasing inter-
est of researchers [1–21]. Li et al. [22] proposed a novel 
higher-order shear deformable mixed beam element for 
stress distributions of functionally graded (FG) sandwich 
beams. Madenci [23] presented a mixed finite element 
(MFE) formulation for shear deformable FG thick–thin 
beams. Safa et al. [24] proposed a shear deformation the-
ory including parabolic distribution of the transverse shear 
strains of FG beams. Lei et al. [25] derived a mechani-
cal model based on a novel third-order shear deformation 
theory for bi-directional FG imperfect beams. Montalto 
and Konstantinidis [26] studied the buckling of higher-
order shear deformable short beams subjected to the trans-
verse shear. Bekhadda et al. [27] employed a four-variable 
refined higher-order shear deformable beam theory that 
considers the coupling of vibration and axial load of FG 
beams. Castañeda et al. [28] optimized higher-order shear 
deformation theories via the N-objective optimization 
evolutionary technique for the desired accuracy. Zhao 
[29] proposed an enhanced inverse finite element method 
based on the refined zigzag theory for composite beams. 
Malikan and Eremeyev [30] presented a novel hyperbolic-
polynomial higher-order elasticity beam theory consid-
ering the stretching effect of thick FG imperfect beams. 
Melaibari et al. [31] employed the parabolic higher-order 
shear deformation theory for FG beams under variable 
axial load. Todorovska et al. [32] presented an analyti-
cal solution for the dynamic response of a shear beam. Li 
et al. [33] developed a 3-node beam finite element includ-
ing higher-order shear deformations based on the arbi-
trary material distribution through thickness of FG beams. 
Pavan et al. [34] studied the static, free vibration and sta-
bility analyses of laminated composite beams via classical 
laminated plate, first-order shear deformation and higher-
order shear deformation theories. Ma [35] proposed a MFE 
model for higher-order shear deformations of symmetri-
cally FG beams considering both material and geometry 
variations through the section. Avcar et al. [36] employed 
higher-order shear deformation theory for sigmoid FG 
sandwich beams. Tran et al. [37] presented a finite element 
formulation based on a novel third-order shear deforma-
tion theory for FG sandwich beams in high-temperature 
environment. Ruocco and Reddy [38] compared the gen-
eralized stress/strain and corresponding local quantities 

of classical, first-order and third-order shear deformation 
theories. Le et al. [39] derived a third-order shear deforma-
tion beam element for the natural frequencies and buckling 
of bi-directional FG sandwich beams. Belarbi et al. [40] 
developed a 2-node finite element based on a novel para-
bolic shear deformation theory for FG sandwich beams. 
Czekanski and Zozulya [41] investigated the dynamic 
behaviors of shear deformable beams compared to the 
classical theories. Choi and Kim [42] presented a novel 
higher-order shear deformable beam theory that provides 
explicit stress-generalized force relations. Zhang et al. [43] 
investigates the stability of higher-order shear deformable 
beams under thermal effects via two well-posed nonlocal 
elasticity theories. Ziou et al. [44] proposed a polynomial 
higher-order shear deformation theory for FG beams.

Despite of many researchers derived higher-order shear 
deformable beam theories to consider the distribution of 
shear stress through the thickness of FG beams, there is a 
limited work in the literature for FG curved beams. Belarbi 
et al. [45] developed a 2-node finite element model based 
on a novel higher-order shear deformation theory for the 
bending of FG sandwich thick–thin beams curved in eleva-
tion. Pei and Li [46] studied FG curved beams by using 
higher-order beam theory. Sayyad and Ghugal [47] presented 
a sinusoidal beam theory for the bending of FG sandwich 
beams curved in elevation. Karami et al. [48] employed a 
higher-order shear deformation theory to investigate the non-
local buckling response of FG carbon nanotube reinforced 
composite curved beams. Belarbi et al. [49] developed a 
2-node finite beam element based on a novel three-unknown 
refined shear theory for the stability of FG sandwich curved 
thick–thin beams. Lezgy-Nazargah et al. [50] presented the 
assessment of the four-variable refined shear deformation 
theory for the dynamic responses of curved sandwich beams. 
Fariborz and Batra [51] investigated the natural frequencies 
of bi-directional FG circular beams via a shear deforma-
tion theory. Javani et al. [52] studied the free vibration char-
acteristics of thick FG deep arches via the unconstrained 
higher-order shear deformation theory. Avhad and Sayyad 
[53–55] proposed a higher-order shear and normal deforma-
tion theory for static, free vibration and thermal analyses of 
FG beams curved in elevation. Tran Thi Thu [56] studied the 
dynamic behavior of bi-directional FG curved nanobeams 
via the higher-order shear deformation theory. Aribas et al. 
[57] presented a warping included MFE formulation for the 
static and stress analyses of FG exact curved beams.

1.2 � Aim and scope

There is no publication available on the higher-order stress 
distributions of FG spatial/planar exact curved beams sub-
jected to out-of-plane loads as far as the author is aware. 
Within this scope, the coupling of bending-extension should 
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be taken into consideration in addition to the warping dis-
placements of non-circular cross sections [58–63]. This 
study proposes a two-noded exact curved mixed FE includ-
ing higher-order shear deformation functions (HSDFs) in 
both normal and binormal directions. The developed two-
noded curved mixed FE has twenty-eight degrees of freedom 
(DOFs) in total. The axis geometry is derived based on the 
exact functions of the gradient of arch length and curvature 
[64]. The volume fraction of FGM constituents is designed 
according to the power-law distribution and the rule of mix-
ture. As another distinctive feature of this study, an accuracy 
element at supports, where the stress concentration occurs, is 
introduced to achieve more precise results. The normal and 
shear stress distributions through the thickness are derived 
based on the curvatures on the cross section and the stress 
equilibrium condition, respectively. The two-noded curved 
mixed FEs present quite satisfactory results with lesser 
degrees of freedom compared to the solid finite elements. 
The accurate and effective bi-directional higher-order shear 
deformation functions (BDHSDFs) and the settlement of 
accuracy elements are investigated in the numerical solution.

2 � Theorical formulations

2.1 � Functionally graded materials

The volume fraction of FGM constituents through the thick-
ness of section is considered via equally divided fifty-layer 
partitions for linear variations. In the case of nonlinear vari-
ations, the layer partitions, whose absolute differences of 
the material properties on the top and bottom are greater 
than the respective absolute difference of linear variation, 
are also subdivided by the ratio of these two differences. 
The effective material properties, Peff , are evaluated through 
the application of the rule of mixture and power-law volume 
fraction [65],

where P presents the material properties such as Young’s 
modulus E and Poisson’s ratio ν, subscripts “bot” and “top” 
denote the bottom and top surfaces of the beam, respectively, 
p is the power-law index, h is the thickness of section and b 
is the binormal unit vector of Frenet coordinate.

2.2 � Displacement and strain fields

Letting tangent, normal and binormal unit vectors are Frenet 
coordinates ( t  , n , b ), the displacements in the beam con-
tinuum 

(
u∗
t
, u∗

n
, u∗

b

)
 are enriched in this study by introducing 

the higher-order variations of shear deformations through 
the both n and b axes as follows (Fig. 1)

where the partial derivations are denoted by the commas in 
the subscripts, ut , un , ub are the displacements on the beam 
axis, Ω t is the axial rotation and �n , �b are the shear rota-
tions, fi(b) and fj(n) are the higher-order displacement func-
tions in the direction of b and n , respectively and i, j are the 
function numbers.

The contribution of components ub,t and un,t to u∗
t
 are 

defined over the neutral axis as reference via bc and nc,

where bL , nL and AL are the geometric centers and cross 
sectional area of the layer partition L, respectively, and N 
is the total number of the layer partitions. Thus, the strain 
components can be derived as,

(1)Peff(b) = P bot +
(
P top − P bot

) (
1

2
+

b

h

)p

(2)

u∗
t
= ut −

(
b − bc

)
ub,t + fi(b)�n −

(
n − nc

)
un,t + fj(n)�b

u∗
n
= un − bΩ t ; u∗

b
= ub + nΩ t

(3)bc =

∑N

L=1

�
bL ELAL

�
∑N

L=1

�
ELAL

� ; nc =

∑N

L=1

�
nL ELAL

�
∑N

L=1

�
ELAL

�

Fig. 1   Geometry and boundary conditions (a) and TFG cross section (b)
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The viability and effectiveness of the bi-directional higher-
order shear deformable formulation are studied by implement-
ing several higher-order displacement functions (Table 1) 
into Eq. (4) in the scope of this paper. However, the presented 
formulation can be used via implementing any higher-order 
shear deformation functions (HSDFs) in the bi-normal direc-
tion b and/or normal direction n. HSDFs fi(b) and fj(n) , which 
are implemented in the directions of b and n in Eq. (4), are 
denoted by HSDTij where the subscripts i and j present the 
functions (Table 1) in the direction b and n, respectively. The 
first derivatives of these HSDFs are presented graphically in 
Fig. 2 through the normalized thickness b = b∕h.

2.3 � Constitutive equations

Based on the generalized Hooke’s law [71], the constitu-
tive equations that satisfy the stress-free surface conditions 
�n = �b = �nb = 0 [59, 61] and bi-directional higher-order 
stress deformations are,

where �F =
{
ut,t �b �n

}T  ,  �M =
{
Ωt,t −ub,tt un,tt

}T  , 
�h =

{
�n,t �b,t

}T and L presents a layer partition. 
Thus, the internal forces � =

{
Ft Fn Fb

}T , moments 

(4)

�t = ut,t −
(
b − bc

)
ub,tt + fi(b)�n,t −

(
n − nc

)
un,tt + fj(n)�b,t

�bt = fi,b(b)�n + nΩ t,t

�tn = fj,n(n)�b − bΩ t,t

(5)

⎧⎪⎨⎪⎩

�t
�bt
�tn

⎫⎪⎬⎪⎭L

= �L

⎧⎪⎨⎪⎩

�t
�bt
�tn

⎫⎪⎬⎪⎭L

=

⎡⎢⎢⎣

�11 0 �13
0 �22 0

�13 0 �33

⎤
⎥⎥⎦L

�

⎧⎪⎨⎪⎩

�F
�M
�h

⎫⎪⎬⎪⎭

� =
{
Mt Mn Mb

}T  and  h igher-o rder  moments 
�h =

{
Mh

n
Mh

b

}T can be expressed by the integration of 
stresses as,

Referring to the elasticity matrix E , the compliance 
matrix can be defined as � = �−1.

2.4 � Field equations, functional and mixed finite 
element

The equilibrium equations of TFG exact curved beams can 
be expressed as,

(6)

⎧⎪⎨⎪⎩

�

�

�h

⎫⎪⎬⎪⎭
=

N�
L=1

⎛
⎜⎜⎝∫AL

�T �L � dAL

⎞
⎟⎟⎠

⎧⎪⎨⎪⎩

�F
�M
�h

⎫⎪⎬⎪⎭
= �

⎧⎪⎨⎪⎩

�F
�M
�h

⎫⎪⎬⎪⎭

Table 1   Higher-order 
displacement functions ( w : 
width and h : thickness)

i, j Reference fi(b) fj(n)

1 [66] b −
4b3

3h2
n −

4n3

3w2

2 [67] h

�
sin

(
�b

h

)
w

�
sin

(
�n

w

)

3 [68]
h sinh

(
b

h

)
− b cosh

(
1

2

)
w sinh

(
n

w

)
− n cosh

(
1

2

)

4 [69] b 3−2(b∕ h)
2∕ ln 3

n 3−2(n∕ w)
2∕ ln 3

5 [70]
b −

(
16b5

5h4

)
n −

(
16n5

5w4

)

6 [70]
b +

(
b2

2h

)
−
(

4b3

3h2

)
−
(

b4

h3

)
n +

(
n2

2w

)
−
(

4n3

3w2

)
−
(

n4

w3

)

7 [70]
b −

(
b2

2h

)
−
(

4b3

3h2

)
+
(

b4

h3

)
n −

(
n2

2w

)
−
(

4n3

3w2

)
+
(

n4

w3

)

8 [70]
b −

(
8b3

3h2

)
+
(

16b5

5h4

)
n −

(
8n3

3w2

)
+
(

16n5

5w4

)

9 [70]
b −

(
4b3

h2

)
+
(

48b5

5h4

)
−
(

64b7

7h6

)
n −

(
4n3

w2

)
+
(

48n5

5w4

)
−
(

64n7

7w6

)

Fig. 2   First derivatives of HSDFs fi,b(b) through the thickness 
(Table 1)
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where � =
{
qt qn qb

}T and � =
{
mt mn mb

}T are the 
external distributed force and moment vectors, respectively, 
s is the axial arc length. The constitutive equations can also 
be expressed as,

The field equations [72, 73] are enhanced by employing 
the higher-order shear deformation functions on the equi-
librium equations (Eq. (7)) and the constitutive equations 
(Eq. (8)). Then the functional is derived over the field equa-
tions via the Hellinger Reissner principle as follows,

In Eq. (9), the dynamic (forced) and geometric (natu-
ral) boundary conditions are denoted by the subscripts � 
and � , respectively (o = � + �) and the terms with hats 
are known values on the boundary. Referring to Eq. (9), 
the two-noded curved mixed finite elements (MFEs) have 
fourteen nodal variables. The exact curved axial geometry 
is derived based on the procedure given in [74].

(7)

⎧⎪⎨⎪⎩

−Ft,s

Mb,ss

−Mn,ss

⎫⎪⎬⎪⎭
−

⎧⎪⎨⎪⎩

qt
qn
qb

⎫⎪⎬⎪⎭
= � ; −

⎧⎪⎨⎪⎩

Mt,s

Mh
n,s

Mh
b,s

⎫⎪⎬⎪⎭
+

⎧⎪⎨⎪⎩

0

Fb

Fn

⎫⎪⎬⎪⎭
−

⎧⎪⎨⎪⎩

mt

mn

mb

⎫⎪⎬⎪⎭
= �

(8)−�

⎧
⎪⎨⎪⎩

�

�

�h

⎫
⎪⎬⎪⎭
+

⎧
⎪⎨⎪⎩

�F
�M
�h

⎫
⎪⎬⎪⎭
= �

(9)

I[y] = −
[
Ft,s, ut

]
−
[
Mb,s, un,s

]
+
[
Mn,s, ub,s

]
−
[
Mt,s,Ω t

]
−
[
Mh

n,s
,𝜑n

]
+
[
Fb,𝜑n

]
−
[
Mh

b,s
,𝜑b

]
+
[
Fn,𝜑b

]

−
1

2

[
C11Ft,Ft

]
−

1

2

[
C12Fn,Ft

]
−

1

2

[
C14Mt,Ft

]
−

1

2

[
C15Mn,Ft

]
−

1

2

[
C17M

h
n
,Ft

]

−
1

2
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C21Ft,Fn

]
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1

2

[
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]
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1

2

[
C24Mt,Fn
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1

2
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1
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1
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1

2
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2
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2
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h
n
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1
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[
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h
n
,Mh

n

]

−
[
qt, ut

]
−
[
qn, un

]
−
[
qb, ub

]
−
[
mt,Ω t

]
−
[
mn,𝜑n

]
−
[
mb,𝜑b

]
+

1

2

⟨
Mb,s, un

⟩
O
+

1

2

⟨
Mn,s, ub

⟩
O

+

⟨
Ft −

⌢

Ft, ut

⟩

𝜎

+

⟨
Mt −

⌢

Mt,Ω t

⟩

𝜎

−

⟨
Mn −

⌢

Mn, ub,s

⟩

𝜎

+

⟨
Mb −

⌢

Mb, un,s

⟩

𝜎

−

⟨
Mh

n
−

⌢

M

h

n
,𝜑n

⟩

𝜎

−

⟨
Mh

b
−

⌢

M

h
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,𝜑b
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𝜎
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⟨

⌢

ut,Ft

⟩
𝜀
−
⟨

⌢

𝜑n,M
h
n

⟩
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−
⟨

⌢

𝜑b,M
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𝜀

+

⟨
⌢

Ωt,Mt

⟩

𝜀

−
⟨

⌢

ub,s,Mn

⟩
𝜀
+
⟨

⌢

un,s,Mb

⟩
𝜀

2.5 � The stresses

The normal stress is derived from the constitutive equa-
tions via the respective curvatures in Eq. (5). However, the 
shear stress is obtained from the equilibrium conditions of 
beam segments which contain the respective nodes (Fig. 3) 
as �bt = ∫ (

Δ�t db
)/

0.05
(
se + se−1

)
 where e denotes the 

element number. The incremental normal stress Δ�t is 
determined from Eqns. (5) and (6) as follows,

where Φ =
(
� − �i

)/(
�i+1 − �i

)
 , i and � = 0.05�i+1 + 0.95�i 

indicate the node number and the central arc length angle, 
respectively.

3 � Numerical solutions

In Sect. 3.1, the appropriate degrees of freedoms (DOFs) that 
satisfy enough convergence for the normal/shear stress compo-
nents of transversely functionally graded (TFG) exact curved 
beams are determined using 20-node solid FEs of ANSYS (60 
DOFs) and 2-node mixed FEs (28 DOFs). In Sect. 3.2.1, an 
accuracy element is introduced to achieve more precise vari-
ation of normal/shear stress components that are influenced 

(10)

⎧
⎪⎨⎪⎩

Δ�t
Δ�bt
Δ�tn

⎫
⎪⎬⎪⎭L

= �L ��Φ

⎛
⎜⎜⎜⎝

⎧
⎪⎨⎪⎩

�

�

�h

⎫
⎪⎬⎪⎭i+1

−

⎧
⎪⎨⎪⎩

�

�

�h

⎫
⎪⎬⎪⎭i−1

⎞
⎟⎟⎟⎠
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from stress concentrations through the clamped ends. In 
Sect. 3.2.2, bi-directional higher-order shear deformation 
functions (BDHSDFs) are utilized on predicting the normal/
shear stress components due to the radius-to-thickness ratio. 
Higher-order shear deformation functions (HSDFs) which 
are employed in the binormal and normal directions are 
denoted by HSDTij where i and j present the function numbers 
(Table 1) in the binormal and normal directions, respectively. 
Then in Sects. 3.2.3–3.2.5, the accuracy of the proposed for-
mulation due to the curvature, FGM constituents and power-
law index is presented. Finally, in Sect. 3.2.6, the influence of 
transverse HSDFs on the stress variation is evaluated on a TFG 
spatial curved beam.

In all numerical solutions, TFG planar curved beams 
(Fig. 1) have clamped–clamped supports (both ends have fixed 
boundary conditions) and the central arch length angle is 
� = 180◦ . The ellipticity ratio is set to Γ = Rmin∕Rmax = 1.0, 
0.9, 0.8 and 0.7 while keeping the maximum radius constant 
as Rmax = 3.0m . In each case of Γ , the radius-to-thickness 
ratio is set to �s = Rmax∕h = 5, 10, 15, 20 and 25 where h is 
the thickness of the square cross section. TFG exact curved 
beams are subjected to a transverse uniformly distributed load 
q = 0.5 kN/m along the arc length. The material constants of 
FGM constituents are given in Table 2. The normal �

(
t, b

)
 

and shear stresses �
(
t, b

)
 are given along the normalized tan-

gential coordinate t = t∕S , where S is the total axial arc length 
and the normalized thickness of cross section b = b∕h.

3.1 � The convergence analyses

FE mesh convergence analyses are performed for the elliptic-
ity ratios Γ = 1.0 and 0.7 and the radius-to-thickness ratios 
�s = 5 and 25 for each Γ . The bottom and top surfaces of the 
TFG cross section are Al and Al2O3, respectively, where the 
power-law index is p = 1 . The FE mesh convergence for the 
normal/shear stress components is performed on the cross 
section at first node next to the clamped end both for the 
MFEs and the solid FEs.

3.1.1 � Mixed finite elements

The normal/shear stress components of MFEs, �(0.05, 0.5) 
and �(0.05, 0) , are presented graphically in Fig. 4 for 294, 
854, 1414, 1974, 2534 and 3094 DOFs. In the case of 
�s = 25 , the maximum percent difference of the results of 
1414 DOFs with respect to the 3094 DOFs is obtained for 
Γ = 0.7 , HSDT99 and �(0.05, 0) as 0.18% (− 0.1386MPa for 
1414DOFs and − 0.1383MPa for 3094DOFs). Similarly 
in the case of �s = 5 , it is obtained for Γ = 0.7 , HSDT33 
and �(0.05, 0) as 1.66% (− 0.0047MPa for 1414DOFs and 
− 0.0046MPa for 3094DOFs). The outcomes reveal that 
1414 DOFs (100 mixed FEs) satisfy enough convergence. 
The advantage of mixed finite elements is that both the dis-
placements and stress resultants are DOFs. Therefore, the 
precision is increased while saving time from overall com-
putation period.

Table 2   FGM constituents in the numerical examples

Young’s Modulus Poisson’s Ratio

Material E (GPa) ν
Alumina (Al2O3) 380.00 0.30
Steel (St) 210.00 0.30
Copper (Cu) 110.00 0.34
Aluminum (Al) 70.00 0.30

Fig. 3   Stress equilibrium condi-
tion of a layer partition for �bt
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3.1.2 � Solid finite elements

The solid geometry of TFG curved beam (circular and ellip-
tical) is modeled using SOLID186 elements (solid FEs of 
ANSYS) based on the coordinates of nodal points of 200 
mixed FE discretization. FE mesh convergence analysis is 
performed by defining the mesh element size as w∕k , where 
w is the width of square section and k = 4 in the range of 
0.05 < t < 0.95 , afterward in the ranges of t ≤ 0.05 and 
0.95 ≤ t , body sizing is assigned for various k quantities 
successively. The normal/shear stress components of solid 
FEs, �(0.01, 0.5) and �(0.01, 0) , are presented graphically 
in Fig. 5.

In Fig. 5a, the percent difference of the results of k = 16 
with respect to k = 17 is ⁓0.03%. In Fig. 5b, the percent 

differences of the results of k = 32 with respect to k = 40 are 
0.09% for �(0.01, 0.5) and 0.15% for �(0.01, 0) . In Fig. 5c, 
the percent differences of the results of k = 8 with respect to 
k = 9 are 0.00% for �(0.01, 0.5) and 0.30% for �(0.01, 0) . In 

Fig. 4   FE mesh convergence for �(0.05, 0.5) and �(0.05, 0) of MFEs

Fig. 5   FE mesh convergence of solid FEs for �(0.01, 0.5) and �(0.01, 0)

Table 3   Quantity of k due to the ratios of ellipticity Γ and radius-to-
thickness �

s

Γ �s = 5 10 15 20 25

1.0 32.00 28.00 24.00 20.00 16.00
0.9 29.33 25.33 21.33 12.50 10.90
0.8 26.67 22.67 18.67 14.67 10.67
0.7 24.00 20.00 16.00 12.00 8.00
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Fig. 5d, the percent differences of the results of k = 24 with 
respect to k = 32 are − 0.29% for �(0.01, 0.5) and 0.05% for 
�(0.01, 0) . By means of these results, the selected k quanti-
ties due to the geometric features of solid geometries in the 
following assessments are reported in Table 3.

3.2 � The assessment of accuracy

In the first instance, an additional MFE (accuracy ele-
ment) at each clamped end, where the stress concentra-
tion occurs, is placed to increase the precision of normal/
shear stress variations. These elements’ appropriate nodal 
coordinates that provide more precise results are speci-
fied over the central arch length angle (Sect. 3.2.1). The 
performance of BDHSDFs in predicting the abovemen-
tioned stresses is assessed with respect to the geometric 
and material features (Sects. 3.2.2–3.2.6). The influence 
of transverse HSDFs on the stresses is estimated on a TFG 
spatial curved beam which demonstrates greater coupling 
effects with respect to the planar curved beams. In all 
numerical solutions, the geometric and material features, 
loading and boundary conditions are as given in Sect. 3.

3.2.1 � The accuracy element

This section specifies the appropriate nodal coordinates 
of accuracy elements over the central arch length angle � 
which results more precise stress variations. The accuracy 
of normal/shear stress variations through the thickness is 
evaluated with respect to the results of solid FEs (SOLID186 
elements of ANSYS). The stress variations are presented for 
various mesh refinements of accuracy MFEs by setting their 

unrestricted nodes successively to �UN = 0.0002� , 0.0006� , 
0.001� , 0.003� , 0.005� , 0.007� , and 0.009� . Referring to the 
geometric features and loading in Sect. 3, TFG semi-circular 
beam with Γ = 1 and �s = 5 is investigated. The bottom and 
top surfaces of TFG section are Al and Al2O3, respectively. 
The power-law index is p = 1.

Figure 6 demonstrates the variation of shear stress �
(
t, 0

)
 

through the clamped end graphically for various quantities of 
�UN . HSDT11, HSDT22, HSDT33, HSDT44 and HSDT55 pro-
vide the absolute minimum percent difference of �(0.05, 0) 
with respect to the solid FEs for �UN = 0.008� , 0.008θ, 
0.005θ, 0.007θ and 0.009θ, respectively (Table 5). The abso-
lute minimum/maximum percent differences of �(0.05, 0) 
are obtained for HSDT11 and HSDT55, respectively. As t 
decreases to 0.04, the percent difference of �(0.04, 0) for the 
stated BDHSDFs with their corresponding �UN becomes at 
least − 6.71%.

Since the absolute maximum percent difference of 
�(0.05, 0) with respect to the solid FEs is obtained in the case 
of HSDT55 (Table 4), the through-thickness shear stresses 
�

(
t, b

)
 of HSDT55 and SOLID186 elements are given for 

t = 0.01 , 0.02, 0.03, 0.04 and 0.05 in Fig. 7. At t = 0.05 , the 
results are satisfactory independent from �UN . The percent 
differences of the maximum shear stress �max

(
0.05, b

)
 

obtained via �UN = 0.009� with respect to the results of 
�UN = 0.0006� and SOLID186 elements are − 0.39 and 
− 1.74%, respectively (Table 5). In addition to the increase 
in the influence of �UN on the results through the clamped 
end, the percent difference of the results compared to the 
solid FEs increases. The percent difference of �max

(
0.01, b

)
 

Fig. 6   Shear stress variations through the clamped end for �UN

Table 4   Shear stresses �
(
t, 0

)
 

in kPa at t = 0.05 and 0.04 
(Fig. 6). Diff.% = 100×[(
�
(
t, 0

)
∕SOLID186

)
− 1

]
t HSDT11 HSDT22 HSDT33 HSDT44 HSDT55 SOLID186

�
(
t, 0

)
0.05 − 8.181 − 8.178 − 8.181 − 8.185 − 8.189 − 8.180
0.04 − 8.388 − 8.399 − 8.308 − 8.388 − 8.329 − 9.002

Diff.% 0.05 0.00% − 0.03% − 0.01% − 0.06% − 0.10%
0.04 − 6.83% − 6.71% − 7.71% − 6.82% − 7.48%
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obtained via �UN = 0.009� with respect to the result of 
�UN = 0.0006� becomes − 7.77%. However, the percent dif-
ference with respect to �max

(
0.04, b

)
 of SOLID186 elements 

becomes − 10.21% in the case of HSDT55.
Figure 8 presents the through-thickness shear stresses 

�

(
t, b

)
 of various BDHSDFs over �UN = 0.009� at t = 0.01 , 

0.02, 0.03, 0.04 and 0.05 compared to the solid FEs. Similar 
to the conclusions of HSDT55, the influence of higher-order 
shear deformation functions on the results increases through 

Fig. 7   Through-thickness shear stresses �
(
t, b

)
 of HSDT55

Table 5   Maximum shear stress �max

(
t, b

)
 of HSDT55 in kPa (Fig. 7)

t b SOLID186 �UN

0.009θ 0.0006θ
0.05 0.12 − 8.838 − 8.685 − 8.719
0.04 0.12 − 9.801 − 8.801 − 8.722
0.03 0.12 − 11.071 − 8.703 − 8.884
0.02 0.16 − 12.335 − 8.933 − 8.679
0.01 0.30 − 12.458 − 7.724 − 8.375

Fig. 8   Through-thickness shear stresses �
(
t, b

)
 for various BDHSDFs

Fig. 9   Through-thickness normal stresses �
(
t, b

)
 at the clamped end
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the clamped end. As t decreases from 0.05 
(
b = 0.12

)
 to 

0.01 
(
b = 0.30

)
 , the percent difference of �max

(
t, b

)
 

obtained via HSDT99 with respect to the results of HSDT55 
(Table 5) increases from − 0.224% (− 8.666kPa for HSDT99) 
to 32.92% (− 10.267kPa for HSDT99). Besides, the percent 
difference of �max

(
t, b

)
 obtained via HSDT99 with respect to 

the solid FEs becomes − 17.59% at t = 0.01.
The through-thickness normal/shear stress components at 

the clamped end are assessed due to various BDHSDFs and 
�UN in Figs. 9 and 10. The maximum/minimum influences of 
�UN on the maximum normal stress �max(0, 0.50) are obtained 
in the cases of HSDT55 and HSDT44, respectively (Fig. 9). 
The maximum normal stresses �max(0, 0.50) obtained via 
�UN = 0.0002� and 0.009θ are 0.323MPa and 0.222MPa, 
respectively in the case of HSDT55, and 0.275MPa and 
0.227MPa, respectively in the case of HSDT44. The percent 
differences of �max(0, 0.50) obtained via �UN = 0.0002� with 
respect to �UN = 0.009� are 62.26% and 21.31% in the cases 
of HSDT55 and HSDT44, respectively. The decrease in �UN 
increases the precision of �max(0, 0.50) more in the case of 
HSDT55. The percent difference of �max(0, 0.50) with respect 
to the solid FEs becomes − 2.94% (0.372MPa for SOLID186 
elements). However, it is − 26.06% in the case of HSDT44 
and �UN = 0.0002� . At the clamped end, the shear stress 

�(0, 0.50) of SOLID186 elements becomes 0.106MPa where 
the stress-free conditions are valid for HSDFs (Fig. 10).

3.2.2 � The radius‑to‑thickness ratio

Firstly, the influence of decrease in the radius-to-thickness 
ratio �s on the capability of �UN to provide accurate stress 
variations for BDHSDFs is investigated with respect to the 
solid FEs. Next, the variations of shear stresses through the 
clamped end are given related to �s . Finally, the through-
thickness normal/shear stress components of various BDHS-
DFs are presented as �s decreases. Referring to the geometric 
features and loading in Sect. 3, �s is set to 5, 10, 15, 20 and 
25, respectively ( R = 3.0m and Γ = 1 ). The FGM constitu-
ents at the bottom and top of the section are Al and Al2O3, 
respectively where p = 1.

Due to the conclusions in Sect. 3.2.1 (Fig. 6 and Table 4), 
the influence of �UN on the precision of shear stresses is 
investigated for HSDT55 as �s decreases (Fig. 11). Although 
the increment in the precision of �

(
0.05, b

)
 is independent 

of �UN as stated in Sect. 3.2.1 (Fig. 7), an increase in �UN 
increases the precision of �(0, 0) as �s decreases (Fig. 11). 
The shear stresses �(0.05, 0) of solid FEs are − 192kPa, 
− 122kPa, − 69kPa, − 31kPa and − 8kPa for �s = 25 , 20, 15, 
10 and 5, respectively. As �s decreases from 25 to 5, the 

Fig. 10   Through-thickness shear stresses �
(
t, b

)
 at the clamped end

Fig. 11   Influence of �UN on the precision of �
(
t, 0

)
 as �s decreases
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percent difference of �(0.05, 0) compared to solid FEs 
becomes 3.65% (− 199kPa), 4.56% (− 127kPa), 5.83% 
(− 72kPa), 5.20% (− 32kPa), 0.10% (− 8kPa), respectively. 

Thus, the influence of �s on the shear stresses is investigated 
via �UN = 0.009� in this section.

Figure 12 presents the influence of �s on the shear stress 
at t = 0.05 . Since HSDT11 provides the minimum percent 
difference of �(0.05, 0) compared to the solid FEs in the case 
of �s = 5 (Table 4), the convergence of the results is given 
in Table 6 as �s increases. The absolute shear stresses of 
HSDT11 are greater than SOLID186 elements except �s = 5 . 
The maximum percent difference of �(0.05, 0) compared 
to the solid FEs is obtained in the case of �s = 10 . As �s 
increases, �(0.05, 0) becomes 3.74, 8.39, 14.89 and 23.41 
times greater than the result of �s = 5 , respectively.

The increase in �
(
0, b

)
 through the top surface of solid 

FEs becomes greater as �s decreases (Fig. 13). �(0, 0.50) is 
2.13 times greater than �(0, 0.48) in the case of �s = 5 
(0.37MPa and 0.17MPa, respectively), whereas it is 1.71 

Fig. 12   Influence of �s on shear stress

Table 6   Shear stresses as �
s
 

decreases
Stress t �s = 5 10 15 20 25

Shear (kPa) 0.05 SOLID186 − 8.18 − 30.57 − 68.66 − 121.77 − 191.53
HSDT11 − 8.17 − 32.20 − 71.98 − 127.55 − 198.88
Diff.% − 0.08 5.32 4.84 4.74 3.84

Fig. 13   Influence of �s on the through-thickness normal stress �
(
0, b

)

Fig. 14   Influence of �s on the through-thickness shear stresses
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times greater than �(0, 0.48) in the case of �s = 25 
(38.71MPa and 22.70MPa, respectively). The influence of 
decrease in �s on the rate of decrease in �(0, 0.50) becomes 
greater as �s decreases, �(0, 0.50) are 38.71MPa, 20.66MPa, 
8.96MPa, 2.77MPa and 0.37MPa for �s = 25 , 20, 15, 10 and 
5, respectively. As �s decreases, the percent differences of 
�(0, 0.50) obtained via BDHSDFs compared to the results 
of solid FEs decrease except HSDT88 and HSDT99. 
�max

(
0.05, b

)
 of solid FEs are − 202.94kPa, − 129.24kPa, 

− 72.80kPa, − 32.43kPa and − 8.84kPa for �s = 25 , 20, 15, 
10 and 5, respectively (Fig. 14). The influence of decrease 
in �s on the rate of decrease in �max

(
0.05, b

)
 becomes greater 

as �s decreases. The minimum percent differences of 
�max

(
0.05, b

)
 obtained via BDHSDFs compared to the solid 

FEs are 3.88% (− 210.81kPa), 4.59% (− 135.17kPa), 4.76% 
(− 76.27kPa), 5.13% (− 34.10kPa) and − 1.74% (− 8.68kPa), 
respectively, as �s decreases (HSDT55 for �s = 5 and HSDT33 
for other �s ). �max

(
t, b

)
 occurs closer to the top surface 

through the clamped end or as �s decreases (Figs. 8 and 14).

3.2.3 � The ellipticity

The influence of ellipticity ratio (Γ = Rmin∕Rmax) on 
the normal and shear stresses is presented in this sec-
tion. Γ is set to 0.9, 0.8 and 0.7 successively for each 
�s = Rmax∕h = 5 , 10, 15, 20 and 25 referring to the geo-
metric features and loading in Sect. 3 (Rmax = 3.0m) . Based 
on the conclusions of Sects. 3.2.1–3.2.2, �UN = 0.0002� 
and 0.009θ are used to determine the normal stress and 
shear stress, respectively. The FGM constituents are Al 
and Al2O3 at the bottom and top of the section, respec-
tively ( p = 1).

The relation between �(0.05, 0) and Γ is presented in 
Fig. 15. In the cases of Γ = 0.9 , 0.8 and 0.7, �(0.05, 0) 
of solid FEs are − 7.89kPa, − 7.53kPa and − 7.05kPa 
for �s = 5 , − 28.90kPa, − 26.90kPa and − 25.00kPa for 
�s = 10 , − 64.80kPa, − 59.70kPa and − 55.20kPa for 
�s = 15 , − 111.77kPa, − 104.68kPa and − 95.30kPa for 

�s = 20 and − 170.45kPa, − 159.09kPa and − 152.66kPa 
for �s = 25 , respectively. The average percent decreases in 
�(0.05, 0) of solid FEs are − 6.79%, − 6.48% and − 6.77% 
as Γ decreases between 1.0–0.9, 0.9–0.8 and 0.8–0.7, 
respectively. The shear stresses �(0.05, 0) of BDHSDFs 
are obtained via �UN = 0.0002� in the cases of Γ = 0.7 for 
each �s , and Γ = 0.9 and 0.8 for �s = 5 . The absolute per-
cent difference of �(0.05, 0) compared to the solid FEs has 
a tendency of decreasing as Γ decreases except HSDT33. 
However, it is quite opposite in the case of �s = 5.

The through-thickness �
(
0.05, b

)
 and �

(
0.05, b

)
 are 

illustrated graphically as Γ decreases in Fig. 16. In the 
cases of Γ = 1.0 , 0.9, 0.8 and 0.7, �max

(
0.05, b

)
 of solid 

FEs are 0.155MPa, 0.138MPa, 0.120MPa and 0.105MPa, 
respectively, for �s = 5 and 19.309MPa, 16.967MPa, 
14.907MPa and 13.002MPa, respectively, for �s = 25 . The 
corresponding percent decreases in �max

(
0.05, b

)
 are 

− 11.00%, − 12.47% and − 12.87% for �s = 5 and 
− 12.13%, − 12.14% and − 12.78% for �s = 25 . As Γ 
decreases, its’ influence on �max

(
0.05, b

)
 becomes greater. 

The percent difference of �max

(
0.05, b

)
 of BDHSDFs com-

pared to solid FEs increases as Γ and/or �s decrease. In the 
case of HSDT33, while it is − 0.26% (19.259MPa) for 
Γ = 1.0 and �s = 25 , it increases to 1.85% (13.242MPa) as 
Γ decreases to 0.7 or it increases to 1.08% (0.155MPa) as 
�s decreases to 5. The maximum percent difference is 
obtained in the case of Γ = 0.7 and �s = 5 as 4.11% 
(0.105MPa).

The maximum shear stress �max

(
0.05, b

)
 of solid FEs for 

Γ = 1.0 , 0.9, 0.8 and 0.7 are successively − 8.84kPa, 
− 8.55kPa, − 8.14kPa and − 7.67kPa in the case of �s = 5 , 
− 72.80kPa, − 68.67kPa, − 63.63kPa and − 58.45kPa in the 
case of �s = 15 and − 202.94kPa, − 180.55kPa, − 176.27kPa 
and − 161.52kPa in the case of �s = 25 (Fig. 16). As Γ 
decreases from 1.0 to 0.7 successively, the corresponding 
percent decreases in �max

(
0.05, b

)
 becomes − 3.22%, 

Fig. 15   Influence of Γ on the shear stress �(0.05, 0)
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− 4.81% and − 5.83% for �s = 5 and − 5.68%, − 7.34% and 
− 8.14% for �s = 15 . the influence of Γ on �max

(
0.05, b

)
 

becomes greater as Γ decreases except �s = 25 . HSDT55 con-
verges better to �max

(
0.05, b

)
 of solid FEs as Γ decreases in 

the scope of BDHSDFs. Although the convergence of 
HSDT55 has a tendency of increasing as Γ decreases, it is 
quite the opposite for �s = 5 . The percent difference of 
�max

(
0.05, b

)
 compared to solid FEs decreases from 

− 10.47% (− 6.87kPa) to − 4.32% (− 8.18kPa) as Γ increases 
from 0.7 to 0.9 for �s = 5 . However, it decreases from 9.73% 
(− 198.12kPa) to − 2.34% (− 157.74kPa) as Γ decreases 
from 0.9 to 0.7 for �s = 25.

The through-thickness �
(
0, b

)
 at the clamped end is 

given as Γ decreases in Fig. 17. In the cases of Γ = 1.0 , 0.9, 
0.8 and 0.7, �max

(
0, b

)
 of solid FEs are 0.372MPa, 

0.317MPa, 0.277MPa and 0.239MPa, respectively, for 
�s = 5 and 38.714MPa, 30.858MPa, 27.268MPa and 
24.717MPa, respectively, for �s = 25 . �max

(
0, b

)
 decreases 

as Γ and/or �s decrease. The increase rate of �max

(
t, b

)
 

through the clamped end ��
t
= �max

(
0, b

)/
�max

(
0.05, b

)
 is 

1.90 for Γ = 0.7 and �s = 25 . ��
t
 becomes greater as Γ 

increases and/or �s decreases. It increases to 2.01 as Γ 
increases to 1.0 or it increases to 2.28 as �s decreases to 5. 
HSDT55 converges better to �max

(
0, b

)
 of solid FEs in the 

scope of BDHSDFs. However, in the case of HSDT55 and 
�UN = 0.009� , the percent differences compared to solid FEs 
becomes − 14.23%, − 11.49% and − 7.91% for �s = 5 and 
− 17.64%, − 17.13% and − 19.45% for �s = 25 in the cases 
of Γ = 0.9 , 0.8 and 0.7, respectively.

3.2.4 � FGM constituents

This section aims to present the influence of FGM con-
stituents on the normal/shear stress components of 
TFG exact curved beams. Based on the conclusions of 
Sects. 3.2.1–3.2.2, the normal and shear stresses of BDHS-
DFs are obtained via �UN = 0.0002� and �UN = 0.009� , 

Fig. 16   Influence of Γ on the through-thickness �
(
0.05, b

)
 and �

(
0.05, b

)
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respectively and compared to the stresses of solid FEs. 
Referring to the geometric features and loading in 
Sect.  3, the radius-to-thickness ratio is successively 

set to �s = Rmax∕h = 5 , 10, 15 for each ellipticity ratios 
Γ = Rmin∕Rmax = 1.0 , 0.9, 0.8, 0.7 (Rmax = 3.0m) . Al, 
Cu and St are considered as the FGM constituents at the 

Fig. 17   Influence of Γ on the through-thickness �
(
0, b

)

Table 7   Normal/shear stress components (MPa) of solid FEs for �
E

�(0, 0.50) �(0, 0.48) �(0.05, 0.50) �max

(
0, b

)
�max

(
0.05, b

)

Γ �s �E 5.43 3.45 1.81 5.43 3.45 1.81 5.43 3.45 1.81 5.43 3.45 1.81 5.43 3.45 1.81

1.0 5 0.37 0.34 0.30 0.17 0.16 0.14 0.15 0.14 0.12 0.106 0.098 0.087 0.009 0.009 0.008
10 2.77 2.57 2.25 1.40 1.28 1.12 1.23 1.12 0.95 0.778 0.724 0.639 0.032 0.032 0.031
15 8.96 8.28 7.29 4.77 4.37 3.84 4.14 3.77 3.22 2.399 2.232 1.972 0.073 0.071 0.070

0.9 5 0.32 0.29 0.26 0.15 0.14 0.12 0.14 0.13 0.11 0.084 0.078 0.069 0.009 0.008 0.008
10 2.39 2.21 1.94 1.23 1.13 0.99 1.09 0.99 0.85 0.655 0.610 0.538 0.031 0.030 0.030
15 7.73 7.15 6.29 4.19 3.84 3.37 3.68 3.35 2.86 2.033 1.893 1.673 0.069 0.067 0.066

0.8 5 0.28 0.26 0.23 0.13 0.12 0.11 0.12 0.11 0.09 0.078 0.073 0.064 0.008 0.008 0.008
10 2.02 1.87 1.64 1.06 0.97 0.85 0.95 0.87 0.74 0.522 0.487 0.431 0.029 0.028 0.028
15 6.56 6.06 5.33 3.65 3.34 2.94 3.22 2.93 2.51 1.680 1.564 1.383 0.064 0.062 0.061

0.7 5 0.24 0.22 0.19 0.11 0.10 0.09 0.10 0.10 0.08 0.069 0.064 0.057 0.008 0.008 0.007
10 1.74 1.54 1.35 0.90 0.83 0.73 0.83 0.76 0.65 0.397 0.371 0.329 0.027 0.026 0.026
15 5.42 5.02 4.41 3.14 2.88 2.53 2.81 2.55 2.18 1.334 1.244 1.100 0.058 0.057 0.057
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bottom of the section successively; while, the FGM con-
stituent at the top is Al2O3 (Table 2). The ratios of the 
elasticity moduli of Al2O3–Al, Al2O3–Cu and Al2O3–St 
are �E = 5.43 , 3.45 and 1.81, respectively. The power-law 
index is p = 1.

First, the normal/shear stress components of solid FEs are 
tabulated in Table 7 for each �E , �s and Γ . In each case of Γ 
and �s , as �E successively increases to 3.45 and 5.43, the 
both maximum stresses �(0, 0.50) and �max

(
0, b

)
 become 

⁓1.14 and ⁓1.22 times greater than the maximum stresses 
of �E = 1.81 , respectively. The increase in �E influences 
�(0.05, 0.50) more than �(0, 0.50) since �(0.05, 0.50) 
becomes ⁓1.17 and ⁓1.29 times greater, respectively as �E 
increases. However, it influences �max

(
0.05, b

)
 less than 

�max

(
0, b

)
 since �max

(
0.05, b

)
 becomes ⁓1.02 and ⁓1.05 

times greater, respectively.
The increases in the normal/shear stresses through the 

clamped end and the increase in the normal stress through 
the top of section are given due to �E in Table 8. The increase 
in �

(
t, 0.50

)
 through the clamped end is denoted by the ratio 

��
t
= �(0, 0.50)∕�(0.05, 0.50) . ��

t
 becomes greater as �E 

decreases except for the case Γ = 0.7 and �s = 10 . In each 
case of �E , ��

t
 increases as Γ increases and/or �s decreases. 

The maximum and minimum ��
t
 are 2.51 ( Γ = 1.0 , �s = 5 , 

�E = 1.81 ) and 1.93 ( Γ = 0.7 , �s = 15 , �E = 5.43 ), respec-
tively. The increase in �

(
0, b

)
 through the top of section is 

denoted by the ratio ��
b
= �(0, 0.50)∕�(0, 0.48) . ��

b
 increases 

as �E decreases except for the cases �s = 10 and Γ = 0.7 , 
�s = 5 and Γ = 0.8 , and  �s = 5 and Γ = 0.7 . In each case of 
�E , ��

b
 becomes greater as �s decreases. Besides, it has a 

tendency of increase as Γ increases. The maximum and 
minimum ��

b
 are 2.16 ( Γ = 0.7 , �s = 5 , �E = 5.43 ) and 1.73 

( Γ = 0.7 , �s = 15 , �E = 5.43 ), respectively. The increase in 

�max

(
t, b

)
 through the clamped end is denoted by the ratio 

��
t
= �max

(
0, b

)/
�max

(
0.05, b

)
 . ��

t
 becomes greater as Γ 

and/or �s and/or �E increase.
The through-thickness normal stresses �

(
0.05, b

)
 are 

illustrated as �E decreases via HSDT33 and solid FEs in 
Fig. 18. The maximum normal stresses �max

(
0.05, b

)
 of 

HSDT33 are tabulated for each Γ , �s and �E in Table 9 and 
the percent differences with respect to the solid FEs 
(Table 7) are given. In each case, the percent differences for 
�E = 3.45 are greater than �E = 5.43 and 1.81. The minimum 
percent difference is obtained in the case of Γ = 1 , �s = 15 
and �E = 5.43 as 0.65%. It becomes 0.95% for Γ = 1 , �s = 15 
and �E = 3.45 . Besides, the decrease in Γ and/or �s increases 
the percent difference. It increases to 1.45% as �s decreases 
to 5 (Γ = 1) . The inclusion of decrease in Γ results it to be 
4.39% (Γ = 0.7).

The through-thickness shear stresses �
(
0.05, b

)
 are illus-

trated as �E decreases via BDHSDFs and solid FEs in 
Fig. 19. Successively in the cases of �s = 5 , 10 and 15, a 
better convergence is obtained via HSDT55, HSDT33 and 
HSDT33 for Γ = 1.0 , HSDT22, HSDT99 and HSDT99 for 
Γ = 0.9 , HSDT55, HSDT88 and HSDT55 for Γ = 0.8 , and 
HSDT55, HSDT55 and HSDT55 for Γ = 0.7 . Thus, �

(
0.05, b

)
 

is given in Fig. 19 for the abovementioned BDHSDFs. The 
maximum �max

(
0.05, b

)
 of BDHSDFs are tabulated in 

Table 10 and the percent differences with respect to the solid 
FEs (Table 7) are given. The minimum percent difference is 
obtained for �E = 3.45 as 0.18% ( Γ = 0.8 , �s = 10 ). As Γ 
decreases to 0.7 and/or �s decreases to 5, a decrease in �E 
results an increase in the percent differences. However, as Γ 
and �s increases, it is quite the opposite. In the case of Γ = 1 , 
the maximum percent difference is obtained for �s = 10 and 

Table 8   Increase in stresses of 
solid FEs as �

E
 increases. 

��
b
= �(0, 0.50)∕�(0, 0.48) , 

��
t
= �(0, 0.50)∕�(0.05, 0.50) 

and 
��
t
= �max(0, b)

/
�max(0.05, b)

��
b

��
t

��
t

Γ �s �E 5.43 3.45 1.81 5.43 3.45 1.81 5.43 3.45 1.81

1.0 5 2.13 2.15 2.16 2.40 2.45 2.51 11.94 11.40 10.31
10 1.98 2.00 2.01 2.26 2.30 2.36 23.99 22.83 20.40
15 1.88 1.89 1.90 2.16 2.20 2.26 32.95 31.35 28.02

0.9 5 2.05 2.07 2.07 2.30 2.35 2.41 9.83 9.40 8.57
10 1.94 1.96 1.96 2.19 2.23 2.29 21.34 20.31 18.23
15 1.84 1.86 1.86 2.10 2.13 2.20 29.61 28.17 25.28

0.8 5 2.10 2.06 2.06 2.30 2.34 2.40 9.58 9.10 8.31
10 1.91 1.93 1.93 2.12 2.15 2.22 18.23 17.37 15.63
15 1.80 1.81 1.82 2.04 2.07 2.13 26.40 25.24 22.63

0.7 5 2.16 2.12 2.13 2.28 2.32 2.39 8.98 8.54 7.82
10 1.93 1.85 1.85 2.09 2.04 2.10 14.86 14.18 12.82
15 1.73 1.74 1.74 1.93 1.96 2.02 22.82 21.69 19.45
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�E = 5.43 as 5.21%. Although the percent difference tends 
to increase as Γ and �E increases in the cases of �s = 10 and 
15, it is quite the opposite for �s = 5 . The maximum percent 
differences are obtained in the case of �s = 5 for Γ = 0.9 , 0.8 
and 0.7. However, it is not the case for Γ = 1.0.

3.2.5 � Power‑law index

The influence of increase in the power-law index p on the 
maximum normal/shear stress components of TFG exact 

curved beams is investigated via solid FEs and BDHSDFs in 
this section. �UN = 0.0002� and 0.009� are used to determine 
the normal and shear stresses of BDHSDFs, respectively, 
referred to the Sects. 3.2.1–3.2.2. The loading and geomet-
ric features which results the maximum/minimum percent 
differences of BDHSDFs compared to the solid FEs in the 
Sect. 3.2.4 are the scope of this section. Thus, the ellipticity 
ratios Γ = Rmin∕Rmax = 1.0 and 0.7 (Rmax = 3.0m) and the 
radius-to-thickness ratios �s = Rmax∕h = 5 and 15 are taken 
into consideration. While keeping the top of TFG sections 

Fig. 18   �
(
0.05, b

)
 due to �E = 5.43 , 3.45 and 1.81 (Red, yellow and green lines, respectively). Continuous and dashed lines are HSDT33 and 

solid FEs, respectively

Table 9   �max

(
0.05, b

)
 of 

HSDT33. 
Diff.% = 100×[
(HSDT33

/
SOLID186) − 1

]

Γ 1.0 0.9 0.8 0.7

�E �s 5 10 15 5 10 15 5 10 15 5 10 15

MPa 5.43 0.16 1.24 4.17 0.14 1.10 3.71 0.12 0.98 3.27 0.11 0.86 2.88
3.45 0.14 1.13 3.81 0.13 1.01 3.38 0.11 0.89 2.99 0.10 0.78 2.62
1.81 0.12 0.96 3.24 0.11 0.86 2.88 0.10 0.76 2.55 0.10 0.76 2.55

Diff.% 5.43 1.08 0.97 0.65 1.33 1.12 0.70 2.75 2.36 1.73 4.11 3.03 2.43
3.45 1.45 1.28 0.95 1.69 1.43 1.00 2.87 2.51 1.91 4.39 3.51 2.75
1.81 1.31 1.00 0.66 1.55 1.12 0.69 2.77 2.19 1.60 4.35 3.18 2.45
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as Al2O3, the bottom is successively set to Al, Cu and St. 
The elasticity moduli ratios of Al2O3 to Al, Cu and St are 
�E = 5.43 , 3.45 and 1.81, respectively. The power-law index 
p is set to 1, 2 and 3 successively for each abovementioned 
Γ , �s and �E.

The increase in the normal/shear stress components 
through the clamped end of solid FEs related to an increase 
in p is tabulated in Tables 11 and 12 for each Γ , �s and �E . 

The increase in the normal stress through the clamped end 
��
t
= �(0, 0.50)∕�(0.05, 0.50) becomes greater as Γ increases 

and/or �s decreases (Table 11). Besides, a decrease in �E 
results an increase in ��

t
 . In the case of �s = 5 , ��

t
 becomes 

greater as p increases. However, p is not directly propor-
tional to ��

t
 for �s = 15 . In the case of Γ = 1.0 and �s = 15 , 

the minimum ��
t
 is obtained for p = 2 . The maximum ��

t
 is 

Fig. 19   �
(
0.05, b

)
 due to �E = 5.43 , 3.45 and 1.81 (Red, yellow and green lines, respectively). Continuous and dashed lines are BDHSDFs and 

solid FEs, respectively

Table 10  
||||�max

(
0.05, b

)|||| of BDHSDFs. Diff.% = 100 ×
[
(BDHSDFs∕SOLID186) − 1

]

Γ 1.0 0.9 0.8 0.7

�E �s 5 10 15 5 10 15 5 10 15 5 10 15

MPa 5.43 0.009 0.034 0.076 0.008 0.032 0.071 0.008 0.029 0.066 0.007 0.026 0.058
3.45 0.008 0.033 0.074 0.008 0.031 0.069 0.007 0.028 0.064 0.006 0.025 0.056
1.81 0.008 0.032 0.072 0.007 0.030 0.066 0.007 0.027 0.061 0.006 0.024 0.053

Diff.% 5.43 − 1.74 5.21 4.84 − 4.17 3.24 3.30 − 6.79 1.19 3.16 − 10.31 − 1.26 − 0.70
3.45 − 2.34 4.53 4.24 − 6.38 2.47 2.62 − 9.42 0.18 2.52 − 13.59 − 3.19 − 2.23
1.81 − 3.50 2.53 2.44 − 7.85 0.19 0.48 − 11.41 − 2.61 − 0.65 − 16.42 − 6.89 − 5.78
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obtained as 2.79 in the case of Γ = 1.0 , �s = 5 , �E = 1.81 
and p = 3.

The increase in the shear stress through the clamped end 
��
t
= �max(0, b)

/
�max(0.05, b) becomes greater as Γ and/or 

�s and/or �E increase (Table 12). In the case of �s = 15 , ��
t
 

decreases as p increases. However, as �s decreases to 5, the 
maximum ��

t
 is obtained in the cases p = 3 and 2 for Γ = 1.0 

and 0.7, respectively. While ��
t
= 8.73 for Γ = 0.7 , �s = 5 , 

�E = 3.45 and p = 3 , it increases to 32.95 as p decreases to 
1 and Γ , �s and �E increase to 1.0, 15 and 5.43, 
respectively.

The maximum percent difference of �max

(
0.05, b

)
 is 

obtained for Γ = 0.7 and �s = 5 while performing the con-
vergence of HSDT33 compared to the solid FEs in Table 9. 
Thus, �

(
0.05, b

)
 of HSDT33 and solid FEs are illustrated 

for these geometric features in Fig. 20 as p increases. In 
the cases of p = 2 and 3, the percent differences of 
�max

(
0.05, b

)
 compared to solid FEs (Table 11) becomes 

4.22% (0.111MPa) and 4.42% (0.118MPa), respectively, 
for �E = 3.45 , and 4.26% (0.090MPa) and 4.45% 
(0.093MPa), respectively, for �E = 1.81 . Although the 

Table 11   The increase in normal stress ��
t
= �(0, 0.50)∕�(0.05, 0.50) for solid FEs (MPa)

�(0, 0.50) �(0.05, 0.50) ��
t
��
t

�E 3.45 1.81 3.45 1.81 3.45 1.81

Γ �s p 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

1.0 15 8.28 8.82 9.92 7.29 7.43 8.20 3.77 4.20 4.44 3.22 3.40 3.52 2.20 2.10 2.23 2.26 2.19 2.33
5 0.34 0.40 0.45 0.30 0.34 0.37 0.14 0.16 0.17 0.12 0.13 0.13 2.45 2.56 2.70 2.51 2.64 2.79

0.7 15 5.02 5.73 6.08 2.55 2.84 3.52 4.41 4.83 5.02 2.51 2.30 2.38 1.96 2.02 1.73 2.02 2.10 2.11
5 0.22 0.27 0.30 0.19 0.23 0.25 0.10 0.11 0.11 0.08 0.09 0.09 2.32 2.54 2.66 2.39 2.64 2.76

Table 12   The increase in shear stress ��
t
= �max(0, b)

/
�max(0.05, b) for solid FEs (MPa)

�max

(
0, b

)
�max

(
0.05, b

)
��
t
��
t

�E 5.43 3.45 5.43 3.45 5.43 3.45

Γ �s p 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

1.0 15 2.40 1.95 1.89 2.23 1.77 1.70 0.07 0.07 0.07 0.07 0.07 0.07 32.95 27.21 26.93 31.35 25.21 24.59
5 0.11 0.11 0.12 0.10 0.10 0.11 0.01 0.01 0.01 0.01 0.01 0.01 11.94 11.94 13.97 11.40 11.20 13.08

0.7 15 1.33 1.30 1.09 1.24 1.18 1.00 0.06 0.06 0.06 0.06 0.06 0.06 22.82 22.56 19.07 21.69 20.82 17.68
5 0.07 0.08 0.07 0.06 0.07 0.06 0.01 0.01 0.01 0.01 0.01 0.01 8.98 10.00 9.50 8.54 9.31 8.73

Fig. 20   �
(
0.05, b

)
 due to p = 1 , 

2 and 3 (Red, yellow and green 
lines, respectively). Continuous 
and dashed lines are HSDT33 
and solid FEs, respectively
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maximum difference is obtained as 4.39% for �E = 3.45 in 
the case of p = 1 , it increases to 4.45% as p increases to 3.

The through-thickness shear stresses �
(
0.05, b

)
 of 

BDHSDFs and solid FEs are illustrated in Fig. 21 as p 
increases. The range of the geometric features and FGM 
constituents is specified by means of the conclusions in 
Sect. 3.2.4 which have less than 5.0% percent difference 
compared to solid FEs (Table 10, p = 1 ). �

(
0.05, b

)
 is 

determined via BDHSDFs given in Sect. 3.2.4 related to 
Γ and �s , and the percent difference of �max

(
0.05, b

)
 com-

pared to solid FEs are tabulated in Table 13 as p increases. 
The absolute 

||||�max

(
0.05, b

)|||| of BDHSDFs are greater than 

solid FEs in the case of Γ = 1.0 and �s = 15 . The percent 
difference tends to increase by the decrease in Γ as p 

increases. A decrease in �s increases the percent differ-
ences except the case Γ = 1.0 , �E = 5.43 and 3.45 and 
p = 1 . Although the percent difference tends to increase as 
�E decreases, it is quite the opposite for Γ = 1.0 and 
�s = 15 . In the cases of Γ = 0.7 or �s = 5 , an increase in p 
results an increase in the percent differences. However, it 
is quite the opposite in the case of Γ = 1.0 and �s = 15.

3.2.6 � Bi‑directional Higher‑order Shear Deformation

This section presents the efficiency of specifying transverse 
HSDF on the determination of accurate normal/shear stress 
components for TFG spatial curved beams via BDHSDFs. 
Besides, the influences of the ratio of elasticity moduli of 
FGM constituents �E and power-law index p on the nor-
mal/shear stress components are investigated. The center-
line radius on plane, height, the radius-to-thickness ratio 

Fig. 21   �
(
0.05, b

)
 due to p = 1 , 2 and 3 (Red, yellow and green lines, respectively). Continuous and dashed lines are BDHSDFs and solid FEs, 

respectively

Table 13  
||||�max

(
0.05, b

)|||| of 

BDHSDFs. Diff.% = 100×[
(BDHSDFs∕SOLID186) − 1

]
Γ 1.0 0.7 0.8

�s 15 5 15 10

p �E 5.43 3.45 5.43 3.45 5.43 3.45 1.81

MPa 1 0.076 0.074 0.009 0.008 0.058 0.056 0.027
2 0.075 0.072 0.008 0.008 0.057 0.054 0.026
3 0.072 0.070 0.008 0.008 0.055 0.052 0.025

Diff.% 1 4.84 4.24 − 1.74 − 2.34 − 0.70 − 2.23 − 2.61
2 4.02 2.84 − 4.49 − 5.59 − 1.22 − 3.72 − 5.50
3 2.14 0.91 − 7.56 − 9.00 − 4.31 − 7.18 − 7.67
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and the central arch length angle of spatial curved beam are 
kept constant as R = 3.0m , H = 1.5m , �s = 5 and � = 90◦ , 
respectively (Fig. 22). Both ends of the spatial curved square 
beam are clamped and it is under the influence of a 0.5kN/m 
uniformly distributed load in the direction of -z axis. The 
bottom of the section is successively set to Al, Cu and St for 
each p = 1 , 2 and 3 while the top is Al2O3 (Table 2). �E are 
5.43, 3.45 and 1.81 for Al2O3–Al, Al2O3–Cu and Al2O3–St, 
respectively.

First, �
(
0, b

)
 , �

(
0, b

)
 and �

(
0.02, b

)
 of HSDT31 

– HSDT39 are obtained via �UN = 0.002� , 0.009θ and 
0.009θ, respectively, for �E = 5.43 and p = 1  (Fig. 23). 
Besides, �

(
0.02, b

)
 of HSDT33, HSDT53, HSDT55 are illus-

trated graphically in Fig. 24 
(
�UN = 0.009�

)
 . Since there are 

stress-free conditions for BDHSDFs different from solid FEs 
in the case of �

(
0, b

)
 , the percent differences of �max

(
0, b

)
 

and �max

(
0.02, b

)
 are tabulated in Table 14. The minimum 

percent difference of �max

(
0, b

)
 compared to the solid FEs 

is obtained for HSDT33 as − 1.41%. The percent differences 
of �max

(
0.02, b

)
 for HSDT33, HSDT53 and HSDT55 com-

pared to solid FEs are 2.75% (− 5.61kPa), 0.03% (− 5.46kPa) 

and 0.23% (− 5.47kPa), respectively (Fig. 24). Despite its 
percent difference, HSDT33 is preferred due to the variation 
of �

(
0.02, b

)
 through the thickness.

Since the precision can be increased more via �UN , the 
normal stress �

(
0, b

)
 of HSDT33 is compared to solid FEs 

for various �UN as �E and/or p increase in Fig. 25. �max

(
0, b

)
 

of solid FEs for p = 1 , 2 and 3 are 0.096MPa, 0.118MPa and 
0.104MPa, respectively, in the case of �E = 5.43 , 0.089MPa, 
0.106MPa and 0.091MPa, respectively, in the case of 
�E = 3.45 , and 0.078MPa, 0.087MPa and 0.073MPa, respec-
tively, in the case of �E = 1.81 . The greatest normal stresses 
�max

(
0, b

)
 of solid FEs are obtained for p = 2 compared to 

p = 1 and 3. Besides, �max

(
0, b

)
 increases as �E increases. 

The minimum percent differences of HSDT33 compared to 
�max

(
0, b

)
 of solid FEs for p = 1 , 2 and 3 are − 1.41% 

(0 .094MPa,  �UN = 0.002�  ) ,  0 .15% (1 .118MPa, 
�UN = 0.001� ) and − 0.27% (0.104MPa, �UN = 0.004� ), 
respectively, in the case of �E = 5.43 . In the case of 
�E = 3.45 , they become − 2.78% (0.086MPa, �UN = 0.002� ), 

Fig. 22   TFG spatial curved beam

Fig. 23   Through-thickness stresses of HSDT3j, j = 1–9

Fig. 24   �
(
0.02, b

)
 of HSDT33, HSDT53, and HSDT55
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− 1.49% (0.104MPa, �UN = 0.001� )  and − 2.42% 
(0.089MPa, �UN = 0.004� ), respectively. Finally in the case 
of �E = 1.81 , they become 0.14% (0.078MPa, �UN = 0.001� ), 
− 5.47% (0.082MPa, �UN = 0.001� )  and − 0.62% 
(0.072MPa, �UN = 0.003� ), respectively.

The through-thickness shear stresses �
(
0.02, b

)
 of 

HSDT33 are illustrated for �UN = 0.009� in Fig. 26 compared 
to the solid FEs as �E and/or p increase. �max

(
0.02, b

)
 of 

solid FEs for p = 1 , 2 and 3 are − 5.46kPa, − 5.83kPa and 
− 5.88kPa, respectively, in the case of �E = 5.43 , − 5.17kPa, 

Table 14   �max

(
0, b

)
 in MPa and 

||||�max

(
0.02, b

)|||| in kPa of HSDT31 – HSDT39. Diff.% = 100 ×
[
(BDHSDFs∕SOLID186) − 1

]

HSDTij

ij =  31 32 33 34 35 36 37 38 39 SOLID186

�max

(
0, b

)
0.085 0.085 0.094 0.085 0.083 0.087 0.081 0.086 0.087 0.096

Diff.% − 11.27 − 10.93 − 1.41 − 10.58 − 12.79 − 9.16 − 15.70 − 9.81 − 8.90
||||�max

(
0.02, b

)||||
5.47 5.47 5.61 5.48 5.46 5.75 5.24 5.48 5.49 5.46

Diff.% 0.23 0.27 2.75 0.32 0.02 5.39 − 3.90 0.45 0.65

Fig. 25   �
(
0, b

)
 of HSDT33 for 

various �UN as �E and/or p 
increase



	 Journal of the Brazilian Society of Mechanical Sciences and Engineering (2024) 46:641641  Page 22 of 26

5.35kPa and − 5.33kPa, respectively, in the case of 
�E = 3.45 , and − 4.74kPa, − 4.76kPa and − 4.70kPa, respec-
tively, in the case of �E = 1.81 . Similar to �

(
0, b

)
 , the 

increase in �E increases the absolute 
||||�max

(
0.02, b

)|||| . The 

minimum percent differences of HSDT33 compared to 
�max

(
0.02, b

)
 of solid FEs for p = 1 , 2 and 3 are 2.75% 

(− 5.61kPa), 0.29% (− 5.85kPa) and − 0.62% (− 5.84kPa), 
respectively, in the case of �E = 5.43 . In the case of 
�E = 3.45 , they become 2.33% (− 5.29kPa), 0.54% 
(− 5.38kPa) and 0.05% (− 5.33kPa), respectively. Finally, in 
the case of �E = 1.81 , they become 0.94% (− 4.79kPa), 
− 0.13% (− 4.75kPa) and − 0.42% (− 4.68kPa), 
respectively.

The displacements ut
(
t
)
 and ub

(
t
)
 at the normalized tan-

gential coordinate t = 0.5 of the TFG space curved beam 
having �UN = 0.002� , �E = 5.43 and p = 1 are illustrated 
for HSDT3j and HSDT5j (j = 1 − 9) in Fig. 27. The imple-
mentation of transverse HSDFs influences the displace-
ments more in the case of HSDT5j. The absolute percent 
differences of maximum displacement with respect to the 
minimum displacement are 2.55% for ut(0.5) and 2.53% for 
ub(0.5) in the case of HSDT3j, and 6.37% for ut(0.5) and 
6.79% for ub(0.5) in the case of HSDT5j. The displace-
ments ub(0.5) of HSDT56 and HSDT57 converge more to the 

displacement ub(0.5) = 5.62 × 10−7m of solid FEs whereas 
both percent differences with respect to the solid FEs are 
− 0.25%. Thus, the influences of �E and p on the displace-
ments ut(0.5) and ub(0.5) are also illustrated for HSDT56 in 
Fig. 27. While keeping �E constant, as p increases from 1 to 
3, both displacements become 1.29 and 1.44 times greater 
for �E = 5.43 , 1.19 and 1.28 times greater for �E = 3.45 , and 
1.08 and 1.11 times greater for �E = 1.81 . While keeping p 
constant, as �E increases from 1.81 to 5.43, both displace-
ments become 1.29 and 1.48 times greater for p = 1 , 1.42 
and 1.77 times greater for p = 2 , and 1.48 and 1.91 times 
greater for p = 3.

4 � Conclusions

The capabilities of the proposed bi-directional higher-order 
shear deformation functions (BDHSDFs) in predicting the 
normal/shear stresses of transversely functionally graded 
(TFG) exact curved and spatial curved beams are presented 
via mixed FEM. The precision of BDHSDFs is assessed 
with respect to the stresses of solid FEs for various ellip-
ticity ratios, radius-to-thickness ratios, ratios of elasticity 
moduli of FG material constituents and power-law indexes. 
Satisfactory results are obtained with lesser degree of 

Fig. 26   �
(
0.02, b

)
 due to p = 1 , 

2 and 3 (Red, yellow and green 
lines, respectively). Continuous 
and dashed lines are HSDT33 
and solid FEs, respectively

Fig. 27   ut(0.5) and ub(0.5) for various HSDTij and the influences of �E and p on the displacements of the TFG space curved beam (the displace-
ments are given in m × 10−7)
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freedoms compared to solid FEs. Besides, the precision can 
be increased more via the proposed accuracy elements or 
specifying transverse HSDFs. Another aim of this study is 
to present the influences of geometric features and material 
configurations on the stresses of TFG exact curved and spa-
tial curved beams. The numerical results reveal that:

Convergence: The maximum influence of accuracy ele-
ments on the maximum normal stress at the clamped end is 
obtained for HSDT55. The maximum normal stress at the 
clamped end converges to solid FEs more as the radius-
to-thickness ratio decreases. Similarly, within the range 
of St. Venant principle, the maximum normal stress on 
the cross section at the normalized tangential coordinate 
t = t∕S = 0.05 , where S is the total axial arc length, con-
verges to solid FEs as the radius-to-thickness and/or ellip-
ticity ratios decrease. The maximum percent difference of 
it compared to solid FEs in the case of HSDT33 is obtained 
as 4.45%. At the same normalized tangential coordinate, 
the convergence of the maximum shear stress to solid FEs 
is satisfactory independent from the accuracy elements. As 
the ellipticity ratio decreases, the shear stress on the axis 
tends to converge to solid FEs, opposite rule exists when 
the radius-to-thickness ratio is equal to 5. An increase in the 
ratios of the elasticity moduli of functionally graded material 
constituents increases the percent difference of the maxi-
mum shear stress compared to solid FEs as the ellipticity 
and the radius-to-thickness ratio increases. The influences 
of accuracy elements or BDHSDFs on the results increase 
through the clamped end.

The Normal Stress: The rate of increase in the normal 
stress through the thickness at the clamped end becomes 
greater as the radius-to-thickness ratio decreases. Besides, 
the influence of the radius-to-thickness ratio on the decrease 
in the normal stress at the top of the clamped end becomes 
greater as it decreases. The increase in the ratios of the 
elasticity moduli of functionally graded material constitu-
ents increases the maximum normal stress at the clamped 
end. The increase in the maximum normal stress through 
the clamped end becomes greater as the ellipticity ratio 
increases and/or the radius-to-thickness ratio decreases. 
Besides, it tends to become greater as the ratio of the elas-
ticity moduli of functionally graded material constituents 
decreases. As the ellipticity decreases, the maximum normal 
stress at the clamped end decreases.

The Shear Stress: As the radius-to-thickness ratio 
increases from 5 to 25 for TFG circular beams when the 
ratio of the elasticity moduli of functionally graded material 
constituents is 5.43, the shear stress on the axis becomes 
23.41 times greater at normalized tangential coordinate 0.05 
within the range of St. Venant principle. As the radius-to-
thickness ratio decreases, its’ influence on the decrease in 
the maximum shear stress at normalized tangential coor-
dinate 0.05 becomes greater. Similar relation is obtained 

for the ellipticity ratio except when the radius-to-thickness 
ratio is 25. As the ratio of the elasticity moduli of function-
ally graded material constituents increases the maximum 
shear stress at the clamped end increases. The increase in the 
shear stress through the clamped end becomes greater as the 
ellipticity and/or the radius-to-thickness and/or the elasticity 
moduli ratios increase.
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